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J_p_ga_gl 
DZg^b^Zl nbabdh-fZl_fZlbq_kdbo gZmd� ^hp_gl 
<eZ^bfbjkdh]h ]hkm^Zjkl\_ggh]h mgb\_jkbl_lZ 

E�G� Nmjh\ 
 
 
 
 
 
 

I_qZlZ_lky ih j_r_gbx j_^Zdpbhggh-ba^Zl_evkdh]h kh\_lZ 
 <eZ^bfbjkdh]h ]hkm^Zjkl\_ggh]h mgb\_jkbl_lZ 

 
 
 
 
 
 
 
 

 Bgl_]jZevgu_ mjZ\g_gby: DjZldbc dmjk e_dpbc ^ey fZ]bkljh\ ih 
gZijZ\e_gbx 552500 / <eZ^bf� ]hk� mg-l� Khkl�� I�:� Ihemrbg� ?�:� :job-
ih\. <eZ^bfbj� 2003. 56 k� 
 
 Ij_^gZagZq_g ^ey fZ]bkljh\ gZijZ\e_gby 552500. Bkihevam_lky ijb h[mq_gbb 
ih ^bkpbiebgZf ©FZl_fZlbq_kdbc ZiiZjZl kh\j_f_gghc jZ^bhl_ogbdbª b ©Bklhjby          
b f_lh^heh]by kh\j_f_gghc jZ^bhl_ogbdbª� Y\ey_lky ijh^he`_gb_f bamq_gby bgl_�
]jZevgh]h bkqbke_gby b j_r_gby khhl\_lkl\mxsbo aZ^Zq b ij_^gZagZq_g ^ey ^Zev�
g_cr_]h m]em[e_ggh]h agZdhfkl\Z klm^_glh\ k kh\j_f_gguf fZl_fZlbq_kdbf ZiiZjZ�
lhf k p_evx ijbf_g_gby \ gZmqguo bkke_^h\Zgbyo� 
 Fh`_l bkihevah\Zlvky b [ulv ihe_a_g ^ey klm^_glh\ ^g_\ghc nhjfu h[mq_gby� 
 ;b[ebh]j�� 4 gZa\. 
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 Bgl_]jZevgh_ mjZ\g_gb_ – mjZ\g_gb_� ]^_ g_ba\_klgZy nmgdpby \oh�
^bl ih^ agZd bgl_]jZeZ� 

1. Ebg_cgu_ bgl_]jZevgu_ mjZ\g_gby 

Mkeh\bfky� qlh 

)(tf  – ba\_klgZy nmgdpby� 

)(tϕ  – g_ba\_klgZy bkdhfZy nmgdpby� 

 
Bgl_]jZevgh_ mjZ\g_gb_ gZau\Z_lky ebg_cguf� _keb g_ba\_klgZy 

nmgdpby� \oh^ysZy \ g_]h� ebg_cgZ� 
DeZkkbq_kdZy aZibkv ebg_cgh]h bgl_]jZevgh]h mjZ\g_gby: 

∫ +ϕλ=ϕ
b

a
tfdSSStkt )()(),()( , 

]^_ λ  – iZjZf_lj� aZ^Zxsbc k_f_ckl\h j_r_gbc bgl_]jZevguo mjZ\g_gbc� 

       ),( Stk  – y^jh bgl_]jZevgh]h mjZ\g_gby� 

Nmgdpby )(tf  kms_kl\m_l \ ij_^_eZo bta ≤≤ . 

Nmgdpby ),( Stk  kms_kl\m_l \ ij_^_eZo 





≤≤
≤≤

bSa

bta
. 

2. <b^u ebg_cguo bgl_]jZevguo mjZ\g_gbc 

2.1. MjZ\g_gby Nj_^]hevfZ 

H[sbc \b^ bgl_]jZevgh]h mjZ\g_gby Nj_^]hevfZ 1-]h jh^Z 

∫ =ϕ
b

a
tfdSSStk )()(),( . 
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H[sbc \b^ bgl_]jZevgh]h mjZ\g_gby Nj_^]hevfZ 2-]h jh^Z 

∫ +ϕλ=ϕ
b

a
tfdSSStkt )()(),()( , 

Z b b fh]ml [ulv dhg_qgufb beb [_kdhg_qgufb� 

Mkeh\by kms_kl\h\Zgby j_r_gbc mjZ\g_gbc: 

f(t) – g_ij_ju\gZ gZ bgl_j\Ze_ a, b b m^h\e_l\hjy_l mkeh\bx 

+∞<∫ dttf
b

a

2)( , 

),( Stk  – g_ij_ju\gZ gZ bgl_j\ZeZo  





≤≤
≤≤

bSa

bta
 

b m^h\e_l\hjy_l mkeh\bx� 

+∞<∫ ∫
b

a
Stk 2),( . 

?keb y^jZ m^h\e_l\hjyxl \ur_ijb\_^_gguf mkeh\byf� lh hgb gZau\Zxl�

ky nj_^]hevfh\ufb� ?keb 0)( ≡tf , \_a^_ gZ (a, b), lh lZdh_ bgl_]jZevgh_ 

mjZ\g_gb_ gZau\Z_lky h^ghjh^guf: 

∫ ϕλ+ϕ=
b

a
dSSStkt )(),()(0 . 

< ijhlb\ghf kemqZ_ mjZ\g_gb_ – g_h^ghjh^gh_� 

2.2. MjZ\g_gby <hevl_jjZ 

H[sbc \b^ bgl_]jZevgh]h mjZ\g_gby Nj_^]hevfZ 1-]h jh^Z 

∫ =ϕ
t

a
tfdSSStk )()(),( . 

H[sbc \b^ bgl_]jZevgh]h mjZ\g_gby Nj_^]hevfZ 2-]h jh^Z 

)()(),()( tfdSSStkt
t

a
=∫ ϕλ+ϕ . 
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?keb 0)( ≡tf , lh mjZ\g_gb_ gZau\Z_lky h^ghjh^guf� Ijb 
hij_^_e_gguo h]jZgbq_gbyo mjZ\g_gby <hevl_jjZ jZkkfZljb\Zxl dZd 
mjZ\g_gby Nj_^]hevfZ� ?keb fh^bnbpbjh\Zlv y^jZ ke_^mxsbf h[jZahf 









>
≤

=
tS

tSStk
StH

,0

),,(
),( , 

lh fh`gh ijbclb d aZibkb bgl_]jZevgh]h mjZ\g_gby Nj_^]hevfZ 

∫ +ϕλ=ϕ
b

a
tfdSSStHt )()(),()( . 

3. <b^u g_ebg_cguo bgl_]jZevguo mjZ\g_gbc 

3.1. Bgl_]jZevgh_ mjZ\g_gb_ MjukhgZ 

[ ]∫ ϕ=ϕ
b

a
dSSStkt )(,,)( . 

G_ba\_klgZy nmgdpby \oh^bl \gmljv y^jZ� nmgdpby D�x,y,z) ij_^iheZ]Z_lky 
g_ij_ju\ghc ih \k_f Zj]mf_glZf� 

3.2. MjZ\g_gb_ =Zff_jrl_cgZ 

[ ]∫ ϕ=ϕ
b

a
dSSSFStkt )(,),()( , 

]^_ ),( Stk  – nj_^]hevfh\h y^jh� 

3.3. MjZ\g_gby Eyimgh\Z – Ebol_grl_cgZ 

Hgb \dexqZxl \ k_[y kms_kl\_ggh g_ebg_cgu_ nmgdpbb� gZijbf_j� 

dSdzzSzStkdSSStktft
b

a

b

a

b

a
)()(),,()(),()()( 21 ϕϕ∫ ∫ ∫µ+ϕλ+=ϕ . 

< mjZ\g_gbb fh]ml kh^_j`Zlvky qe_gu k _s_ [he__ \ukhdhc kl_i_�
gvx g_ebg_cghklb� 

3.4. G_ebg_cgu_ bgl_]jZevgu_ mjZ\g_gby <hevl_jjZ 

[ ]∫ ϕ=ϕ
t

a
dSSStkt )(,,)( . 

D�x,y,z) g_ij_ju\gZy nmgdpby ih \k_f Zj]mf_glZf� 
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Ijbf_ju. 

1.  ∫π
=

∞+

∞−
dyyfexg jxy )(

2

1
)( . 

Wlh bgl_]jZevgh_ mjZ\g_gb_ Nj_^]hevfZ 1-]h jh^Z k y^jhf 

π
=

2
),(

ixye
yxk . 

?]h j_r_gb_ �ihemq_gh Nmjv_ \ 1811 ]�� bf__l \b^: 

∫π
=ϕ

∞+

∞−

− dxxgey ixy )(
2

1
)( . 

 

2.  D g_ebg_cguf bgl_]jZevguf mjZ\g_gbyf <hevl_jjZ ijb\h^yl j_r_gby 
h[udgh\_gguo bgl_]jZevguo mjZ\g_gbc� gZijbf_j �aZ^ZqZ Dhrb�� 

)](,[
)(

txtF
dt

tdx =  

^ey ]jZgbqguo mkeh\bc  
0

)( xax = . 

Ijhbgl_]jbjm_f h[_ qZklb wlh]h \ujZ`_gby ih t b ihemqbf� 

∫+=
t

a

dttxtFxtx )](,[)(
0

. 

<ujZ`_gb_ ij_^klZ\ey_l kh[hc bgl_]jZevgh_ mjZ\g_gb_ Nj_^]hevfZ 2-]h 
jh^Z� 
 

3. H[sZy aZ^ZqZ j_r_gby ebg_cgh]h ^bnn_j_gpbZevgh]h mjZ\g_gby n-]h 
ihjy^dZ� 

)()()(...)(
1

1

1
tFtxta

dt
xdta

dt
xd

nn

n

n

n
=+++

−

−
. 

GZqZevgu_ mkeh\by� 

.)(

;)('

;)(

1
)1(

...
1

0

−
− =

=

=

n
n cax

cax

cax

 

AZ^ZqZ k\h^blky d ebg_cghfm bgl_]jZevghfm mjZ\g_gbx� jZkkfhljbf            

n = 2:  
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( ) ( ) ( ) ( )tFtxta
dt
dxta

dt
xd =++

212

2
. 

Imklv  ( )t
dt

xd ϕ=
2

2
 ,    x(0)=C0, x/(0)=C1; 

( ) 1
0

CdSS
dt

dx t
+∫ ϕ= . 

Ba\_klgh qlh� 

( ) ( ) ( ) ( )∫ −
−

=∫∫∫ −t
n

ttt
dSSfSt

n
dttfdtdt

0

1

000 ! 1
1

� . 

 

Hlkx^Z� ( ) ( ) ( ) 01
0

CtCdSSSttx
t

++∫ ϕ−= . 

Ihke_ ih^klZgh\db \ bkoh^gh_ ^bnn_j_gpbZevgh_ mjZ\g_gb_� 

( ) ( ) ( )( )[ ] ( ) ( ) ( ) ( ) ( )taCttaCtaCtFdSSSttatat
t

202111
0

21 −−−=∫ ϕ−++ϕ  

ihke_ h[hagZq_gby� 

( ) ( ) ( )( )[ ]SttataStk −+−= 21, ; 

( ) ( ) ( ) ( ) ( )taCttaCtaCtFtf 202111 −−−=  

ihemqZ_lky bgl_]jZevgh_ mjZ\g_gb_ <hevl_jjZ 2-]h jh^Z  

( ) ( ) ( ) ( )tfSStkt
t

+∫ ϕ=ϕ
0

, , 

j_r_gb_ dhlhjh]h ^Z_l bkdhfmx nmgdpbx� 
<h fgh]bo kemqZyo y^jh k(t, S) = k(t – S) (ijhihjpbhgZevgh jZaghklb 

Zj]mf_glh\�� lh]^Z mjZ\g_gb_ <hevl_jjZ gZau\Z_lky bgl_]jZevguf mjZ\�
g_gb_f lbiZ k\_jldb� gZijbf_j� bgl_]jZevgh_ mjZ\g_gb_ :[_ey:  

( ) ( )
∫ −

ϕ=
x

dS
Sx

S
xf

0
. 

?keb g_ba\_klgZy nmgdpby \oh^bl b ih^ agZd ijhba\h^ghc� b ih^ agZd bg�
l_]jZeZ� lh lZdh_ mjZ\g_gb_ gZau\Z_lky bgl_]jh-^bnn_j_gpbZevguf 
�B>M�� 

n jZa 
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4. F_lh^u Nj_^]hevfZ 

< gZqZe_ \_dZ Nj_^]hevf gZb[he__ ihegh bkke_^h\Ze bgl_]jh-
^bnn_j_gpbZevgu_ mjZ\g_gby�  

J_r_gb_ mjZ\g_gby  

( ) ( ) ( ) ( )tfSStkt
b

a
+∫ ϕλ=ϕ ,  

jZkkfZljb\Z_lky dZd ZgZeh] j_r_gby kbkl_fu n ebg_cguo Ze]_[jZbq_kdbo 
mjZ\g_gbc k n g_ba\_klgufb� < j_amevlZl_ j_r_gb_ ihemqZ_lky ijb[ebab�
l_evguf� aZ\bkysbf hl n. Q_f [hevr_ n, l_f [hevr_ ijb[eb`_gb_� 

 J_r_gb_ khklhbl ba g_kdhevdbo wlZih\� 
1. Bgl_]jZe aZf_gy_lky dhg_qghc kmffhc� 
2. <_kv hlj_ahd [a,b] jZa[b\Z_lky gZ n jZ\guo qZkl_c ^ebghc  

n

ab −=δ . 

3. <gmljb dZ`^h]h bgl_j\ZeZ j \u[bjZ_lky g_dhlhjZy lhqdZ Sj. 

IhemqZ_f gZ[hj nmgdpbc ϕ(Sj) = ϕj. Bs_lky g_ g_ij_ju\gZy 

nmgdpby� Z gZ[hj ^bkdj_lh\ jϕ  

( ) ( ) ( )tfStkt
n

j
jj +∑ δϕλ≅ϕ

=1
, ; 

4. t f_gy_lky \ lhf `_ bgl_j\Ze_� qlh b S, ihwlhfm fh`gh \u[jZlv 

ti=Si 

( ) ( ) ( )j

n

j
jjij SfSSkS +∑ δϕλ=ϕ

=1
, . 

H[hagZqbf  
( ) ii fSf =  , ( ) ijji kSSk =, ; 

ni
fk i

n

j
jiji ÷=







+∑ ϕλδ≅ϕ
= 1   

                

1

�

, 

]^_ n – qbkeh ebg_cguo Ze]_[jZbq_kdbo mjZ\g_gbc� 
5. I_j_ibr_f \ [he__ ijb\uqghf \b^_� 
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i

n

j
jiji fk =∑ ϕλδ−ϕ

=1
. 

Hij_^_ebl_ev wlhc kbkl_fu 

( )

nnnn

n

n

n

kkk

kkk

kkk

D

λδ−λδ−λδ−

λδ−λδ−−
λδ−λδ−λδ−

=λ

1

1

1

21

22221

11211

�

����

�

�

. – fgh]hqe_g hlghkbl_evgh λ. 

?keb ( ) 0≠λnD , cbkl_fZ bf__l j_r_gb_ ijb ex[uo fi b bf__lky j_�

r_gb_ bgl_]jZevgh]h mjZ\g_gby ijb ex[uo f(t).J_rZy __� ihemqZxl gZ�

[hj ϕj=ϕj(Sj), dhlhjuc y\ey_lky dmkhqgh-ebg_cghc ZiijhdkbfZpb_c 

bkdhfhc nmgdpbb ϕj(Sj). ?keb Dn(λ)=0, kemqZc jZkkfZljb\Z_lky hkh�

[h� 

J_ahev\_glZ Nj_^]hevfZ 

Imklv bf__lky gZ[hj ϕ(Sj). Ih^klZ\ey_f \ bkoh^gh_ mjZ\g_gb_� 

( ) ( ) ( ) ( )tfSStkt
n

j
jj +∑ δϕλ≅ϕ

=1
, . 

Ihemq_ggh_ j_r_gb_ mjZ\g_gby fh`gh ij_^klZ\blv \ ke_^mxs_f 
h[h[s_gghf \b^_: 

( ) ( ) ( )
( )λ

λ
λ+≅ϕ

n

n

D

SSStQ
tft

,,, 21 �
, 

]^_ Q – j_amevlZl \uqbke_gby j_r_gby kbkl_fu h^gbf ba f_lh^h\� 

Ijb n → ∞, ijb g_ij_ju\ghf y^j_ k(t,S) b k\h[h^ghf qe_g_ 

f(t): ( ) ( ) ( )∫ λ→λ
b

a
n dSSfStDSStQ ,,,, 1� . 

( ) ( )λ→λ DDn . 

J_ahev\_glZ Nj_^]hevfZ – wlh nmgdpby \b^Z� 
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( ) ( )
( )λ

λλ
D

StD
StR

,,
,, = . 

K __ bkihevah\Zgb_f dhg_qgh_ j_r_gb_ bgl_]jZevgh]h mjZ\g_gby aZ�
ibku\Z_lky \ dhfiZdlghc nhjf_�  

( ) ( ) ( ) ( )∫ λλ+=ϕ
b

a
dSSfStRtft ,, . 

J_ahev\_glZ g_ aZ\bkbl hl k\h[h^gh]h qe_gZ� Z hij_^_ey_lky lhevdh 
y^jhf� J_ahev\_glZ bkihevam_lky \ kblmZpbyo� dh]^Z bkke_^m_lky hldebd 
h^gh]h b lh]h `_ h[t_dlZ gZ fgh]h \ZjbZglh\ jZaebqguo \ha^_ckl\bc 

(f(S)). 
D(λ) b D(t,s,λ) gZoh^ylky ihkljh_gb_f bo ih kl_i_gyf λ b ijbf_g_�

gb_f ij_^_evgh]h i_j_oh^Z ijb n → ∞. 

H[hagZqb\ K(Si, Si) = Kij , bf__f� 

=

ε+
−−−−−−−−−−−−−

ε+
ε+

λδ−=

λδ−λδ−
−−−−−−−−−−−−

λδ−λδ−
λδ−λδ−

=λ

nnnn

n

n

n

nnn

n

n

n

KKK

KKK

KKK

KK

KK

KK

D

....

....

....

)(

1....

....

....1

)(

21

22221

11211

1

221

111

 

)()( ελδ−= Fn , 

]^_ 
λδ

−=ε 1
, 

)(εF  – hij_^_ebl_ev fZljbpu – kl_i_ggZy nmgdpby hl ε k fZdkbfZev�

gh \hafh`ghc kl_i_gvx n. Ce_^h\Zl_evgh __ fh`gh jZaeh`blv \ jy^ 
L_cehjZ: 

n
n

n

FFF
FF ε++ε+ε+=ε

!
)0(

...
!2

)0("
!1

)0('
)0()(

)(
2 ; 

"

"
"

ε
ε=

d

dF
F

)()(
)0()(

, ijb 0=ε . 
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Ijb ^bnn_j_gpbjh\Zgbb hij_^_ebl_ey hg ij_\jZsZ_lky \ kmffm hi�
j_^_ebl_e_c� gh ihjy^hd _]h mf_gvrZ_lky gZ _^bgbpm� 

 

+
ε+

ε+=
ε+

ε+
ε+

ε∂
∂

3332

2322

1312

333231

22221

11211

0

0

1

KK

KK

KK

KKK

KKK

KKK

n

n

 

 

+
ε+

ε+
+

3331

221

111

0

1

0

KK

KK

KK

n

n

=ε+
ε+

1

0

0

3231

2221

1211

KK

KK

KK

 

 

+
ε+

ε+
=

3311

2311

KK

KK
+

ε+
ε+

3331

1311

KK

KK
=

ε+
ε+

2221

1211

KK

KK
 

�^ey m^h[kl\Z fh`gh aZibkZlv� dZd�� 

∑ ∑
ε+

=
=α =α αααα

αααα3

11

3

12 2121

2121

2
1

KK

KK
 

(ε – ijbjZ\gyeb gmex� 

∑
λδ−+=λ

=

n

m

m

n m
D

1 !
)(

1)( * 

 

* ];

....

....

....

...[

211

22212

22111

1 1

ε+
−−−−−−−−−−−−−−−−−−

ε+
ε+

∑ ∑

αααααα

αααααα

αααααα

α =α

mmm

m

m

n n

m

KKK

KKKK

KKK

 

 

∫∑ ∑  →=
= = ∞→

b

a

n

.

n

j n..
K(S,S)dS)/jSjK(S/K

11 1
21 , 

 

]^_ ),( StK  – ke_^ y^jZ� 

Nj_^]hevf ihdZaZe� qlh ijb ∞→n  
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∑ ∑
= =

n n

m11 1
...

α α

mmm

m

m..

KKK

KKKK

KKK

αααααα

αααααα

αααα

−−−−−−−−−−−−−−−−
....

....

....

211

22212

22111

=→
m

m Cδ  

 

 m

mmm

m

m

b

a

b

a
dd

KKK

KKKK

KKK

αα
−−−−−−−−−−−−−−−−∫ ∫=

αααααα

αααααα

αααααα

...

....

....

....

1

211

22212

22111

, 

]^_ m
m

m

m
C

m
D λ∑

−=λ
∞

=1 !
)1(

)(  – hij_^_ebl_ev Nj_^]hevfZ� 

Ih\lhjyy ZgZeh]bqgu_ jZkkm`^_gby� fh`_f ihemqblv \ujZ`_gby 

),(
!

)1(),,( StB
m

StD m

m
m∑

λ−=λ ; 

m

mmmm

m

m
b

a

b

a
m dd

KKSK

KKSK

tKtKStK

StB αα

ααααα
−−−−−−−−−−−−−−−−−−−−−
ααααα

αα

∫ ∫= ...

)(....,(),(

),(....),(),(

),(....),(),(

...),( 1

1

1111

2

. 

Hlf_lbf� qlh 

∫= −
b

a
nn dtttBC ),(1 ; 

),(0 StKB = , 

]^_ ),,( λStD  – fbghj hij_^_ebl_ey Nj_^]hevfZ� 

)(
),,(

),,(
λ

λ=λ
D

StD
StR  – j_ahev\_glZ g_ aZ\bkbl hl k\h[h^gh]h qe_gZ� Z 

hij_^_ey_lky y^jhf mjZ\g_gby� 
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<k_ jZkkfZljb\Zehkv ^ey l_o kemqZ_\� dh]^Z 0)( ≠λD . L_ agZq_gby 

λ , ^ey dhlhjuo 0)( ≠λD  gZau\Zxlky j_]meyjgufb� L_ agZq_gby λ ,           

^ey dhlhjuo 0)( =λD , gZau\Zxlky oZjZdl_jbklbq_kdbfb� 

H^ghjh^gh_ bgl_]jZevgh_ mjZ\g_gb_� 

∫ +ϕλ=ϕ
b

a
tfdSSStKt )()(),()(  ihemqZ_lky ba g_h^ghjh^gh]h� 

∫ λλ+=ϕ
b

a
dSSfStRtft )(),,()()(  ijb f(t) = 0. 

JZkkfhljbf ^\Z kemqZy: 
1.  λ  – j_]meyjgh_ 0)( ≠λ→ D , lh]^Z 0)( ≡ϕ t . 

2.  λ  – oZjZdl_jbklbq_kdh_ 0)( =λ→ D . < wlhf kemqZ_ \hafh`gh 

j_r_gb_ 0≠t . 
 

Ijbf_j� 
Bf__lky y^jh bgl_]jZevgh]h mjZ\g_gby 

steStK −=),( . 

Ihkljhblv _]h j_ahev\_glm� ijb mkeh\byo 

10 ≤≤ t , 10 ≤≤ S , 1,0 == ba . 

GZoh^bf Ci b Bi 
SteStBC −== ),(,1

00
; 

∫ =ααα=
1

0
11101 1),( dBC ; 

t
S

tSt

ed
eeee

eeee
StB =α∫=

α−α−α

α−

1

1

0 111

1

1 ),( 0
1

1

0
1

1
1 =∫ −−

−−
α

α

α
α d

ee

ee
e

S

S

; 

∫ =ααα=
1

0
11112 0),( dBC . 

HklZevgu_ 0, =
kk

CB . 
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Hlkx^Z                       λ−=λ 1)(D ; 

SteStD −=λ),,( ; 

λ−
=λ

−

1
),,(

Ste
StR ; 

^ey λ ≠ 1 j_r_gb_�    ∫λ−
λ+=ϕ −1

0
)(

1
)()( dSSfetft St , 

5. Bgl_]jZevgu_ mjZ\g_gby k \ujh`^_gguf y^jhf 

?keb y^jh bgl_]jZevgh]h mjZ\g_gby \ujh`^_gh� lh j_r_gb_ mjZ\g_�

gby ]hjZa^h ijhs_� 

<ujh`^_ggufb gZau\Zxlky y^jZ \b^Z� 

( ) ( ) ( )∑=
=

n

j
jj SbtaStk

1
, . 

?keb y^jh bf__l lZdhc \b^� lh hgh \ujh`^_gh� 

 Ij_^iheZ]Z_lky� qlh nmgdpbb Z b b ebg_cgh g_aZ\bkbfu f_`^m kh�
[hc� < wlhf kemqZ_ bgl_]jZevgh_ mjZ\g_gb_ Nj_^]hevfZ 2-]h jh^Z fh`gh 
\ujZablv ke_^mxsbf h[jZahf� 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )=+∑ ∫ ϕλ=∫ +∑ ϕλ=ϕ
==

tfSSbtatfdSSSbtat
n

j

b

a
jj

b

a

n

j
jj

11
 

( ) ( )tftaC
n

j
jj +∑λ=

=1
,    (5.1) 

]^_ ( ) ( )∫ ϕ=
b

a
jj dSSSbC . 

J_r_gb_ bgl_]jZevgh]h mjZ\g_gby k\h^blky d hij_^_e_gbx g_ba\_kl�
guo dhgklZgl Cj. 
Mfgh`bf h[_ qZklb gZ bj b ijhbgl_]jbjm_f ih t: 
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( ) ( ) ( ) ( ) ( ) ( )∑ ∫λ+∫=∫ ϕ
=

n

j

ijk

b

a

if

b

a

iC

b

a
dttibtjajCdttibtfdttibt

1 �� ��� 
	���
	���
	

; 

















∑λ+=

∑λ+=

∑λ+=

⇒∑λ+=

=

=

=

=

n

j
jnjnn

n

j
jj

n

j
jj

n

j
ijjii

kCf

kCfC

kCfC

kCfC

1

1
222

1
111

1

C

                 

    ;  

�

. 

WlZ aZibkv kijZ\_^eb\Z ^ey \k_o bg^_dkh\� J_r_gb_ kbkl_fu iha\h�

ebl hij_^_eblv Ci. 

nifkCC i

n

j
ijji ÷==∑λ−

=
1  ; 

1
. 

?keb kbkl_fZ g_jZaj_rbfZ� lh g_jZaj_rbfh b bkoh^gh_ bgl_]jZevgh_ 
mjZ\g_gb_� 

( )

nnnn

n

n

kkk

kkk

kkk

D

λ−λ−λ−

λ−λ−−
λ−λ−λ−

=λ

1

1

1

21

22221

11211

�

����

�

�

. 

?keb D ≠ 0, lh gZoh^bf j_r_gb_ h[uqgufb kihkh[Zfb� l._. agZq_gby 

dhwnnbpb_glh\ Ki. 

<uqbkeb\ dhwnnbpb_glu� ih^klZ\ey_f \ mjZ\g_gb_ (5.1) b ihemqZ_f 

g_ba\_klgmx nmgdpbx ϕ(t). 
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Ijbf_j.                        ( ) ( ) ( )∫ ϕ−λ+=ϕ
1

0

1 dSSStt ; 

( ) ( ) ( ) ( ) ( ) ;  ;1  ;1  ;  ;, 2121 SSbSbtattaStStk −====−=  

( ) ( ) ( ) ( ) ; 1
1

0

1

0
∫∫ ϕ−λ+ϕλ+=ϕ dSSSdSStt  

( ) ( ) ( ) ;    ;
1

0

1

0
21 ∫∫ ϕ−=ϕ= dSSSCdSSC  

( ) .1 21 CtCt λ+λ+=ϕ  

Mfgh`bf h[_ qZklb wlh]h mjZ\g_gby gZ 1b  b gZ 2b , ijhbgl_]jbjm_f ih t: 

( )

( ) ( ) ( ) ( ) ( )









−λ+−λ+−=ϕ−

λ+λ+=ϕ

∫ ∫∫∫

∫∫∫∫

1

0

1

0
2

1

0

2
1

1

0

1

0

1

0
1

1

0

1

0

1 dttCdttCdttdtt

dttdtCdtdtt

; 










−=




 λ++λ

=λ−




 λ−

2
1

2
1

3

1
2

1

21

21

CC

CC

; 

( ) .
12

1

2
1;      

3

;
2

1 2λ+=λ+λ

λ−λ−
=λD  

Wlh bgl_]jZevgh_ mjZ\g_gb_ \k_]^Z bf__l j_r_gb_� lZd dZd D ≠ 0 \k_�
]^Z ijb ^_ckl\bl_evguo λ. 

;
12

6
    ;

12

12
2221 λ+

λ+−=
λ+

= CC  

( ) ( )
.

12

226
2λ+

λ−λ−=ϕ t
t  

J_ahev\_glZ lZdbo mjZ\g_gbc \k_]^Z ^jh[gh-jZpbhgZevgZy nmgdpby� 
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6. Bkihevah\Zgb_ \ujh`^_gguo y^_j ^ey ijb[ebabl_evgh]h j_r_gby 
bgl_]jZevguo mjZ\g_gbc 

Imklv bf__f g_dhlhjh_ bgl_]jZevgh_ mjZ\g_gb_� m dhlhjh]h y^jh 
k(t,S) – ijhba\hevgh_ g_\ujh`^_ggh_� 

( ) ( ) ( ) ( )., tfdSSStkt
b

a
+∫ ϕλ=ϕ  

GZ bgl_j\Ze_ bgl_]jbjh\Zgby g_\ujh`^_ggh_ y^jh aZf_gyxl ijb�
[eb`_gguf \ujh`^_gguf� Ijb wlhf ijb[ebabl_evgh_ j_r_gb_ ihemqZ_l�
ky ^hklZlhqgh [ebadbf d bklbgghfm j_r_gbx� Q_f [eb`_ ijb[eb`_gb_� 
l_f lhqg__ j_r_gb_�  

Bkihevamxlky jZaebqgu_ ZiijhdkbfZpbb� QZs_ \k_]h ijbf_gyxlky 
ZiijhdkbfZpbb kl_i_ggufb ihebghfZfb beb ljb]hghf_ljbq_kdbfb 
nmgdpbyfb. 
 
Ijbf_j�  

( ) ( ) ( ) .1
1

0
tedSSett ttS −+∫ ϕ−=ϕ  

Lhqgh_ j_r_gb_ ( ) .1≡ϕ t Ihemqbf ijb[eb`_ggh_ j_r_gb_ ϕI�t) ^ey ijb�
[eb`_ggh]h y^jZ 

( ) .
62

,
3423

2 StSt
StStkb −−−=  

Ijb[eb`_ggh_ j_r_gb_� 

( ) .04,017,05,0 432 ttttet t −−−−=ϕ  

GZ bgl_j\Ze_ [0;1] hldehg_gb_ hl lhqgh]h j_r_gby khklZ\ey_l \k_]h 0,8 %. 

7. Ijbgpbi ihke_^h\Zl_evguo ijb[eb`_gbc �©k`Zluo hlh[jZ`_gbcª� 

Kljhblky ihke_^h\Zl_evghklv nmgdpbc� I_j\Zy nmgdpby – ijhba�
\hevgZy� >Ze__ ba g__ kljhblky ke_^mxsZy nmgdpby b l�^� 

G_h[oh^bfh \uiheg_gb_ ke_^mxsbo mkeh\bc� 
1) < d\Z^jZl_ a ≤ t,   S ≤ b y^jh k(t,S) ^he`gh [ulv g_ij_ju\guf b h]jZgb�
q_guf� 
2) H[hagZqbf 
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( ).,max
,

0 StkM
baSt ÷∈

=  

>he`gh \uihegylvky mkeh\b_: 

( ).
1

0 abM −
<λ  

?keb wlh mkeh\b_ \uiheg_gh, lh jy^ ihke_^h\Zl_evguo ijb[eb`_gbc 
kljhblky ih ke_^mxs_fm ijZ\bem: 

( ) ( ) ( ) ( ).,1 tfdSSStkt
b

a
nn +∫ ϕλ=ϕ +  

Q_f [hevr_ ghf_j bl_jZpbb n, l_f lhqg__ ihemq_ggh_ j_r_gb_� 

Ijbf_j� 
K ihfhsvx jZkkfhlj_ggh]h f_lh^Z j_rblv bgl_]jZevgh_ mjZ\g_gb_ 

∫ ϕ+=ϕ
1

0
)(

2
1

6
5

)( dSStStt . 

Y^jh tSStK =),(  – nmgdpby g_ij_ju\gZy. 

01,0, 1),(max MStKSt ==∈ . 

Ijh\_jy_f ijbf_gbfhklv f_lh^Z 

λ=>−
− 2

1
)(

1

0

L

abM
. 

H[Z mkeh\by \uihegyxlky� 

I_j\mx nmgdpbx \havf_f� 0)(0 =ϕ t . >Ze__� 

∫ =ϕ+=ϕ
1

0
01 6

5
)(

26
5

)( tdSSS
t

tt ; 

)
6
1

1(
6
5

6
5

26
5

)(
1

0
2 +∫ =+=ϕ tSdSS

t
tt ; 

)
6

1
1()

6

1
...

6

1
6
1

1(
6
5

)(
12 nnn ttt −=++++=ϕ − ; 

tt n
n

=ϕ=ϕ
∞→

lim)( . 
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Kdhjhklv koh^bfhklb kbevgh aZ\bkbl hl gZqZevgh]h ijb[eb`_gby� 

M^Zqguc \u[hj ijb[eb`_gby fh`_l khdjZlblv \j_fy j_r_gby� 

                                                                                                                                                                                                                                                                             

8. Ijbf_g_gb_ f_lh^Z ihke_^h\Zl_evguo ijb[eb`_gbc ^ey j_r_gby 

bgl_]jZevguo mjZ\g_gbc <hevl_jjZ 2-]h jh^Z 

)()(),()( tfdSSStKt
t

a
+∫ ϕλ=ϕ  –  

                       bgl_]jZevgh_ mjZ\g_gb_ <hevl_jjZ  2-]h jh^Z� 

Ih^h[gu_ mjZ\g_gby fh`gh jZkkfZljb\Zlv dZd qZklguc kemqZc mjZ\g_gbc 

Nj_^]hevfZ� _keb 0),( =StK  ijb tS > . Hlebqb_ khklhbl \ lhf� qlh 

kjZ\g_gb_ k λ  g_ y\ey_lky g_h[oh^bfuf (λ  – ex[h_�. 
 

Ijbf_j� 

GZclb g_ba\_klgmx nmgdpbx ϕ , m^h\e_l\hjyxsmx mjZ\g_gbx� 

∫ ϕ−−=ϕ
t

a
dSSSttt )()()(  

J_r_gb_: 

Iheh`bf 00 =ϕ . Lh]^Z tt =ϕ )(1 . 

!3
)()(

3

2
t

tSdSSttt
t

a
−=∫ −−=ϕ ; 

)!12(
)1(...

!7!5!3
)(

12
1

753

−
−++−+−=ϕ

−
−

n

tttt
tt

n
n

n ; 

tt n
n

sinlim)( =ϕ=ϕ
∞→

. 

 



 20 

9. Ijbf_g_gb_ f_lh^Z ijb[eb`_gguo j_r_gbc ^ey j_r_gby               
g_dhlhjuo \b^h\ g_ebg_cguo bgl_]jZevguo mjZ\g_gbc 

Imklv bf__f mjZ\g_gb_ 

[ ]∫ +ϕλ=ϕ
b

a
tfdSSStKt )()(,,)( . 

Mkeh\by ijbf_gbfhklb f_lh^Z: 
1.  )(tf  ^he`gZ [ulv g_ij_ju\ghc nmgdpb_c, ))(,,( SStK ϕ  ^he`gZ [ulv 

g_ij_ju\ghc nmgdpb_c ih \k_f lj_f Zj]mf_glZf� 
2.  Y^jh ^he`gh m^h\e_l\hjylv mkeh\byf EbirbpZ: 

1212 ),,(),,( ZZLZStKZStK −≤− , 

]^_ L – ihklhyggZy EbirbpZ� dhlhjZy m^h\e_l\hjy_l mkeh\bx� 

)(
1

abL −
<λ . 

L h[uqgh [_jml fbgbfZevgh \hafh`ghc� 

12

12
min

),,(,,(
min

ZZ

ZStKZStK
L

−
−

= . 

Lh]^Z j_r_gb_ fh`gh lZd`_ ihemqblv ihke_^h\Zl_evguf ijb[eb`_gb_f 
ih nhjfme_� 

[ ]∫ +ϕλ=+ϕ
b

a
tfdSSnStKtn )()(,,)(1  

GZqZevgh_ ijb[eb`_gb_ )(0 tϕ  – ex[h_� 

Ijbf_j� 
J_rblv bgl_]jZevgh_ mjZ\g_gb_ \b^Z 

∫ +
ϕ+

=ϕ
−

1

1
2

1
)(13

1
)(

S

tS
t . 

( ) ;1,
2
11

min ==
−

<λ L
abL

 

G_h[oh^bfu_ mkeh\by \uihegyxlky� 

( ) ( ) ( ) ( ) .1t   ;1  ;11
113

1
  ;1 32

1

1
10 =ϕ=ϕ=+∫ +

=ϕ=ϕ
−

tdS
tS

tt  
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J_r_gb_� 1)(0 =ϕ t  

?keb y^jh k(t, S, z) bf__l h]jZgbq_ggmx ijhba\h^gmx ih z, lh L fh`gh \u�
[jZlv ba mkeh\by� 

.
,,

L

z
bStadz

dk ≤
+∞<<∞−

≤≤  

10. J_r_gb_ kbkl_fu bgl_]jZevguo mjZ\g_gbc 

<\_klb fh`gh ih ZgZeh]bb k Ze]_[jZbq_kdbfb mjZ\g_gbyfb� 
;u\Zxl kemqZb� dh]^Z lj_[m_lky gZclb g_kdhevdh g_ba\_klguo nmgdpbc� 
dhlhju_� 
1) Hij_^_eyxlky bgl_]jZevgufb khhlghr_gbyfb� 
2) Hij_^_e_gguf h[jZahf k\yaZgu f_`^m kh[hc� 
AZibkv� hibku\ZxsZy bo� gZau\Z_lky kbkl_fhc bgl_]jZevguo mjZ\g_gbc� 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

















+∑ ϕλ=ϕ

∑ +ϕλ=ϕ

+∑ ϕλ=ϕ

=

=

=

tfdSSStkt

n
tfdSSStkt

tfdSSStkt

N

n

j
jNjN

j
jj

n

j
jj

1

1
222

1
1

11

,

,

,

���������������

. 

Hl bgl_j\ZeZ a ≤ t ≤ b i_j_oh^yl d bgl_j\Zem a ≤ t ≤ Z�1 (b - Z). 
 

Hl gZ[hjZ nmgdpbc ( ) ( )tftf
N

�
1

, bta ≤≤ , i_j_oh^yl d ©_^bghcª nmgd�

pbb F(t): 
[ ]))(1()( abitftF i −−−= . 

Hl gZ[hjZ Nϕϕ �1  lZd`_ i_j_oh^yl d ©_^bghcª N(t): 

( ) ( )( )[ ], 1- abitt i −−−ϕ=  

gZ bgl_j\Ze_  

( )( ) ( ).1 abiatabia −+<≤−−+  

Hl gZ[hjZ kij i_j_oh^yl d� 



 22 

( ) ( )( ) ( )( )[ ]abjSabitijkStCk −−−−−−= 1,1, , 

ijb  

( )( ) ( )
( )( ) ( )




−+<≤−−+
−+<≤−−+

abjaSabja

abiatabia

1

1
. 

Lh]^Z fh`gh aZibkZlv h^gbf mjZ\g_gb_f \kx kbkl_fm� 

( ) ( ) ( )
( )

( )., tFdSSStkt
abNa

a
C +∫ Φλ=Φ
−+

 

>Ze__ mjZ\g_gb_ j_rZ_lky h^gbf ba ba\_klguo kihkh[h\. 

11. Bkihevah\Zgb_ ebg_cguo hi_jZlhjh\ 

Hi_jZlhj – wlh ex[h_ ^_ckl\b_� ij_h[jZamxs__ we_f_glu h^gh]h 
fgh`_kl\Z \ we_f_glu ^jm]h]h fgh`_kl\Z 10 EE → . 

Hi_jZlhj : gZau\Z_lky ebg_cguf� _keb \uihegyxlky 2 mkeh\by� 

1) ( ) ( ) ( ).yAxAyxA +=+  

2) ( ) ( ) .const  ; −αα=α xAxA  

( ) ( ) ( )∫=
b

a
dSSxStkty ,  – bgl_]jZevguc hi_jZlhj Nj_^]hevfZ gZ^ x. 

 Kh\hdmighklv ebg_cguo hi_jZlhjh\ h[jZam_l ebg_cgh_ ijhkljZgkl�
\h hi_jZlhjh\� Hi_jZlhj� i_j_\h^ysbc we_f_glu fgh`_kl\Z \ kZfh]h k_�

[y, (E→E) gZau\Z_lky _^bgbqguf hi_jZlhjhf b h[hagZqZ_lky I. Ix→ x. 
?keb h[jZlguc hi_jZlhj kms_kl\m_l� lh ijbf_g_gb_ _]h d bkoh^ghfm hi_�

jZlhjm ^he`gh ^Z\Zlv _^bgbqguc hi_jZlhj� A 1− A=I. Hi_jZlhj I+A  – 
\k_]^Z bf__l h[jZlguc hi_jZlhj� 

( )
( ) ;

;1

IAIS

AIS

=+
+= −

 

KijZ\_^eb\h jZaeh`_gb_ (ijb hij_^_e_gguo mkeh\byo� 

( ) �+−+−+−=+= − 54321 AAAAAIAIS  

Wlh bkihevam_lky ^ey j_r_gby bgl_]jZevguo mjZ\g_gbc� 
JZkkfhljbf bgl_]jZevgh_ mjZ\g_gb_ Nj_^]hevfZ 2-]h jh^Z: 
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( ) ( ) ( ) ( )., tfdSSStkt
b

a
+∫ ϕλ=ϕ  

H[hagZqbf ebg_cgmx hi_jZpbx� 

( ) ( )∫ ϕ=ϕ
b

a
dSSStkA , . 

< hi_jZlhjghc nhjf_ bkoh^gh_ bgl_]jZevgh_ mjZ\g_gb_� 
.fA +ϕλ=ϕ  

I_j_ghky Aϕ \e_\h b \ughky ϕ aZ kdh[db� 

( ) .fAI =ϕλ−  

 Ijb hij_^_e_gguo mkeh\byo gZ ghjfm hi_jZlhjZ : j_r_gb_ 
bgl_]jZevgh]h mjZ\g_gby bf__l \b^� 

( ) fAI 1−λ−=ϕ . 

Ba\_klgh k\hckl\h: 

�� +λ++λ+λ+=ϕ fAfAAff nn22  ( jy^ G_cfZgZ�� 
>ey wlh]h jZaeh`_gby g_h[oh^bfh� 
1) jy^ ^he`_g [ulv koh^ysbfky, 
2) qlh[u \uihegyehkv g_jZ\_gkl\h� 

( ) ( )
;

, max

1

,
abStk

baSt
−








<λ

÷∈

 

JZkkfhljbf kl_i_gb hi_jZlhjZ� 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ,,,,

,,,,

2

2

∫=ττ∫ 







∫ τ=

=∫ ∫ τττ=∫ 







∫ τττ==

b

a

b

a

b

a

b

a

b

a

b

a

b

a

dSSfStkdfdSSkStk

dSdfSkStkdSdfSkStkAfAfA

 

]^_ ( ) ( ) ( )∫ τ=τ
b

a
dSSkStktk ,,,2  – ih\lhjgh_ y^jh �bl_jbjh\Zggh_ y^jh�� 

:gZeh]bqgh� 
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∫ ∫=ττ







∫ τ=

b

a

b

a

b

a
dSSfStKdfdSSKStKfA )(),(,)(),(),( 32

3 ; 

∫ ττ=
b

a
dSKStKStK ),(),(),( 23 ; 

∫ ττ= −
b

a
nn dSKStKStK ),(),(),( 1 ; 

∫=
b

a
n

n dSSfStKfA )(),( ; 

lh]^Z 

+∫λ+=ϕ
b

a
dSSfStKtft )(),()()( 1 +∫λ

b

a
dSSfStK )(),(2

2  

[ ]×∫ +λ+λ+λ+=+∫λ+
b

a

b

a
StKStKStKtfdSSfStK ...),(),(),()(...)(),( 3

2
213

3

dSsf )(× . 

Wlh fh`gh aZibkZlv dZd� 

∫ λλ+=ϕ
b

a
dSSfStRtft )(),,()()(  – gZoh`^_gb_ )(tϕ  q_j_a j_ahev\_glm� 

J_ahev\_glZ hij_^_ey_lky ke_^mxsbf h[jZahf: 

...),(),(),(),,( 3
2

21 +λ+λ+=λ StKStKStKStR  

HgZ m^h\e_l\hjy_l lZdbf k\hckl\Zf� 

∫ τλττλ+=λ
b

a
dSRtKStKStR ),,(),(),(),,( ; 

∫ τλττλ+=λ
b

a
dtRSKStKStR ),,(),(),(),,( . 

>ey j_ahev\_glu lZd`_ kijZ\_^eb\u ke_^mxsb_ \ujZ`_gby: 
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∫ τλτλτλ−λ=λ−λ
b

a
dSRtRStRStR ),,(),,()(),,(),,( 122121 ; 

),()0,,( StKStR = ; 

∫ τλτλτ=
λ

λ∂ b

a
dSRtR

d

StR
),,(),,(

),,(
; 

Ihemq_ggu_ j_amevlZlu ijbf_gbfu b ^ey mjZ\g_gbc <hevl_jjZ� 
 
Ijbf_ju. 
1.  J_rblv bgl_]jZevgh_ mjZ\g_gb_ 

∫ +ϕλ=ϕ
1

0
)()()( tfdSStSt ; 

tSStK =),(  , 1,0 == ba ; 

1,0   ijb1),(max ≤≤= StStK . 

Mkeh\by ijbf_gbfhklb \uihegyxlky� 
GZc^_f ihke_^h\Zl_evghklv bl_jbjh\Zgguo y^_j 

tSStK =),(
1

; 

∫ ∫ =τττ=τττ=
1

0

1

0
2 3

),(),(),(
ts

dtdSKtKStK ; 

23
3

),(
tS

StK = ; 

13
),( −=

nn
tS

StK ; 

λ−
=++λ++λ+λ+=λ

3
3

...
3

...
33

),,(
2

2 tS
tStStsStR

n

n
. 

LZdbf h[jZahf� h[s__ j_r_gb_ bkoh^gh]h mjZ\g_gby bf__l \b^: 

∫ λ−
+=ϕ

1

0
)(

3
3

)()( dSSf
tS

tft . 

2.  J_rblv bgl_]jZevgh_ mjZ\g_gb_ 



 26 

∫ ϕ+=ϕ −
t

Stt dSSeet
0

)()( ; 

1=λ ; 
SteStK −=),(1 ; 

∫ −=τ= −−ττ−
t

S

StSt StedeeStK )(),(2 ; 

!2
)(

),(
2

3
St

eStK St −= − ; 

)!1(
)(

),(
1

−
−=

−
−

n

St
eStK

n
St

n ; 

)(2
1

...
!
)(

...)1,,( St
n

StSt e
n

St
eeStR −

−
−− =++−++= ; 

∫ =+=ϕ −
t

tSStt edSeeet
0

2)(2)(  – j_r_gb_ bgl_]jZevgh]h mjZ\g_gby. 

12. Bgl_]jZevgu_ mjZ\g_gby k y^jhf� bf_xsbf keZ[mx hkh[_gghklv 

Ih^h[gu_ mjZ\g_gby bf_xl y^jh \b^Z� 

α−
=

)(

),(
),(

St

StH
StK ; 

10 << α ; 

�GZijbf_j� mjZ\g_gb_ :[_ey ∫ =
−

ϕt
tfdS

St

S

0
)(

)(
). 

JZkkfhljbf khhl\_lkl\mxs__ mjZ\g_gb_ <hevl_jjZ� H[sbc \b^ mjZ\g_�
gby� 

dSS
St

StH
tft

t

a

)(
)(

),(
)()( ϕ

−
+=ϕ ∫ α ; 

bta ≤≤ , tS < . 
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Ijb 
2
1≥α  d\Z^jZl y^jZ – g_bgl_]jbjm_fuc� h^gZdh j_rblv mjZ\g_gb_ 

fh`gh� 
>ey j_r_gby bkihevamxl ke_^mxsb_ ijhp_^mju� 
1.  <uqbkeyxl bl_jbjh\Zggu_ y^jZ 

);,(
2

StK  ),(
3

StK , b l� ^� 

∫ α−
αα −=

−τ−
ττ=

t

S

StFSt
Stt

SHtH
StK ),()(

)()(

),(),(
),( 2

21
2 ; 

),()(),( 3
32

3 StFStStK α−−= ; 

),()(),( 4
43

4 StFStStK α−−= . 

JZgh beb iha^gh fu ^hc^_f ^h lZdhc bl_jZpbb (n), ]^_ g_bgl_]jbjm_fuc 
dhfihg_gl klZg_l bgl_]jbjm_fuf� l� _� n(1 - α) > 1. 
2.  Bkoh^gh_ mjZ\g_gb_ ijb\h^bf d bgl_]jZevghfm mjZ\g_gbx k 
bl_jbjh\Zggufb y^jZfb iml_f k\_jlu\Zgby h[_bo qZkl_c k nmgdpb_c 

),( StKλ . >ey wlh]h d h[_bf qZklyf mjZ\g_gby ijbf_gy_f bgl_]jZevguc 

hi_jZlhj \b^Z  

dSStK
t

a

)(),( ⋅λ∫ ; 

lh]^Z 

=ϕλ∫ dSSStK
t

a

)(),( +λ∫ dSSfStK
t

a

)(),( ∫∫ ×ττϕτλ
S

a

t

a

dSKStK ])(),([),(2  

 =× dS +λ∫ dSSfStK
t

a

)(),( dSSStK
t

a

)(),(2
2 ϕλ ∫ .           (12.1) 

Gh ba bkoh^gh]h mjZ\g_gby 

)()()(),( tftdSSStK
t

a

−ϕ=ϕλ∫ . 

Ih^klZ\bf wlh \ (12.1) b ihemqbf 

)()(),()( 22
2 tfdSSStKt

t

a

+ϕλ=ϕ ∫ , 
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]^_ dSSfStKtftf
t

a

)(),()()(2 ∫λ+= . 

:gZeh]bqgh fh`gh ihemqblv� 

)()(),()( 33
3 tfdSSStKt

t

a

+ϕλ=ϕ ∫ , 

]^_ dSSfStKtftf
t

a

)(),()()( 223 ∫λ+= . 

;m^_f ijh^he`Zlv ^h l_o ihj� ihdZ g_ ^hc^_f ^h lh]h n, dhlhjh_ gZreb gZ 
1-f wlZi_� Ijb wlhf 

)()(),()( tfdSSStKt n

t

a
n

n +ϕλ=ϕ ∫ . 

Y^jh wlh]h mjZ\g_gby DQ – bgl_]jbjm_fh_� nmgdpbx fn fh`gh gZclb�              
ihwlhfm ihemq_ggh_ mjZ\g_gb_ j_rZ_lky h[uqgufb f_lh^Zfb� 

13. MjZ\g_gb_ lbiZ k\_jldb 

Wlh lZdb_ bgl_]jZevgu_ mjZ\g_gby� y^jh dhlhjuo aZ\bkbl hl jZaghklb 
Zj]mf_glh\� Hgb bf_xl ke_^mxsbc \b^� 

( ) ( ) ( ) ( ).tfdSSStkt +ϕ−λ=ϕ ∫
∞

∞−
 

13.1. Bkihevah\Zgb_ ij_h[jZah\Zgby Nmjv_ \ h[s_f kemqZ_ 

>ey j_r_gby mjZ\g_gbc lbiZ k\_jldb bkihevam_lky ij_h[jZah\Zgb_ Nmjv_ 
\ ke_^mxs_c nhjf_� 

( ) ( )

( ) ( ) .
2
1

;
2
1

∫

∫

∞

∞−

ω

∞

∞−

ω−

ωω
π

=

π
=ω

deFtf

dtetfF

tj

tj

 

<\_^_f ihgylb_ k\_jldZ nmgdpbc� HgZ ij_^klZ\ey_l ba k_[y ke_^mxs__� 

( ) ( ) ( ) .2121 ffdttftft ∗=−τ=Ψ ∫
∞

∞−
 

* – h[hagZq_gb_ k\_jldb� 
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Bgl_]jZevguc hi_jZlhj Nmjv_ [m^_f h[hagZqZlv F(*). 

( ) ( )[ ] .FftfFF ==ω  

Ij_h[jZah\Zgb_ Nmjv_ hl k\_jldb nmgdpbc jZ\gh (k mq_lhf ihklhyggh]h 
dhwnnbpb_glZ) ijhba\_^_gbx hl^_evguo ij_h[jZah\Zgbc Nmjv_ hl dZ`�
^hc nmgdpbb� 

[ ] [ ] [ ]2121 2 fFfFffF ⋅π=∗ . 

JZkkfhljbf mjZ\g_gb_ 

( ) ( ) ( ) ( )tfdSSStkt +ϕ−λ=ϕ ∫ . 

 b ijbf_gbf d g_fm ij_h[jZah\Zgb_ Nmjv_� 

H[hagZqbf   [ ] [ ] [ ] .   ;  ; KkFFfFF ==Φ=ϕ  

Lh]^Z ihke_ ij_h[jZah\Zgby Nmjv_� 

( ) ( ) ( ) ( ).2 ω+ωΦωπλ=ωΦ FK  

Hlkx^Z fh`gh gZclb ( )ωΦ : 

( ) ( )
( ).21 ωπλ−

ω=ωΦ
K

F
 

<ay\ h[jZlgh_ ij_h[jZah\Zgb_ Nmjv_� fu ihemqZ_f bkdhfmx nmgdpbx� 

( ) ( )
( ) .

212
1

∫
∞

∞−

ω
ω

ωπλ−
ω

π
=ϕ d

K

eF
t

tj
 

Fh`gh bkihevah\Zlv ^jm]hc imlv�  

Imklv ( )λ,tR  – wlh h[jZlgh_ ij_h[jZah\Zgb_ Nmjv_ hl ke_^mxs_c 

nmgdpbb� 

( )
( );21 ωπλ−

ω
K

K
 

( ) ( )
( ) .

212
1

, ∫
∞

∞−

ω ω
ωπλ−

ω
π

=λ de
K

K
tR tj  

Lh]^Z j_r_gb_ fh`gh gZclb ih nhjfme_� 

( ) ( ) ( ) ( ) .,∫
∞

∞−
λ−λ+=ϕ dSSfStRtft  
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13.2. Ijbf_g_gb_ f_lh^Z k\_jldb ^ey j_r_gby bgl_]jZevguo mjZ\g_gbc 

         1-]h jh^Z 
 

Imklv g_h[oh^bfh j_rblv mjZ\g_gb_ 

( ) ( ) ( ).tfdSSStk =ϕ−∫
∞

∞−
 

Ijbf_gbf ij_h[jZah\Zgb_ Nmjv_ d h[_bf qZklyf b bkihevam_f k\hckl\Z 
k\zjldb� 
Ij_h[jZah\Z\� ihemqbf�  

( ) ( ) ( ).2 ω=ωΦωπ FK  

Hldm^Z  

( ) ( )
( ) .

2
1

∫
∞

∞−

ω ω
ω
ω

π
=ϕ de

K

F
t tj  

Ij_h[jZah\Zgb_ EZieZkZ fh`gh lZd`_ ijbf_gylv dZd b ij_h[jZah\Z�
gb_ Nmjv_� gh gm`gh \k_]^Z ijb j_r_gbb ijh\_jylv h[eZklv hij_^_e_gby� 
 
Ijbf_j�  

( ) ( ) ( ) .sin
0
∫ ϕ−+=ϕ
t

dSSSttt  

L{*} – h[hagZqbf ij_h[jZah\Zgb_ EZieZkZ� 
Ba\_klgh�  

{} { } { } ( ).   ;
1

1
sin   ;

1
22

pL
p

tL
p

tL Φ=ϕ
+

==  

Ijbf_gb\ d mjZ\g_gbx ij_h[jZah\Zgb_ EZieZkZ� ihemqbf� 

( ) ( ) ( ) .
11

     ;
1

1
4222 pp

p
p

p

p
p +=Φ⇒

+
Φ+=Φ  

J_r_gb_�  

( ) .
!3

3t
tt +=ϕ  
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13.3. J_r_gb_ kbkl_fu bgl_]jZevguo mjZ\g_gbc 
 

Imklv bf__f kbkl_fm N bgl_]jZevguo mjZ\g_gbc <hevl_jjZ ke_^mx�
s_]h \b^Z� 

( ) ( ) ( ) ( ) .1   ;
10

nidSSStktft
n

j

t

jiji ÷=ϕ−λ+=ϕ ∑ ∫
=

 

Ijbf_gbf dh \k_f mjZ\g_gbyf wlhc kbkl_fu ij_h[jZah\Zgb_ EZieZkZ� 

( ) ( ) ( ) ( ).
1

∑
=

Φλ+=Φ
n

j
jijii ppkpFp  

J_rb\ wlm kbkl_fm Ze]_[jZbq_kdbo mjZ\g_gbc \ \b^_ gZ[hjZ bah[jZ`_gbc 
b gZc^y hl gbo hjb]bgZeu� fu ihemqbf j_r_gb_� 

( ) ( ).tp ii ϕ⇒Φ  

13.4. J_r_gb_ g_ebg_cguo bgl_]jZevguo mjZ\g_gbc 

F_lh^ ijbf_gbf b ^ey g_dhlhjuo g_ebg_cguo bgl_]jZevguo mjZ\�
g_gbc� GZijbf_j: 

( ) ( ) ( ) ( ).
0

tfdSStSt
t

+−ϕϕλ=ϕ ∫  

Wlh g_ebg_cgh_ mjZ\g_gb_ lbiZ k\_jldb� Ijbf_gbf ij_h[jZah\Zgb_ EZi�
eZkZ d h[_bf qZklyf wlh]h mjZ\g_gby� 

( ) ( ) ( ).2 pFpp +Φλ=Φ  

Wlh d\Z^jZlgh_ mjZ\g_gb_� _]h j_r_gb_� 

( ) ( )
   

2

411

λ
λ−±−=Φ pF

p  

<ay\ h[jZlgh_ ij_h[jZah\Zgb_ EZieZkZ� ihemqbf ϕ(t). 

13.5. J_r_gb_ bgl_]jh-^bnn_j_gpbZevguo mjZ\g_gbc lbiZ k\_jldb 

Imklv ^Zgh ke_^mxs__ bgl_]jh-^bnn_j_gpbZevgh_ mjZ\g_gb_� 

( ) ( ) ( ) ( ) ( ) ( ).
00

1

1

1 tfdS
dS

Sd
Stkta

dt

td
a

dt

td l

m

t

m

m

mnn

n

n

n
=











 ϕ−+ϕ++ϕ+ϕ ∑ ∫
=

−

−
�  

H[hagZqbf gZ[hj gZqZevguo mkeh\bc� 
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( ) ( ) ( )( ) ( ).0      ;0   ;0 1
0

1
00

−− ϕ=ϕϕ′=ϕ′ϕ=ϕ nn�  

Bkihevam_lky ke_^mxs__ k\hckl\h ij_h[jZah\Zgby EZieZkZ �^ey ijhba�

\hevghc nmgdpbb ϕ): 

( ) ( ).1
00

3
0

2
0

1 −−−− ϕ−−ϕ′′−ϕ′−ϕ−Φ⇒ϕ kkkkk
k

k
ppppp

dt

d
�  

Ijbf_gbf wlh k\hckl\h d gZr_fm mjZ\g_gbx� 

( ) ( ) ( ) ( ) ( )




 ϕ−−ϕ−Φ⇒ϕ− −−∫ 1

00
1

0

mmm
m

t
m

m ppppkdSSStk � . 

L_i_jv mjZ\g_gb_ bf__l ke_^mxsbc \b^� 

( ) ( ) ( ).
0

1
1 pFppkapapp

l

m

m
mn

nn =







++++⋅Φ ∑

=

− �  

 

Hlkx^Z bah[jZ`_gb_ bkdhfhc nmgdpbb� 

( ) ( )
( )

.

0

1
1 ∑

=

− ++++
=Φ

l

m

m
mn

nn ppkapap

pF
p

�

 

H[jZlgh_ ij_h[jZah\Zgb_ ^Z_l bkdhfmx nmgdpbx� 

13.6. Ij_h[jZah\Zgb_ F_eebgZ 

Imklv _klv g_dZy nmgdpby ( )tf  b ^ey g__ kijZ\_^eb\h ke_^mxs__� 

( ) +∞<∫
∞

−σ

0

1dtttf ,  

]^_ σ – g_dhlhjh_ ijhba\hevgh_ qbkeh� 

>ey lZdhc nmgdpbb ba\_klgh ij_h[jZah\Zgb_ F_eebgZ� 

( ) ( )∫
∞

−=
0

1dtttfSF S
 

H[jZlgh_ ij_h[jZah\Zgb_ 
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( ) ( )∫
∞+σ

∞−σ

−
π

=
j

j

SdStSF
j

tf
2
1

, .0>t  

 Ij_h[jZah\Zgb_ F_eebgZ mklZgZ\eb\Z_l h^ghagZqgmx \aZbfhk\yav 
f_`^m 2-fy nmgdpbyfb� Bgl_]jZe [_j_lky gZ dhfie_dkghc iehkdhklb ih 
\_jlbdZevghc hkb� 
 

Ijbf_j�  
JZkkfhljbf ]ZffZ-nmgdpbx� K ihfhsvx ij_h[jZah\Zgby F_eebgZ ]ZffZ-
nmgdpby \\h^blky ke_^mxsbf h[jZahf� 

( )

( ) 0.c  ;
2
1

;
0

1

>Γ
π

=

=Γ

∫

∫

∞+

∞−

−−

∞+
−−

jc

jc

St

St

dStS
j

e

dtteS

 

Ij_h[jZah\Zgb_ F_eebgZ \h fgh]hf ihoh`_ gZ ij_h[jZah\Zgb_ EZieZkZ� 

( ) ( )

( ) ( )tfS

Sp

tp

F_eebgZZgb_Ij_h[jZah\

EZieZkZZgb_Ij_h[jZah\

 ←Φ

=
ϕ →Φ

 

 

  � . 

< wlhf kemqZ_ f_`^m nmgdpbyfb ϕ(t) b f(t) kms_kl\m_l \aZbfhk\yav� 

( ) ( ).teft −=ϕ  

13.7. Ijbf_g_gb_ ij_h[jZah\Zgby F_eebgZ ^ey j_r_gby bgl_]jZevguo 
          mjZ\g_gbc 

 
Bkihevam_lky ZgZeh] k\zjldb� 
 

)(N)()(
0

SSF
t

dt

t

x
tfM =














ϕ∫

∞
; 

{ })()( tfMSF = ; 

{ })()(N tMS ϕ= . 

Wlh k\hckl\h bkihevam_lky ^ey j_r_gby bgl_]jZevguo mjZ\g_gbc \b^Z� 
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t

dt
t

t

x
Kxfx )()()()(

0

ϕ+=ϕ ∫
∞+

.                            (13.1) 

Mkeh\b_ ijbf_gbfhklb khklhbl \ lhf� qlh[u nmgdpbb ^himkdZeb ij_h[jZ�
ah\Zgb_ F_eebgZ� H[hagZqbf ij_h[jZah\Zgb_ F_eebgZ hl )(xf  q_j_a 

{ } )()( SFxfM = , Z ij_h[jZah\Zgb_ F_eebgZ hl )(zK  dZd 

{ } )()( SKzKM = . Nmgdpbb )(SF  b )(SK  ^he`gu bf_lv h[smx h[eZklv 

ZgZeblbqghklb� Ijbf_gbf ij_h[jZah\Zgb_ F_eebgZ d h[_bf qZklyf mjZ\�
g_gby (13.1). 

)(N)()()(N SSKSFS += ; 

)(1
)(

)(N
SK

SF
S

−
= . 

H[jZlguf ij_h[jZah\Zgb_f gZoh^bf ϕ(t)  
Ijbf_j� 
Imklv bf__lky bgl_]jZevgh_ mjZ\g_gb_ \b^Z� 

0,)(
2
1

)( >αϕ+=ϕ ∫
∞+

∞−

−α−
t

dt
teex t

x
x . 

GZc^zf ij_h[jZah\Zgb_ F_eebgZ ih hl^_evghklb hl dZ`^hc khklZ\eyxs_c 

{ } { } 0Re,)(
)(

0

11

0
>=

α
=α== ∫∫

∞+
−−−−

∞+
α−α− SSF

S=
dzzedxxeeM

S
SzSSxx . 

AZf_gbf xz α= ; 

{ } 0Re,)()(
2
1

2
1 >==







 − SSKS=eM x . 

H[eZklb ZgZeblbqghklb kh\iZ^Zxl 

)(N)(
2
1)(

)(N SS=
S=

S
S

+
α

= ; 





 −α

=
)(

2
1

1

)(
)(N

S=

S=
S

S
. 

Hkms_kl\b\ h[jZlgh_ ij_h[jZah\Zgb_ F_eebgZ� gZc^zf ϕ(t).  
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 14. Kbff_ljbqgu_ bgl_]jZevgu_ mjZ\g_gby 

Kbff_ljbqgufb gZau\Zxlky bgl_]jZevgu_ mjZ\g_gby, ^ey y^_j         
dhlhjuo kijZ\_^eb\h� 

),(),( tSKStK = . 

GZijbf_j: 22),( StStK = . 

?keb y^jh dhfie_dkgh – agZqgh_� lh ^he`gh \uihegylky� 

),(),( * tSKStK = . 

Imklv lZdZy nmgdpby y\ey_lky y^jhf mjZ\g_gby� 

∫ +ϕλ=ϕ
b

a

tfdSSStKt )()(),()( ; 

dSSStKA
b

a
∫ ϕ=ϕ )(),(  – ebg_cguc hi_jZlhj ih^ nmgdpb_c ϕ . 

?keb [u 0)( ≡tf , lh khhl\_lkl\mxs__ bgl_]jZevgh_ mjZ\g_gb_ klZeh [u 

h^ghjh^guf� Ijb wlhf fh`gh aZibkZlv ke_^mxs__� ϕλ=ϕ A . LZdh_ h^�

ghjh^gh_ mjZ\g_gb_ bf__l h]jZgbq_ggh_ qbkeh j_r_gbc� Wlb j_r_gby 

ij_^klZ\eyxl kh[hc gZ[hj g_dhlhjuo nmgdpbc { }Cϕ . Hgb gZau\Zxlky 

kh[kl\_ggufb nmgdpbyfb b khhl\_lkl\mxl kh[kl\_gguf qbkeZf y^jZ – 

hij_^_ezgguf agZq_gbyf λ. 

 >ey kbff_ljbqguo y^_j kijZ\_^eb\u ke_^mxsb_ k\hckl\Z� 
1.  Ex[h_ y^jh bf__l ohly [u h^gh g_gme_\h_ kh[kl\_ggh_ qbkeh� Ijbq_f 

\k_ kh[kl\_ggu_ qbkeZ ^_ckl\bl_evgu� 
2.  DZ`^hfm kh[kl\_gghfm qbkem fh`_l khhl\_lkl\h\Zlv g_kdhevdh 

kh[kl\_gguo nmgdpbc �gZ[hj kh[kl\_gguo nmgdpbc�� 
3.  Kh[kl\_ggu_ nmgdpbb ba jZaebqguo gZ[hjh\ \k_]^Z hjlh]hgZevgu f_`�

^m kh[hc� ohly \gmljb gZ[hjZ hgb g_h[yaZl_evgh hjlh]hgZevgu� 

< dZ`^hf gZ[hj_ dhebq_kl\h nmgdpbc nn fh`gh hp_gblv ba ke_^mxs_]h 

g_jZ\_gkl\Z� 

dtdSStKn
b

a

b

a
∫ ∫λ≤ 22

n ),( . 
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>ey ^Zevg_cr_]h bkihevah\Zgby bo g_h[oh^bfh hjlh]hgZebabjh\Zlv� Ijb 
wlhf bkihevam_lky ijhp_^mjZ hjlh]hgZebaZpbb =jZfZ-Rfb^lZ� 
GZ i_j\hf wlZi_ gZoh^ylky kh[kl\_ggu_ qbkeZ b kh[kl\_ggu_ nmgdpbb 
mjZ\g_gby ϕλ=ϕ A . 

GZ \lhjhf wlZi_ ^h[b\Zxlky� qlh[u b \gmljb gZ[hjh\ nmgdpbb f_`^m kh�
[hc lh`_ klZeb hjlh]hgZevgufb� 

Nmgdpbb )(),( tBtA  gZau\Zxlky hjlh]hgZevgufb� _keb 

∫ =
b

a

dttBtA 0)()( . 

Nmgdpbb ba gZ[hjZ� khhl\_lkl\mxs_]h dZ`^hfm kh[kl\_gghfm qbkem, ih^�
\_j]Zxl ijhp_^mj_ hjlh]hgZebaZpbb� Ijhp_^mjZ khklhbl ba g_kdhevdbo 
wlZih\� 
1.  <u[bjZ_lky i_j\Zy nmgdpby �gmf_jZpby ijhba\hevgZ�� jZ\gZy 

)(11 tiϕ=ψ . GZ hkgh\Zgbb __ nhjfbjm_lky ke_^mxsZy 

∫ψ

ψ=ω
b

a

dtt

t
t

)(

)(
)(

2
1

1
1 . 

2.  ∫ ϕωω−ϕ=ψ
b

a
ii dttttt )()()()( 21122 ; 

∫ψ

ψ=ω
b

a

dtt

t
t

)(

)(
)(

2
2

2
2 . 

IhemqZ_f \lhjmx nmgdpbx ω2 ba gh\h]h gZ[hjZ� 

3.  ∫∫ ϕωω−ϕωω−ϕ=ψ
b

a
i

b

a
iii dtdttttt 3223133 )()()()( ; 

)(

)(

)(
)( 3

2
3

3
3 t

dtt

t
t

b

a

ω→

ψ

ψ
=ω

∫

. 

IhemqZ_f lj_lvx nmgdpbx ω3 ba gZ[hjZ b l� ^� 
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. 

. 

. 

dtdtdttttt
b

a
ikkk

b

a
ik

b

a
ikiikk ∫ ϕωω−∫ ϕωω−∫ ϕωω−ϕ=ψ −−− 111221 )()()()( ; 

∫ ψ

ψ
=ω

b

a
k

k
k

dtt

t
t

)(

)(
)(

2
, 

Ijh^he`Z_f� ihdZ g_ ^hc^_f ^h ihke_^g_c nmgdpbb ba wlh]h gZ[hjZ� 
>ey ihemq_gguo nmgdpbc kijZ\_^eb\h� 

0=∫ ωω
b

a
ji dt  – mkeh\b_ hjlh]hgZevghklb�  

12 =∫ω
b

a
i dt  – mkeh\b_ ghjfbjh\Zgghklb� 

>ey m^h[kl\Z k^_eZ_f ke_^mxsb_ aZf_gu� 
�>ey 0≠λ ) 

Ih^_ebf bkoh^gh_ mjZ\g_gb_ gZ λ, h[hagZqbf λ=µ 1 , Z lZd`_ 

( ) ( ).1 tftg λ−=  

GZr_ bgl_]jZevgh_ mjZ\g_gb_ ijbh[j_lzl ke_^mxsbc \b^� 

( ) ( ) ( ) ( )., tgtdSSStk
b

a

=µϕ−ϕ∫  

Beb \ hi_jZlhjghc nhjf_� 
.gA =µϕ−ϕ  

Bkoh^gh_ mjZ\g_gb_ ijb\_^_gh d klZg^Zjlghc nhjf_ aZibkb ^ey hi_jZ�
lhjgh]h ebg_cgh]h mjZ\g_gby� Bf__lky \hafh`ghklv ijbf_gblv \u\h^u 
l_hjbb ebg_cguo hi_jZlhjh\� 
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Fh`gh kqblZlv� qlh ki_dlj hi_jZlhjZ khklhbl ba qbk_e 321 ,..., µµµ . 

<hafh`gu ^\_ kblmZpbb� 

KblmZpby ��� Dhgdj_lgu_ mλλλ≠λ ,..., 21 g_ jZ\gu gb h^ghfm ba 

kh[kl\_gguo qbk_e� lh _klv mµµµ≠µ ..., 21 . L_hjby ebg_cguo hi_jZlhjh\ 

^Z_l _^bgkl\_ggh_ j_r_gb_ bgl_]jZevgh]h mjZ\g_gby \ \b^_ ke_^mxs_c 
nhjfmeu� 

( ) ( ) ( )tgt
g

t
j

jc
j

jj

µ
−∑ ϕ

µ−µ
µ

µ
=ϕ 11

, 

]^_ ( ) ( ) ;∫ ϕ=
b

a
ii dtttgg   

 ( )tjcϕ  – \k_ kh[kl\_ggu_ nmgdpbb y^jZ D. 

KblmZpby ��� λ kh\iZ^Z_l k h^gbf ba kh[kl\_gguo qbk_e λd. Ijb 

wlhf kµ=µ . Ih^jZamf_\Z_lky� qlh k\h[h^guc qe_g g_ y\ey_lky h^ghc ba 

kh[kl\_gguo nmgdpbc y^jZ� ihlhfm qlh \ ijhlb\ghf kemqZ_ _]h fh`gh 
[ueh [u \dexqblv \ y^jh b mjZ\g_gb_ klZeh [u h^ghjh^guf� 

?keb m kh[kl\_ggh]h qbkeZ h^gZ kh[kl\_ggZy nmgdpby� lh j_r_gb_ ^Z�
_lky ke_^mxsbf mjZ\g_gb_f� 

( ) ( ) ( ) ( ).11
tCtgt

g
t ck

kj
jc

j

jj ϕ+
µ

−∑ ϕ
µ−µ

µ
µ

=ϕ
≠

 

K – ijhba\hevgZy dhgklZglZ� dhlhjmx gm`gh hij_^_eylv ba ^hihegbl_ev�
guo mkeh\bc� 

Dh]^Z m kh[kl\_ggh]h qbkeZ g_kdhevdh kh[kl\_gguo nmgdpbc� lh        
\ wlhf kemqZ_� 

1) G_h[oh^bfh ijh^_eZlv ijhp_^mjm hjlh]hgZebaZpbb ( ii ω→ϕ ). 

2) J_r_gb_ ^Zzlky nhjfmehc� 

( ) ( ) ( ) ( ) ( ) ( ),...
11

2211 tCtCtCtgt
g

t mm
kj

jc
j

jj ω++ω+ω+
µ

−∑ ϕ
µ−µ

µ
µ

=ϕ
≠

 

]^_ mω÷ω1  khhl\_lkl\mxl kλ , lh _klv bo g_kdhevdh b dZ`^Zy k khhl\_l�

kl\mxs_c dhgklZglhc mCC ÷1 . 

<ha\jZsZykv hl µ d λ, bf__f� 
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^ey kλ≠λ :  

( ) ( ) ( )tft
f

t
j

jc
j

j −∑ ϕ
λ−λ

λ=ϕ , 

]^_ ( ) ( ) ;∫ ϕ=
b

a
jj dtttff  

^ey kλ=λ : 

( ) ( ) ( ) ( ) ( ) ( )....2211 tCtCtCtft
f

t mm
kj

jc
j

j ω++ω+ω+−ϕ
λ−λ

λ=ϕ ∑
≠

 

Nbabq_kdbc kfuke� Kh[kl\_ggu_ qbkeZ – wlh ZgZeh] j_ahgZgkguo qZklhl 

kbkl_fu� Z ZgZeh] λ – l_dmsZy qZklhlZ�  
 

15. Bgl_]jZevgu_ mjZ\g_gby� ijb\h^ysb_ky d kbff_ljbqguf 

G_dhlhju_ bgl_]jZevgu_ mjZ\g_gby fh`gh ijb\_klb d kbff_ljbq�
guf b ^Ze__ \hkihevah\Zlvky ihemq_ggufb j_amevlZlZfb� 

GZijbf_j� mjZ\g_gb_ 

( ) ( ) ( ) ( ) ( ),, tfdSSSpStkt
b

a

+ϕλ=ϕ ∫  

]^_ k – y^jh ^_ckl\bl_evgh_ kbff_ljbqgh_� 

Ij_^iheZ]Z_lky� qlh gZ [ ]    ,ba nmgdpby ( ) 0>Sp . Mfgh`bf h[_ qZklb gZ 

( )tp b \\_^_f ke_^mxsb_ h[hagZq_gby� 

)()()(;)()(),(),( ttptSptpStkStL ϕ=ψ=  

( ) ( ) ( ) ( ) ( )., tftpdSSStLt
b

a

+Ψλ=Ψ ∫  

Wlh klZg^ZjlgZy aZibkv bgl_]jZevgh]h mjZ\g_gby k kbff_ljbqguf y^jhf� 

J_rZy _]h� gZoh^yl ( )tΨ , Z aZl_f ( )tϕ . 

 
16. MjZ\g_gby <hevl_jjZ i_j\h]h jh^Z 
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∫ =ϕ
t

a

tfdSSStK )()(),( . 

 Ij_^iheZ]Z_lky ^bnn_j_gpbjm_fhklv \k_o \oh^ysbo \ mjZ\g_gb_ 

nmgdpbc� >ey lh]h, qlh[u j_r_gb_ ihemqbehkv g_ij_ju\guf� g_h[oh^bfh 

qlh[u 0)( =af . >ey j_r_gby lZdh]h mjZ\g_gby ijh^bnn_j_gpbjm_f h[_ 

qZklb mjZ\g_gby ih t. Ihemqbf 

[ ]∫ ∂
∂=ϕ

∂
∂+ϕ

t

a

tf
t

dSSStK
t

tttK )()(),()(),( . 

Ij_^iheZ]Z_f� qlh 0),( ≠ttK . 

H[hagZqbf ),('),( StKStK
t t=

∂
∂

 b )(')( tftf
t t=

∂
∂

. 

∫ =ϕ+ϕ
t

a

t

ttK

tf
dSS

ttK

StK
t

),(

)('
)(

),(
),('

)( . 

Ihemqbeb mjZ\g_gb_ \lhjh]h jh^Z� j_rZ_fh_ h[uqgufb kihkh[Zfb� 

Fh`_l hdZaZlvky� qlh 0),( ≡ttK , lh]^Z fu ihemqZ_f hiylv mjZ\g_gb_ 

\lhjh]h jh^Z 

[ ] )()(),( tf
dt

d
dSSStK

t

t

a
∫ =ϕ
∂
∂

. 

< wlhf kemqZ_ \gh\v h[_ qZklb ^bnn_j_gpbjmxlky ih t. 

∫ =ϕ
∂

∂+ϕ
t

a
tt tfdSS

t

StK
tttK )('')(

),(
)(),('

2

2
; 

?keb 0),(' ≠ttK
t

, \gh\v ^_ebf gZ ),( ttK ′  b ijboh^bf d mjZ\g_gbx \lh�

jh]h jh^Z� ?keb ̀ _ \gh\v ),( ttK ′ =0, lh ijhp_^mjm ih\lhjy_f \gh\v b l� ̂ � 

 
17. MjZ\g_gby Nj_^]hevfZ i_j\h]h jh^Z k kbff_ljbqgufb y^jZfb 
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( ) ( ) ( )., tfdSSStk
b

a

=ϕ∫                                 (17.1) 

>Z`_ ijb 

ohjhr_f

 y^j_ mjZ\g_gb_ Nj_^]hevfZ i_j\h]h jh^Z fh`_l g_ 
bf_lv j_r_gby� GZijbf_j� imklv y^jh ij_^klZ\ey_l kh[hc kl_i_ggmx 
nmgdpbx k dhg_qguf qbkehf qe_gh\� 

( ) ( ) ( ) ( )SatSatSaStk m
mm +++= − ..., 1

10 . 

G_ljm^gh ihdZaZlv� qlh ihke_ ih^klZgh\db \ bgl_]jZe ihemqbf 

( ) ( ) ( ) ( ) ( ) ( ) =∫ ϕ++∫ ϕ+∫ ϕ − b

a
m

b

a

m
b

a

m dSSSadSSSatdSSSat ...1
1

0  

m
mm bbtbt +++= − ...1

1
0  – lh`_ kl_i_ggZy nmgdpby k dhg_qguf qbkehf 

qe_gh\� 

Ihwlhfm _keb� gZijbf_j, ( ) ttf sin= , lh ijb dhg_qghf qbke_ m ijb ex�

[uo dhwnnbpb_glZo e_\Zy qZklv gbdh]^Z g_ [m^_l jZ\gZ sin t. Ihwlhfm lZ�
dh_ mjZ\g_gb_ g_ bf__l j_r_gby� 

>ey kbff_ljbqguo y^_j fh`gh ihiulZlvky bkdZlv j_r_gb_ k ihfh�
svx l_hj_fu =bev[_jlZ-Rfb^lZ� >ey wlh]h lj_[m_lky� qlh[u f(t) jZaeZ]Z�
eZkv ih kh[kl\_gguf nmgdpbyf y^jZ� lh _klv qlh[u 

 ( ) ( )∑ ϕ=
i

ici tatf ;                                      (17.2) 

]^_ dhwnnbpb_glu ( ) ( ) .∫ ϕ=
b

a
ici dtttfa  

=bev[_jl b Rfb^l ij_^eh`beb bkdZlv j_r_gb_ \ \b^_ jZaeh`_gby 
kh[kl\_gguo nmgdpbc y^jZ� gh k ^jm]bfb dhwnnbpb_glZfb� 

( ) ( ).∑ ϕ=ϕ
i

ici tct                                      (17.3) 

?keb mjZ\g_gb_ (17.3) ih^klZ\blv \ mjZ\g_gb_ Nj_^]hevfZ i_j\h]h 
jh^Z (17.1), kjZ\gblv k (17.2), lh ihemqbf� 

i
i

i a
c

=
λ

, ]^_ iλ  – kh[kl\_ggu_ qbkeZ� 

LZdbf h[jZahf hdhgqZl_evgh_ j_r_gb_� 

( ) ( ).∑ ϕλ=ϕ
i

icii tat  
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18. Bkihevah\Zgb_ f_lh^Z ihke_^h\Zl_evguo ijb[eb`_gbc                        
^ey j_r_gby g_dhlhjuo bgl_]jZevguo mjZ\g_gbc                                      

Nj_^]hevfZ i_j\h]h jh^Z 

Imklv minλ  – fbgbfZevgh_ ih Z[khexlghc \_ebqbg_ kh[kl\_ggh_ 

qbkeh y^jZ D�t,S). Lh]^Z� _keb min20 λ<λ< , lh j_r_gb_ fh`gh bkdZlv 

\ \b^_ bl_jZpbhgghc ijhp_^mju ke_^mxs_]h \b^Z� 

 ( ) ( ),lim tt n
n

ϕ=ϕ
∞→

 ]^_ 

( ) ( ) ( ) ( ) ( ) ., 11 







∫ ϕ−λ+ϕ=ϕ −−
b

a
nnn dSSStktftt  

GZqZevgmx nmgdpbx ( )t0ϕ  fh`gh [jZlv ijhba\hevghc� 

< wlhf kemqZ_ Ze]hjblf ko_fZlbq_kdb fh`gh ij_^klZ\blv \ \b^_� 

1) ( )→Stk , .{ iλ } minλ→  

2) \u[hj ( )t0ϕ  b λ. 

3) bl_jZpbb� 

19. F_lh^ k bkihevah\Zgb_f ijhba\h^ys_c nmgdpbb 

Ij_^iheZ]Z_lky� qlh y^jh k – kbff_ljbqgh� Djhf_ wlh]h hgh ij_^�

klZ\ey_l kh[hc dZdmx-eb[h ba ijhba\h^ysbo nmgdpbc� Nmgdpby ( )ztG ,  

gZau\Z_lky ijhba\h^ys_c nmgdpb_c ^ey g_dh_c kbkl_fu bkoh^guo nmgd�

pbc gi(z), l� _�  

( ) {←ztG , ( ) ( ),...,
10

zgzg . }, 

_keb __ fh`gh ij_^klZ\blv ke_^mxsbf h[jZahf� 

( ) ( ) .,
0

∑=
∞

=n

n
nn tzgCztG  

<k_ nmgdpbb g(z) y\eyxlky hjlh]ogZevgufb� 

( ) ( ) jidzzgzg
b

a
ji

≠=∫     ,0 . 
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J_r_gb_ fh`gh bkdZlv \ \b^_�  

 ( ) ( ).
0

∑=ϕ
∞

=n
nn tgat                                      (19.1) 

Ih^klZ\bf y^jh b bkdhfmx nmgdpbx \ bgl_]jZe b ij_h[jZam_f 

( ) ( ) ( ) ( ) =∫ 





∑∑=∫ ϕ
∞

=

∞

=

b

a k
kk

n

n
nn

b

a
dSSgatSgCdSSStk

00
,  

( ) ( ) ∑=







∑ ∫∑=

∞

=

∞

=

∞

= 000 n
nn

n
n

k

b

a
knk

n

n
n GatCdSSgSgatC , 

]^_ ( )∫=
b

a
nn

dSSgG 2 . 

>ey lh]h� qlh[u gZclb na , ijh^bnn_j_gpbjm_f ( )tf  k jZa b ih^klZ\bf           

t = 0: 

( )
!

0

kGaC
t

tf
kkk

t
k

k
=

∂
∂

=
 

Ijb wlhf \ jZaeh`_gbb hklZg_lky h^bg dhwnnbpb_gl� qlh fh`gh ijhbe�
exkljbjh\Zlv ijbf_jhf� 

( )
( )

.........................................................

2)(

;...32'

...

2

10
2

321

3
3

2
210

bty

btbtbbty

tbtbtbbty

t

=′′

=+++=

++++=

=  

b l� ^� 
LZdbf h[jZahf� 

( )( )
.

!
0

kGC

tf
a

kk

t

k

k
==  

Ih^klZ\ey_f wlb dhwnnbpb_glu \ (19.1) b hdhgqZl_evgh�  

( ) .)(
!

)(

1

0
)(

∑=ϕ
∞

=

=

k
k

kk

t
k

tg
kCG

tf
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20. G_nj_^]hevfh\u bgl_]jZevgu_ mjZ\g_gby 

JZg__ \k_]^Z jZkkfZljb\Zebkv y^jZ� m^h\e_l\hjyxsb_ mkeh\bx� 

( ) ., 2 +∞<∫ ∫
b

a

b

a
dtdSStk  

?keb wlh mkeh\b_ g_ \uihegy_lky� lh y^jm khhl\_lkl\m_l g_ gZ[hj hl^_ev�
guo kh[kl\_gguo qbk_e� Z g_ij_ju\gu_ bo h[eZklb b khhl\_lkl\mxsZy bf 
kh\hdmighklv g_ij_ju\guo nmgdpbc� 
Ijbf_j �mjZ\g_gb_ IbdZjZ�� 

∫ ϕλ=ϕ
−

−−D

D

St dSSet )()( . 

Ijh\_jbf y\ey_lky eb hgh nj_^]hevfh\uf� 

∫ ∫ ∫ =







∫=

∞

∞−

∞

∞−

∞

∞−

∞

∞−

−− dtdSedtdSStK St ||22),(  

∫
∞

∞−

∞

∞− ∞−

∞ −−−− ⋅∫ =







∫ ∫+ 1)(2)(2 dtdtdSedSe
t

t

tSSt
 

MjZ\g_gb_ g_ nj_^]hevfh\h_� 
J_r_gb_ wlh]h mjZ\g_gby� 

rtrt ecect −+=ϕ 211 )( , 

λ−= 21r , 0>λ . 
Kh\hdmighklv kh[kl\_gguo qbk_e khklZ\ey_l g_ij_ju\gh_ fgh`_kl\h� 
 JZkkfhljbf ^mZevgmx iZjm nmgdpbc� g_ij_ju\gmx b bgl_]jbjm_�
fmx nmgdpbx ϕ(t) b _z dhkbgmk-ij_h[jZah\Zgb_ ϕ1(ω) 

∫
∞+

ωϕ
π

=ωϕ
0

cos)(
2

)(1 xdxx . 

∫
∞+

ωωϕ
π

=ϕ
0

1 cos)(
2

)( xdxx . 

 Knhjfbjm_f ba gbo nmgdpbx ψ(x) b i_j_c^zf d ^jm]bf i_j_f_g�

guf 

[ ]∫ ∫
∞ ∞

ψ
π

=ωϕ+ϕ
π

=ϕ+ϕ=ψ
0 0

11 cos)(
2

cos)()(
2

)()()( xtdttxdtttxxx . 
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Nmgdpby ψ(x) – wlh kh[kl\_ggZy nmgdpby bgl_]jZevgh]h mjZ\g_gby� 

∫
∞

ψλ=ψ
0

cos)()( xtdttt , 

dhlhjZy khhl\_lkl\m_l kh[kl\_gghfm qbkem� 

π
=λ 2

. 

Ihkdhevdm ψ(x) – ijhba\hevgZy� lh ijb 
π

=λ 2
 bgl_]jZevgh_ mjZ\g_gb_ 

bf__l [_kdhg_qgh fgh]h kh[kl\_gguo nmgdpbc� Wlh bf__l f_klh� l� d� \u�

ihegy_lky�  

∫ ∫ ∫ ∫ ∞==
∞∞ ∞∞

0 0 0 0

22 cos|| dxdtxdxdtK . 

21. Kbg]meyjgu_ bgl_]jZevgu_ mjZ\g_gby 

Kbg]meyjguf bgl_]jZevguf mjZ\g_gb_f gZau\Z_lky bgl_]jZevgh_ 

mjZ\g_gb_� ]^_ g_ba\_klgZy nmgdpby \oh^bl ih^ kbg]meyjguc bgl_]jZe� 

Imklv nmgdpby f(x) lZdh\Z� qlh \ hdj_klghklb lhqdb x0 hgZ g_ h]jZ�

gbq_gZ (f→∞ ijb x→x0). 

=eZ\guf�agZq_gb_f�ih�Dhrb�gZau\Z_lky�ij_^_e��_keb�hg�kms_kl\m_l�� 

.)()(lim

0

0

0 










∫∫ +

ξ+

ξ−

→ξ

b

x

x

a
dxxfdxxf  

Bf__lky \\b^m� qlh 0 < ξ < min {x0-a; b-x0}.  

Bgl_]jZeu \ kfuke_ wlh]h ]eZ\gh]h agZq_gby gZau\Zxlky hkh[ufb 

beb kbg]meyjgufb bgl_]jZeZfb� 

>ey�gbo�bkihevam_lky�h[hagZq_gb_ 

.)(.. ∫
b

a

dxxfpV  

[ ]∫ ∈
−

b

a

bac
cx

dx
,,  
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 Ijbf_j� 
JZg__ fu m`_ jZkkfZljb\Zeb qZklguc kemqZc ijbf_g_gby lZdbo bg�

l_]jZeh\ – bgl_]jZevgu_ mjZ\g_gby k y^jhf� bf_xsbf keZ[mx hkh[_gghklv� 
L_i_jv jZkkfhljbf \Z`guc k jZ^bhl_ogbq_kdhc lhqdb aj_gby kemqZc� 

22. Ij_h[jZah\Zgb_ =bev[_jlZ 

 Ba\_klgZ bgl_]jZevgZy nhjfmeZ Nmjv_ 

[ ]∫ +=
∞+

0
sin)(cos)()( dtxttbxttaxf  

Dhwnnbpb_glu a^_kv hij_^_eyxlky ih nhjfmeZf� 

∫π
=

∞+

∞−
utduufta cos)(

1
)(  

∫π
=

∞+

∞−
utduuftb sin)(

1
)(  

Bgl_]jZevgmx nhjfmem Nmjv_ nhjfZevgh fh`gh kqblZlv ij_^_ehf               
�ijb y → 0) \ujZ`_gby ),,(lim

0
yxU

y→
 ]^_� 

[ ]∫ +=
∞ −

0
.sin)(cos)(),( dtexttbxttayxU yt
 

Wlhl bgl_]jZe fh`gh kqblZlv ^_ckl\bl_evghc qZklvx [he__ keh`gh]h bg�
l_]jZeZ�  

[ ] [ ][ ]

[ ] [ ]

),,(),(

sin)(cos)(sin)(cos)(

sincos)()()()()(

00

0 0

yxjVyxU

dtexttaxttbjdtexttbxtta

dtextjxttjbtadtetjbtaz

ytyt

ytytjxt

+=

=−−+=

=+−=−=Φ

∫∫

∫ ∫

∞
−

∞
−

−
∞ ∞

−

 

 
]^_ V(x,y) – fgbfZy qZklv dhfie_dkghc nmgdpbb N�x,y). 

GZc^zf ij_^_e nmgdpbb V(x,y) ijb y→0 b h[hagZqbf� 

 [ ]∫ −=−=
∞

0
sin)(cos)()0,()( dtxttaxttbxVxg . 

Nmgdpbx g(x) fh`gh \ujZablv q_j_a f(x). Ihke_ ih^klZgh\db� 
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[ ]∫








∫ −
π

=
∞ ∞

0 0
)(sin)(

1
)( dxtxuufdtxg . 

Wlhl bgl_]jZe y\ey_lky khijy`_gguf d bgl_]jZem Nmjv_� 
?keb ih\lhjblv \kx ijhp_^mjm� lh� \_jgm\rbkv� bkoh^gh_ \ujZ`_gb_ fu 

ihemqbf kh agZdhf ″fbgmk″ 

[ ]∫








∫ −
π

−=
∞ ∞

0 0
.)(sin)(

1
)( dutxuugdtxf  

Ihke_ g_kdhevdbo nhjfZevguo ij_h[jZah\Zgbc 

[ ] [ ]{ }

∫ −
−λ−

π
=

∫ ∫ =







∫ −

π
=









∫ −
π

=

∞

∞−∞→λ

λ ∞

∞−

λ

∞→λ

∞

∞−∞→λ

.)(
)(cos1
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)(sinlim)(
1

)()(sin
1

lim)(
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duuf
xu
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dudttxuufduuftxudtxg

 
Bgl_]jZe fh`gh jZa^_eblv gZ ^\_ qZklb 

∫ −
−λ−+

∫ ∫ +
−

−λ−=
−

−λ−

∞

∞

∞− ∞−

x

x

duuf
xu

xu

duuf
xu

xu
duuf
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.)(
)(cos1

)(
)(cos1

)(
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K^_eZ_f aZf_gm i_j_f_ggh]h u – x = t. < wlhf kemqZ_ \lhjhc bgl_]jZe \ 

kmf-f_ [m^_l 

∫ ∫ =+λ−=
−

−λ−

∞− ∞−

x
dttxf

t

t
duuf

xu

xu 0
)(

cos1
)(

)(cos1
 

I_j\uc bgl_]jZe \ wlhf kemqZ_� 

∫ ∫ +λ−=
−

−λ−∞ ∞

x
dttxf

t

t
duuf

xu

xu

0
)(

cos1
)(

)(cos1
. 

Ihke_ i_j_f_gu agZdZ (t = -t) ihemqZ_f� 
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cos1

)()(
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00

∫ −λ−−=

=∫ −λ−
∫ =−−

−
−λ−

∞
∞+∞+

dttxf
t

t

dttxf
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t
tdtxf
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H[h[sZy ihemq_ggh_� 

[ ]∫ −−+λ−
π

=
∞

∞→λ 0
)()(

cos11
lim)( dttxftxf

t

t
xg . 

DZd ihdZaZgh >� =bev[_jlhf� ^ey ^hklZlhqgh ]eZ^dbo nmgdpbc f(x) 

qZklv bgl_]jZeZ� kh^_j`ZsZy cos λt, [m^_l klj_fblky d gmex� 

LZdbf h[jZahf 











∫
−−+

π
−=

∫
−−+

π
=

∞

∞

0
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)()(1
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)()(1
)(

dt
t

txgtxg
xf

dt
t

txftxf
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WlZ ^\hckl\_gghklv \i_j\u_ ih^f_q_gZ >� =bev[_jlhf� b ^\_ nmgd�

pbb� k\yaZggu_ lZdbfb ij_h[jZah\Zgbyfb� gZau\Zxlky ij_h[jZah\Zgbyfb 

=bev[_jlZ� 

QZs_ bo bkihevamxl \ ^jm]hc nhjf_� 

∫ −π
−=

∫ −π
=

∞

∞−

∞

∞−

.
)(

..
1

)(

,
)(

..
1

)(

dt
xt

tg
pVxf

dt
xt

tf
pVxg

 

23. Ijbf_g_gb_ ij_h[jZah\Zgby =bev[_jlZ ^ey j_r_gby                         

bgl_]jZevguo mjZ\g_gbc 
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DZ`^Zy ba ^\mo nhjfme =bev[_jlZ fh`_l jZkkfZljb\Zlvky dZd bgl_�

]jZevgh_ mjZ\g_gb_ i_j\h]h jh^Z� Lh]^Z ^jm]Zy nhjfmeZ [m^_l j_r_gb_f 

wlh]h bgl_]jZevgh]h mjZ\g_gby�  

H[hagZqbf q_j_a  

( ) ( )[ ] ( )
∫ −

ϕ
π

=ϕΗ=
∞+

∞−
dy

xy

y
pVtxf ..

1
- 

 ij_h[jZah\Zgb_ =bev[_jlZ gZ^ nmgdpb_c ϕ. F_lh^ bkihevam_lky ^ey j_�

r_gby bgl_]jZevguo mjZ\g_gbc \b^Z� 

( ) ( ) ( ).xfdy
xy

y
x =∫ −

ϕλ−ϕ
∞+

∞−
 

K mq_lhf \\_^_ggh]h h[hagZq_gby fh`gh aZibkZlv kbf\hebq_kdb 

( ) [ ] ( )xfx =ϕΗλπ−ϕ .                                (23.1) 

Ijbf_gbf _s_ jZa d h[_bf qZklyf mjZ\g_gby ij_h[jZah\Zgb_ =bev[_jlZ� 

[ ] [ ].fΗ=λπϕ+ϕΗ   

�Fu mqeb� qlh [ ]{ } .ϕ−=ϕΗΗ ). 

<ujZabf [ ]ϕΗ  b ih^klZ\bf \ (23.1): 

[ ] ( ).22 xff =ϕπλ+Ηλπ−ϕ  

<ujZabf ϕ: 

( ) ( ) [ ];1 22 fxf Ηλπ+=πλ+ϕ  

( ) ( ) [ ]
.0+1      ;

1
22

22
≠πλ

πλ+
Ηλπ+=ϕ fxf

x  

Ij_h[jZah\Zgb_ =bev[_jlZ fh`gh ijbf_gylv b \ [he__ keh`guo kem�

qZyo� dh]^Z y^jh bf__l \b^�  

( ) ( );,
1

,
0

yxk
xy

yxk +
−

=  

Bgh]^Z ij_h[jZah\Zgb_ =bev[_jlZ bkihevamxl \ ke_^mxs_c nhjf_� 
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( ) ( )

( ) ( )









∫ 




 −Ψ

π
−=ϕ

∫ 




 −ϕ

π
=Ψ

π+

π−

π+

π−

dt
xt

tpVx

dt
xt

tpVx

2
ctg..

2
1

2
ctg..

2
1

. 

Nhjfmeu ijbf_gyxlky \ kemqZ_� _keb \ bgl_]jZevgh_ mjZ\g_gb_ \oh^bl 
nmgdpby ctg. Oh^ j_r_gby ZgZeh]bq_g�  

24. G_ebg_cgu_ bgl_]jZevgu_ mjZ\g_gby 

J_r_gb_ g_ebg_cguo bgl_]jZevguo mjZ\g_gbc ]hjZa^h keh`g__�          
JZg__� fu jZkkfZljb\Zeb j_r_gb_ bgl_]jZevgh]h mjZ\g_gby \b^Z� 

( ) ( )[ ] ( ).,, tfdSSStkt
b

a
+∫ ϕλ=ϕ  

JZkkfhljbf bgl_]jZevgh_ mjZ\g_gb_ =Zff_jrl_cgZ� 

( ) ( ) ( )[ ] ( ),,, tfdSSSStkt
b

a
+∫ ϕΨλ=ϕ  

]^_ ( )Stk , , ��s,z) – ba\_klgu_ nmgdpbb�         – bkdhfZy nmgdpby� 

>he`gh \uihegylvky ke_^mxs__ mkeh\b_� 

( )
min

, λ<
∂

Ψ∂
y

yx
-gZbf_gvr__ ih Z[khexlghc \_ebqbg_ kh[kl\_ggh_ 

qbkeh y^jZ k(t,s). 
J_r_gb_ wlh]h bgl_]jZevgh]h mjZ\g_gby lZd`_ fh`gh bkdZlv f_lh�

^hf ihke_^h\Zl_evgh]h ijb[eb`_gby� Nmgdpby 0ϕ  \u[bjZ_lky ijhba�

\hevgh� ^Z`_ kljhblky jy^ ijb[eb`_gbc� 

( ) ( ) ( )[ ] ( );,, 01 xfdSSSSxkx
b

a
+∫ ϕΨλ=ϕ  

( ) ( ) ( )[ ] ( );,, 12 xfdSSSSxkx
b

a
+∫ ϕΨλ=ϕ  

)(sφ
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( ) ( ) ( )[ ] ( )

.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .

;,, 23 xfdSSSSxkx
b

a
+∫ ϕΨλ=ϕ

 

( ) ( ) ( )[ ] ( );,, 1 xfdSSSSxkx
b

a
nn +∫ ϕΨλ=ϕ −  

( ) ( ).lim xx n
n

ϕ=ϕ
∞→

 

25. Ijbf_g_gb_ \ujh`^_gguo y^_j ^ey j_r_gby mjZ\g_gbc                   
=Zff_jrl_cgZ 

?keb y^jh \ujh`^_ggh_� lh _klv _]h fh`gh ij_^klZ\blv \ \b^_� 

( ) ( ) ( )∑=
=

m

i
ii SbtaStk

1
, , 

lh bkoh^gh_ bgl_]jZevgh_ mjZ\g_gb_ \ wlhf kemqZ_�  

( ) ( ) ( ) ( )[ ] ( )tfdSSSSb
m

tat
b

a
i

i
i +∫ ϕΨ∑λ=ϕ

=
,

1
, 

Hgh gZau\Z_lky \ujh`^_gguf mjZ\g_gb_f =Zff_jrl_cgZ� 
H[hagZqbf� 

( ) ( ) ( ),
1

tfC
m

tat i
i

i +∑λ=ϕ
=

                                  (25.1) 

]^_ ( ) ( )[ ] .,∫ ϕΨ=
b

a
ii dSSSSbC  

Ih^klZ\bf gZr_ \ujZ`_gb_ (25.1) \ bkoh^gh_ bgl_]jZevgh_ mjZ\g_gb_� 

∫ =+∑ψ
=

b

a
j

m

i
iij cdSSfSacSSb ))()(,()(

1
, mj ÷= 1 . 

A^_kv nmgdpbb ��Â � ba\_klgu� ke_^h\Zl_evgh bgl_]jZe fh`gh gZclb� ?keb 
j_r_gb_ kbkl_fu \gh\v ihemq_gguo g_ebg_cguo Ze]_[jZbq_kdbo mjZ\g_�
gbc kms_kl\m_l� wlh agZqbl� qlh kms_kl\m_l gZ[hj dhwnnbpb_glh\ 

{ }∆∆ ÷
m

cc
1

, lZdbo� qlh bo ih^klZgh\dZ \ khhl\_lkl\mxs__ mjZ\g_gb_ ij_�
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\jZsZ_l _]h \ \_jgh_ lh`^_kl\h ∑ +≡ϕ
=

∆m

i
ii tftact

1
)()()( . Fh`_l ihem�

qblvky� qlh lZdbo gZ[hjh\ { }∆∆ ÷
m

cc
1

 [m^_l g_kdhevdh� \ wlhf kemqZ_ kms_�

kl\m_l g_kdhevdh \ZjbZglh\ 3�W� j_r_gby bgl_]jZevgh]h mjZ\g_gby� 

Ijbf_ju� 
1.  Imklv bf__f bgl_]jZevgh_ mjZ\g_gb_ \b^Z  

dttStt )()( 2
1

0

2 ϕ∫λ=ϕ , 

]^_ StStK 2),( =  – \ujh`^_ggh_ y^jh� khklhys__ ba h^gh]h qe_gZ� 

Ke_^h\Zl_evgh kms_kl\m_l _^bgkl\_gguc dhwnnbpb_gl k. 

∫ ϕ=
1

0

2 )( dSSSc  

2)( ctt λ=ϕ ; 

∫
λ=λ=

1

0

22
422

6
)(

c
dSSScc . 

G_ljm^gh \b^_lv� qlh j_r_gbc m wlh]h Ze]_[jZbq_kdh]h mjZ\g_gby ^\Z 
�ijb ex[hf � � 0). 

22

1

6

0

λ
=

=

c

c

. 

Ihwlhfm b m bgl_]jZevgh]h mjZ\g_gby ^\Z j_r_gby� 

22

1

6
)(

0)(

λ
=ϕ

≡ϕ

t

t

. 

2.  Bf__lky mjZ\g_gb_� 

∫ 




 ϕϕ=ϕ

1

0 )(
)(

sin)()()()( dS
Sa

S
SSatat  

( 0)( >ta  gZ bgl_j\Ze_ t hl 0 ̂ h 1). 
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Ijh^_eZ\�ZgZeh]bqgu_�ij_h[jZah\Zgby��fh`gh�ihemqblv�mjZ\g_gby�hlgh�

kbl_evgh�dhwnnbpb_glZ�k. 

∫=
1

0

2 sin)(1 cdSSa ; 

∫=
1

0

2 )(sin1 dSSac . 

Ijb wlhf \hafh`gu ^\Z \ZjbZglZ�  

Z� 1)(
1

0

2 <∫ dSSa  – j_r_gby g_ kms_kl\m_l� 

[� 1)(
1

0

2 >∫ dSSa . 

Lh]^Z�    

∫
=

1

0

2 )(

1
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dSSa
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π+
∫

−π
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∫

=

=
n

dSSa

n

dSSa

c

c

2

)(

1
arcsin

2

)(

1
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 <ZjbZglh\ k [_kdhg_qgh fgh]h� agZqbl� kms_kl\m_l [_kdhg_qgh fgh�
]h j_r_gbc 3�t).  
 
3.  Bf__lky mjZ\g_gb_� 

∫ ϕλ+=ϕ
1

0

2 )(1)( dSSt . 

Imklv ∫ϕ=
1

0

2 )( dSSc ; 

lh]^Z ct λ+=ϕ 1)( . 
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Ih^klZ\b\ _]h \ bkoh^gh_ mjZ\g_gb_� ihemqbf 

01)12(22 =+−λ+λ cc . 

< hlghr_gbb k bf__f ke_^mxs__� 

22

4121

λ
λ−±λ−=c . 

Hlkx^Z 

λ
λ−+=ϕ

2

411
)(1 t ; 

λ
λ−−=ϕ

2

411
)(2 t . 

>ey�mjZ\g_gby�=Zff_jrl_cgZ� k�g_\ujh`^_gguf� y^jhf�fh`gh�ih�

^h[jZlv� \ujh`^_ggh_� y^jh�� dhlhjh_� gZ� bgl_j\Ze_� bgl_]jbjh\Zgby� [m^_l�

^hklZlhqgh�lhqgh�Ziijhdkbfbjh\Zlv�g_\ujh`^_ggh_��<�wlhf�kemqZ_�j_r_�

gb_�bgl_]jZevgh]h�mjZ\g_gby�k�\ujh`^_gguf�y^jhf�fh`gh�jZkkfZljb\Zlv�

dZd� ijb[eb`_ggh_� j_r_gb_� bgl_]jZevgh]h� mjZ\g_gby� k� g_\ujh`^_gguf�

y^jhf� 
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