
Fbgbkl_jkl\h�h[jZah\Zgby�Jhkkbckdhc�N_^_jZpbb 
<eZ^bfbjkdbc�]hkm^Zjkl\_gguc�mgb\_jkbl_l 

DZn_^jZ�jZ^bhl_ogbdb�b�jZ^bhkbkl_f 
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M>D�������� 
 
 

J_p_ga_gl 
DZg^b^Zl�nbabdh-fZl_fZlbq_kdbo�gZmd��^hp_gl  
<eZ^bfbjkdh]h�]hkm^Zjkl\_ggh]h�mgb\_jkbl_lZ 

E�G��Nmjh\ 
 
 
 
 

I_qZlZ_lky�ih�j_r_gbx�j_^Zdpbhggh-ba^Zl_evkdh]h�kh\_lZ 
<eZ^bfbjkdh]h�]hkm^Zjkl\_ggh]h�mgb\_jkbl_lZ 

 
 
 
 
 
 
 
 
 
 
 
 

<ZjbZpbhggh_�bkqbke_gb_� DjZldbc�dmjk�e_dpbc�^ey�fZ]bkljh\� �ih�
gZijZ\e_gbx����������<eZ^bf��]hk��mg-l��Khkl���I��:��Ihemrbg��<eZ^bfbj��

2003. 52�k� 
 

Ij_^gZagZq_g�^ey�fZ]bkljh\�ih�gZijZ\e_gbx 552500 –�jZ^bhl_ogbdZ. Bkihevam�
_lky�ijb�h[mq_gbb�ih�^bkpbiebgZf� «FZl_fZlbq_kdbc�ZiiZjZl�kh\j_f_gghc�jZ^bhl_o�

gbdb»�b�«Bklhjby�b�f_lh^heh]by�kh\j_f_gghc�jZ^bhl_ogbdb». Y\ey_lky�ijh^he`_gb�
_f�bamq_gby�fZl_fZlbq_kdh]h�ZgZebaZ�b�j_r_gby�khhl\_lkl\mxsbo�aZ^Zq. Kihkh[kl\m�
_l�^Zevg_cr_fm�m]em[ezgghfm�agZdhfkl\m�klm^_glh\�k�kh\j_f_gguf�fZl_fZlbq_kdbf�

ZiiZjZlhf�k�p_evx�ihke_^mxs_]h�ijbf_g_gby�\�gZmqguo�bkke_^h\Zgbyo�\�h[eZklb�jZ�

^bhl_ogbdb� 
Dmjk� lZd`_� fh`_l� bkihevah\Zlvky� b� [ulv� ihe_a_g� ^ey� klm^_glh\� bg`_g_jghc�

nhjfu�h[mq_gby� 
;b[ebh]j�����gZa\� 

M>D�������� 
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<ZjbZpbhggh_�bkqbke_gb_�–� wlh� h[eZklv�fZl_fZlbdb�� aZgbfZxsZyky�

bamq_gb_f�wdklj_fmfh\�nmgdpbc�b�nmgdpbhgZeh\��?keb�wdklj_fmf�gZoh�

^blky�ijb�dZdbo-lh�mkeh\byo��lh�lZdb_�aZ^Zqb�gZau\Zxlky�mkeh\gufb� 
 
 

1. G:OH@>?GB?�WDKLJ?FMFH<�NMGDPBC 
 

Imklv�g_h[oh^bfh�gZclb�wdklj_fmf�nmgdpbb 

)...,,( 1 nxxfZ = . 

Bf_xsb_ky� ^hihegbl_evgu_� mkeh\by� lj_[mxl� nhjfZebaZpbb�� l�_��

ij_h[jZah\Zgby�\�gZ[hj�nmgdpbc�hlghkbl_evgh�x \b^Z� 



















=ϕ
−−−−−−−−
=ϕ
=ϕ

0),...,(

0),...,(

0),...,(

1

12

11

nm

n

n

xx

xx

xx

 , 

ijb�m<n. 
Wlh�lbih\Zy�ihklZgh\dZ�aZ^Zqb��LZdb_�aZ^Zqb�j_rZxlky�^\mfy�kihkh[Zfb� 

Kihkh[��� 
1.  Ba�h^gh]h��ex[h]h��mjZ\g_gby�k\yab�\ujZ`Z_lky�h^gZ�ba�i_j_f_gguo 

),...,( 111 nxxx ϕ← . 

Ihemq_ggh_� 1x �ih^klZ\ey_lky�\�f�b�\� mϕϕ ...2 . 

2.  Ba�^jm]h]h�mjZ\g_gby�\ujZ`Z_lky� 22 ϕ←x ��Ih^klZ\ey_lky�\�f , mϕϕ ...3 , 

b�l�^��LZd�ih\lhjy_lky m jZa��IhemqZ_lky�nmgdpby ),...,( 1 nm xxf + ��aZ\b�

kysZy�hl�n-m Zj]mf_glh\��Z�mkeh\bc�g_�hklZ_lky�\hh[s_� 
���Bs_lky�[_amkeh\guc�wdklj_fmf�f�b�ih^klZ\ey_lky�\�h[jZlghf�ihjy^d_�\�

mkeh\by�k\yab�� 
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���F?LH>�FGH@BL?EY�E:=J:G@:�IJB�G:OH@>?GBB�

WDKLJ?FMFH<�NMGDPBC 
 
Mkeh\by�ijbf_gbfhklb�� 

1. H_h[oh^bfh,� qlh[u� nmgdpbb� ( ) ( )mn xxxxf ÷ϕ÷ 11  b � [ueb� g_ij_ju\�

gu_�b�bf_eb�g_ij_ju\gu_�qZklgu_�ijhba\h^gu_�ih�\k_f�Zj]mf_glZf� 

2. <h�\k_c�h[eZklb�hij_^_e_gby�x �jZg]�fZljbpu�k�we_f_glZfb�
j

i

dx

dϕ
�jZa�

f_jZ�>n×m@�^he`_g�[ulv�g_�f_gvr_�m. 
Ijb�bkihevah\Zgbb�f_lh^Z� 

a) khklZ\ey_lky�nmgdpby�EZ]jZg`Z�\b^Z 

∑
=

ϕλ+=
m

i
iif

1
N , 

]^_� iλ –�g_hij_^_e_ggu_�fgh`bl_eb�EZ]jZg`Z��g_ba\_klgu_�dhwnnbpb_glu�; 

[��KhklZ\ey_lky�n�mjZ\g_gbc�\b^Z 









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





=
∂
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=
∂
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=
∂
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0

0
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1

nx
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x

���

 

b�m�mjZ\g_gbc�\b^Z 

LZdbf�h[jZahf�fu�bf__f�m+n mjZ\g_gbc�b�m+n�g_ba\_klguo��>Ze__�j_�
rZ_lky�wlZ�kbkl_fZ��Lhqdb��\�dhlhjuo�ijhba\h^gZy�nmgdpbb�f�ih�\k_f�Zj�
]mf_glZf� nxx ...1 � jZ\gZ�gmex��gZau\Zxlky� klZpbhgZjgufb� lhqdZfb��?keb�

j_r_gb_� h^gh�� lh� khhl\_lkl\mxsbc� wdklj_fmf� gZau\Z_lky� ]eh[Zevguf�

( )
( )

( )

.

0...

0...

0...

1

12

11










=ϕ

=ϕ
=ϕ

nm

n

n

xx

xx

xx
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wdklj_fmfhf��?keb�j_r_gbc�g_kdhevdh�� lh�m�nmgdpbb�g_kdhevdh�ehdZev�

guo� wdklj_fmfh\��Ihemq_ggu_� gZ[hju� x� mdZau\Zxl� dhhj^bgZlu� wdklj_�
fmfZ��Ihke_� wlh]h� g_h[oh^bfh� ijh\_jylv� dZ`^uc� wdklj_fmf��Ijb� wlhf�

\hafh`gu���\ZjbZglZ�kblmZpbc�\�dZ`^hc�lhqd_� 
1) FZdkbfmf� 
2) Fbgbfmf� 
3) K_^eh\Zy�lhqdZ� 

Ijh\_jdZ�ijhba\h^blky�ke_^mxsbf�h[jZahf�� 
Kljhblky�d\Z^jZlbqgZy�nhjfZ 

∑ ∑
=

=

=
==

∇

∇

∇∆∆
∂∂

∂=
n

i

xx

xx
xxk

n

k
i

ki

nn

xx
xx

f
d

1

.........

1

2
2

22

11

N )( 1
∇∇ ÷ nxx  – j_r_gb_�kbkl_fu. 

?keb�\�g_dhlhjhc�fZehc�hdj_klghklb�d\Z^jZlbqgZy�nhjfZ 

02 >Φd  – lh�bf__lky�fZdkbfmf� 

02 <Φd  – lh�bf__lky�fbgbfmf� 

?keb� N2d � fh`_l� [ulv� b� [hevr_�� b� f_gvr_� gmey�� lh� bf__lky� k_^eh\Zy�

lhqdZ� 

Ijbf_j��. 
�>ZgZ�nmgdpby� 

( ) ( ) .11 22 ++−= yxz  

GZclb�wdklj_fmf�ijb�mkeh\bb 

( ) .01, =−+=ϕ yxyx  

KgZqZeZ�bs_f�[_amkeh\guc�wdklj_fmf 

( ) ;1     ;012 ==−=
∂
∂ ∇xx
x

z
 

( ) ;1     ;012 −==+=
∂
∂ ∇yy
y

z
 

.0min == zzex  

L_i_jv�gZc^zf�mkeh\guc�wdklj_fmf� 
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Ba�mkeh\by�\ujZabf�y:            
;1 xy −=  

( ) ( ) ;21 22 xxz −+−=  

( ) ( ) ;5,0   ;5,1     ;02212 −===−+−=
∂
∂ ∇∇ yxxx
x

z
 

.2/1min =z  

GZebqb_�mkeh\by�ijb\h^bl�d�^jm]hfm�agZq_gbx�wdklj_fmfZ�b�^jm]bf�

_]h�dhhj^bgZlZf. 
Ijbf_j�����F_lh^�fgh`bl_e_c�EZ]jZg`Z�� 

( ) ;,, xyzzyxf =  

( )
( ) .08,,

;03,,

2

1

=−−−=ϕ
=−−+=ϕ

zyxzyx

zyxzyx
 

KhklZ\bf�nmgdpbx�EZ]jZg`Z 
( ) ( ) ( ); 83,, 21 −−−λ+−−+λ+=Φ zyxzyxxyzzyx  






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
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


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 . 

Ijb�j_r_gbb�ihemqbf� 

.
32
605

  ;
4
11

  ;
2
5

  ;
4
11

  ;
32
231

  ;
32
11

21 =−=−==−=λ=λ ∇∇∇
exfzyx  

Hij_^_ebf�oZjZdl_j�gZc^_gghc�lhqdb� 

;0
2

2

2

2

2

2
=

∂
Φ∂=

∂
Φ∂=

∂
Φ∂

zyx
 

;     ;     ;
222

x
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yx

=
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∂∂
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.2222 zdxdyydxdyxdydzd ++=Φ  
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Ba�mkeh\bc�k\yab� 





=−−
=−+

0

0

dzdydx

dzdydx
; 

;     ;0 dzdxdy ==  

.2 22 dxyd ∇=Φ  

.05
2

5
2 222 <−=





−=Φ dxdxd  

Ijb�ex[hf�agZd_�x�d\Z^jZlbqgZy�nhjfZ�[hevr_�gmey��lh�_klv�\�bkke_^m_�

fhc�lhqd_�bf__lky�fZdkbfmf� 
 

���NMGDPBHG:E 

Imklv� ^Zg� g_dhlhjuc� deZkk�F�nmgdpbc� y(x). ?keb� dZ`^hc�nmgdpbb�
( ) Mxy ∈ ih� g_dhlhjhfm� ijZ\bem� ihklZ\e_gh� \� khhl\_lkl\b_� g_dhlhjh_�

qbkeh�J��lh�]h\hjyl��qlh�\�deZkk_�F�hij_^_e_g�nmgdpbhgZe�J. 
( )[ ]xyJJ = . 

DeZkk�F��\�dhlhjhf�hij_^_e_g�wlhl�nmgdpbhgZe��gZau\Z_lky�h[eZklvx�aZ�

^Zgby�nmgdpbhgZeZ� 
Ijbf_j���  
Imklv�F – kh\hdmighklv�\k_o�g_ij_ju\guo�nmgdpbc�gZ�hlj_ad_�[ ]1,0 . 
Hij_^_e_gguc�bgl_]jZe�ke_^mxs_]h�\b^Z�[m^_l�nmgdpbhgZehf� 

( )[ ] ( )∫=
1

0

dxxyxyJ ; 

ijb�������������������         ( ) ;      cJcxy =→=  

ijb���������������������������� ( ) ;1      −=→= eJexy x  
ijb������������                ( ) .0      cos =→π= Jxxy  

Ijbf_j���  
Imklv�F – deZkk�nmgdpbc��bf_xsbo�g_ij_ju\gmx�ijhba\h^gmx�gZ�hlj_a�

d_� [ ]ba, �b�imklv� [ ]bax ,0 ∈ ��lh]^Z�nmgdpbhgZehf�fh`gh�kqblZlv�ke_^mx�

s__� 
( ) ;2   ;3   ;1   ; ' 00 ==== xbaxyJ  

ijb                     ( ) ;4      2 =→= Jxxy  

ijb����������������������� ( ) ( ) .
3

1
      1ln =→+= Jxxy  



 8 

���<:JB:PBB 

<ZjbZpb_c��ijbjZs_gb_f�� yδ �Zj]mf_glZ� ( )xy �nmgdpbhgZeZ� ( )[ ]xyJ  

gZau\Z_lky�jZaghklv�f_`^m�^\mfy�g_dhlhjufb�nmgdpbhgZeZfb��ijb�wlhf�

h[_�nmgdpbb�ijbgZ^e_`Zl�deZkkm�F 

( ) ( )0xyxyy −=δ . 

?keb�nmgdpby�y k-jZa�^bnn_j_gpbjm_fZ��lh�\ZjbZpby�ihjy^dZ�k 

( )( ) ( )( ) ( )( ) ( )( ).0xyxyxyy kkkk −=δ=δ  

=h\hjyl��qlh�nmgdpbb� ( ) ( )xyxy 1 b �[ebadb�\�kfuke_�gme_\h]h�ihjy^dZ��_k�

eb�gZ�jZkkfhlj_gghf�hlj_ad_� >a,b@�\uihegy_lky�mkeh\b_�� ( ) ( )xyxy 1−  – 

fZeZ��=_hf_ljbq_kdb�wlh�hagZqZ_l��qlh�gZ�jZkkfhlj_gghf�mqZkld_�nmgdpbb�

[ebadb�ih�Zj]mf_glZf��;ebahklv�i_j\h]h�ihjy^dZ – _keb�fZeZ�g_�lhevdh�bo�
jZaghklv��gh�b�jZaghklv�f_`^m�bo�ijhba\h^gufb� 

   
( ) ( )
( ) ( )  ''

1







−

−

xyxy

xyxy
 – fZeu_� 

;ebahklv�k-]h�ihjy^dZ – ̂ h[Z\ey_lky�mkeh\b_�� 

( )( ) ( )( )xyxy KK
1−   – fZeZ 

�b�fZeu�\k_�jZaghklb�[he__�gbadbo�ihjy^dh\�. 
?keb�\uihegy_lky�[ebahklv�k-]h�ihjy^dZ��lh�\uihegy_lky�b�[ebahklv�

ij_^u^ms_]h�ihjy^dZ� 
 

Ijbf_j� 

Bf_xlky� djb\u_�
n

xy
2sin

)( = � b� 0)(1 ≡xy �� JZkkfhljbf� bo� gZ� bgl_j\Ze_�

],0[ π ��Fh`gh�ml\_j`^Zlv��qlh�hgb�[ebadb�\�kfuke_�gme_\h]h�ihjy^dZ�ijb�

[hevrbo�n. 

0
sin

)()(
2

1  →=−
∞→nn

xn
xyxy . 
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:�\�kfuke_�i_j\h]h�ihjy^dZ�[ebahklb�g_l��l�d��\�lhqd_ 

2
2

n
x

π= . 

xnnxyxy 2'
1

' cos)()( =− ; 

k�jhklhf�n�wlh�\ujZ`_gb_�fh`gh�k^_eZlv�kdhev�m]h^gh�[hevrbf�� 

JZkklhygb_f� f_`^m� djb\ufb� )(xfy = , )(11 xfy = � gZ� hlj_ad_�

ba ÷ ��kqblZ_f�h[_�nmgdpbb�g_ij_ju\gufb��gZau\Z_lky�g_hljbpZl_evgh_�

qbkeh�ρ ��jZ\gh_�fZdkbfmfm�fh^mey�jZaghklb�f_`^m�gbfb�gZ�wlhf�hlj_ad_� 

Ijbf_j. 

Bf_xlky�nmgdpbb� xy = �b�
2

1 xy = , 10 ÷=÷ ba . 

 

2
11 )( xxyyx −=−=ρ ; 

x
dx

d
211 −=ρ

; 

021 =− x . 

FZdkbfZevgh_�jZkklhygb_�\�lhqd_� 

2

1=x . 

Hgh�jZ\gh   
4
1=ρ . 
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 JZkklhygb_f�n-]h�ihjy^dZ�f_`^m�djb\ufb�gZau\Z_lky�gZb[hevrbc�

ba�fZdkbfmfh\�ba�ke_^mxsbo�\_ebqbg� 

)()( 1 xfxf −  

)()( '
1

' xfxf −  

………... 

)()( )(
1

)( xfxf nn − , 

gZ�hlj_ad_� ],[ ba . 

[ ] )()(maxmax)(),( )(
1

)(

0
1 xfxfxfxf kk

bxank
nn −=ρ=ρ

≤≤≤≤
. 

  
 ε �hdj_klghklvx�n-]h�ihjy^dZ�djb\hc� )(xy �gZ�hlj_ad_� ],[ ba �gZau\Z�

_lky�kh\hdmighklv�djb\uo� )(1 xf ��jZkklhygb_�n-]h�ihjy^dZ�dhlhjuo�hl�bk�

oh^ghc�djb\hc� )(xy �f_gvr_�ε . 

[ ] ε<ρ=ρ )(),( 1 xfxynn . 

Hdj_klghklv� gme_\h]h� ihjy^dZ� gZau\Z_lky� kbevghc� hdj_klghklvx��Hdj_�

klghklv�i_j\h]h�ihjy^dZ – keZ[hc�hdj_klghklvx��Nbabq_kdbc�kfuke�kbev�

ghc�hdj_klghklb – wlh�kh\hdmighklv�\k_o�g_ij_ju\guo�djb\uo��dhlhju_�
fh`gh��ijh\_klb�\�ihehk_�rbjbghc�       hdheh�djb\hc�y = f(x). 
 

 
 
NmgdpbhgZe� )]([ xyJ �\�deZkk_�nmgdpbc�F�gZau\Z_lky�g_ij_ju\guf��ijb�

)(0 xyy = � \� kfuke_� [ebahklb�n-]h� ihjy^dZ�� _keb� ^ey� ex[h]h� ε ��fh`gh�
ih^h[jZlv�lZdh_�qbkeh� 0>η ��qlh[u�\uihegyehkv�mkeh\b_� 

?keb� [ ] η<ρ )(),( 0 xyxyn ��lh� ε<− )]([)]([ 0 xyJxyJ . 

ε2
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<� ijhlb\ghf� kemqZ_�� hg� jZaju\guc��NmgdpbhgZe� gZau\Z_lky� ebg_cguf��

_keb�^ey�g_]h�kijZ\_^eb\u�\k_�k\hckl\Z�ebg_cguo�hi_jZlhjh\� 
 

5. IJHKL?CR:Y�A:>:Q:�<:JB:PBHGGH=H�BKQBKE?GBY 
 

>Zg�nmgdpbhgZe 

∫=
2

1

x

x
dx)'y,y,x(F]y[J , 

]^_�F – ba\_klgZy�nmgdpby� 
      y – g_ba\_klgZy��dmkhqgh – ]eZ^dZy�nmgdpby� 
Lj_[m_lky�gZclb�fbgbfmf�wlh]h�nmgdpbhgZeZ�kj_^b�\k_o�dmkhqgh-]eZ^dbo 
nmgdpbc�m� 
Mkeh\by� 

1.  Nmgdpby�y(x)�^he`gZ�kh_^bgylv�lhqdb�y1 = y( 1x )b�y2 = y2( 2x ). 

���G_h[oh^bfh,� qlh[u� ),,( 'yyxF � [ueZ� g_ij_ju\gZ� ih� \k_f� lj_f� Zj]m�

f_glZf� ),,( yyx ′ ��Z�lZd`_,�qlh[u�[ueb�g_ij_ju\gu�\k_�ijhba\h^gu_�ih�

gbf�^h�lj_lv_]h�ihjy^dZ� 
 Fbgbfmf� �fZdkbfmf�� nmgdpbhgZeZ� ][ yJ �� ^hklb]Z_fuc� \� kbevghc�

�keZ[hc�� hdj_klghklb�nmgdpbb� )(0 xy �gZau\Z_lky� kbevguf� �keZ[uf��fb�

gbfmfhf� �fZdkbfmfhf�� nmgdpbhgZeZ� ][ yJ �� Wdklj_fmf� nmgdpbhgZeZ�

][ yJ �ih�\k_c�kh\hdmighklb�nmgdpbc�m,�gZ�dhlhjuo�hg�hij_^_e_g��gZau\Z�

_lky�Z[khexlguf�wdklj_fmfhf� 
 

���G?H;OH>BFH?�MKEH<B?�WDKLJ?FMF:� 
1-y b 2-y�<:JB:PBB�NMGDPBHG:E: 

 
Imklv� )(xη -�g_dZy�ijhba\hevgZy�dmkhqgh-]eZ^dZy�nmgdpby��dhlhjZy�

m^h\e_l\hjy_l�mkeh\bx� 
0)()( 21 =η=η xx . 

<\_^_f�nmgdpbx 
)()()(~ xxyxy αη+= , 

]^_�α  -�g_dhlhjuc�iZjZf_lj� 
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Lh]^Z�kh\hdmighklv�\k_o�\hafh`guo�nmgdpbc� )(~ xy �ijbgZ^e_`bl�keZ[hc�

hdj_klghklb�nmgdpbb�m� 
NmgdpbhgZe 

∫=
2

1

x

x
dx)'y,y~,x(F]y~[J  

ijb�mkeh\byo� 









==

==

222

1

)()(~
)()(~

yxyxy

yxyxy
 

y\ey_lky�nmgdpb_c�iZjZf_ljZ�α  

)(dx)'
x

x

'y,y,x(F]y~[J α=η∫ α+αη+= N
2

1

. 

IhdZaZgh��qlh� )(N α �bf__l�fbgbfmf�ijb� 0=α . 

>ey�wlh]h�g_h[oh^bfh 










=α≥
α∂

α∂

=α=
α∂
α∂

0  ijb,0
)(N

0  ijb,0
)(N

2

2 . 

Ihke_�^bnn_j_gpbjh\Zgby� )(N α ih�iZjZf_ljm�.: 

                0
N 2

1

=∫











η

∂

∂+η
∂
∂=

α∂
∂

dx
x

x
)'y~,y~,x(F

)'y(
)'y~,y~,x(F

y
.          (6.1) 

Ijhba\h^gZy� �
α∂

∂N
�\�lhqd_� 0=α �gZau\Z_lky�i_j\hc�\ZjbZpb_c�nmgdpbh�

gZeZ�� ][ yJ �b�h[hagZqZ_lky� 

0.

N

=α
=δ

d

d
J . 

Khhl\_lkl\mxsZy�ijhba\h^gZy�gZau\Z_lky�\lhjhc�\ZjbZpb_c� 

0
2

2
2 N

=αα
=δ

d

d
J . 
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>ey�lh]h��qlh[u�gZc^_ggZy�nmgdpby�y ^Z\ZeZ�fbgbfmf��fZdkbfmf�� ][ yJ , 

g_h[oh^bfh��qlh[u 










−<δ

−>δ

=δ

fZdkbfmf0

fbgbfmf0

0

2

2

J

J

J

. 

?keb�\ujZ`_gb_�������ijhbgl_]jbjh\Zlv�ih�qZklyf��lh�ihemqbf� 

( ) 0'
'

2

1 1

=η












∂
∂−

∂
∂=δ ∫ ∫

x

x

x

x

dxdx
y

F

y

F
J . 

Wlh�\ujZ`_gb_�^he`gh�\uihegylvky�^ey�ijhba\hevguo�η��Ba�wlh]h�ke_^m�
_l�mjZ\g_gb_�Wce_jZ-EZ]jZg`Z�\�bgl_]jZevghc�nhjf_� 

CdxFF
x

x
yy ≡− ∫

1

' . 

Ihke_�^bnn_j_gpbjh\Zgby�ihemqZ_f 

( ( ) '' yF
y

F =
∂
∂

;  yF
y

F =
∂
∂

;) 

( ) 0' =− yy F
dx

d
F .                                      (6.2) 

<ujZ`_gb_������ – h^gh�ba�hkgh\guo�mjZ\g_gbc�\ZjbZpbhggh]h�bkqbke_�

gby��Hgh�`_�y\ey_lky�i_j\uf�g_h[oh^bfuf�wdklj_fmfhf� 

=eZ^dZy�nmgdpby�y(x)��y\eyxsZyky�j_r_gb_f�wlh]h�mjZ\g_gby,�gZau�

\Z_lky� wdklj_fZevghx�� Wdklj_fZeb� gZau\Zxl� lZd`_� eZ]jZg`_\ufb� djb�

\ufb��Wdklj_fZev�� m^h\e_l\hjyxsZy� ������� lZd`_� m^h\e_l\hjy_l� mjZ\g_�

gbx� 

[ ] 0' ' =−− xy FFyF
dx

d
. 

Djhf_�wlh]h��ijbf_gy_lky�jZa\_jgmlZy�nhjfZ�aZibkb� 

0''' ''', =−++ yxyyyyy
FFFyFy ; 
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( ) ( ) 






= F
yd

d

yd

d
F yy '''' ; 

( ) 






= F
yd

d

dy

d
F yy '' ; 

( ) ( )ZYXFyyxF ,,',, = . 

Ohly�Zj]mf_glu�b�k\yaZgu�f_`^m�kh[hc��gh��dh]^Z�ijhba\h^blky�^bnn_�

j_gpbjh\Zgb_�ih�h^ghfm�ba�Zj]mf_glh\��^jm]b_�Zj]mf_glu�kqblZxlky�dhg�

klZglZfb� 
AZf_qZgby� 

1. WlZ�nhjfmeZ� ^Z_l� j_r_gb_� k� lhqghklvx� ^h� ^\mo� dhgklZgl�� Z� hgb�

hij_^_eyxlky�ba�]jZgbqguo�mkeh\bc� 
2. Fh`_l� hdZaZlvky�� qlh� ijb� dhgdj_lguo� ]jZgbqguo� mkeh\byo� g_l�

j_r_gbc�beb�j_r_gbc�[_kdhg_qgh_�fgh`_kl\h� 
Ijbf_ju� 

1) >Zg�nmgdpbhgZe��� 

( )[ ] [ ]∫ −=
2

1

2 2' dxxyyxyJ ��ijb�y(1) = 0, y(2) = – 1; 

( ) xyyyyxF 2'',, 2−= ; 

( ) '2
'' yF

yd

d
Fy == ; 

( ) ( ) ''2'2' yy
dx

d
F

dx

d
y == ;  x

y

F
Fy 2−=

∂
∂= ;  0''22 =−− yx ;  

0=+ xy ; 

21

3

6
CxC

x
y ++−= . 

Ih^klZ\bf�]jZgbqgu_�mkeh\by� 










=+

=+

6
2

2

6
1

21

21

CC

CC
; 

6
1

1 =C ;  02 =C ;  ( )21
6

x
x

y −= . 
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2) GZclb�wdklj_fmf�nmgdpbhgZeZ�� 

( )[ ] ( )∫ −=
3

1

3 ydxyxxyJ .  

=jZgbqgu_�mkeh\by� 

y(1) = 1; y(3) = 4,5. 
MjZ\g_gby�Wce_jZ�\�wlhf�kemqZ_�[m^ml�ke_^mxsbfb� 

023 =− yx ; 

( ) xxy 5,1= . 

G_ljm^gh�m[_^blvky��qlh�ihemq_ggZy�wdklj_fZev�g_�m^h\e_l\hjy_l�i_j\h�

fm�]jZgbqghfm�mkeh\bx��AgZqbl��aZ^ZqZ�j_r_gbc�g_�bf__l� 
3) GZclb�wdklj_fZev�nmgdpbhgZeZ�� 

( )[ ] ( )∫
π

−=
2

0

22  ' dxyyxyJ . 

y(0) = 1;  y(2π) = 1. 
MjZ\g_gb_�Wce_jZ 

0=+′′ yy . 

H[s__�j_r_gb_ 

( ) xCxCxy sincos 21 += ; 

xCxy sincos += . 

Wdklj_fZevx�y\eyxlky�\k_�wlb�nmgdpbb�ijb�ex[hf�K��Lh�_klv�bf__lky�

[_kdhg_qgh_�fgh`_kl\h�j_r_gbc� 
 

���L?HJ?F:�<?C?JRLJ:KK: – WJ>F:G: 
 

Imklv�y(x) –�j_r_gb_�mjZ\g_gby�Wce_jZ 

0' =− yy F
dx

d
F . 

Lh]^Z�� _keb�F�bf__l�qZklgu_�ijhba\h^gu_�^h� �-]h�ihjy^dZ� \dexqb�

l_evgh��lh�\h�\k_o�lhqdZo��]^_�\uihegy_lky�
( )

0
' 2

2

≠
∂
∂

y

F
��nmgdpby�y(x)�bf_�

_l�g_ij_ju\gmx�\lhjmx�ijhba\h^gmx��Z��agZqbl��\�wlhc�lhqd_�g_l�baehfZ� 
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�?keb�
( )

0
' 2

2

=
∂
∂

y

F
��lh�\�wlhc�lhqd_�bf__lky�baehf��Ebgbb��khklZ\e_ggu_�ba�

dmkdh\� wdklj_fZe_c�� m^h\e_l\hjyxsb_� mkeh\bx
( )

0
' 2

2

≠
∂
∂

y

F
�� gZau\Zxlky�

ehfZgufb�wdklj_fZeyfb� 

Mkeh\b_�E_`Zg^jZ.�<h� \k_o� lhqdZo� ebgbb� y(x)�� ^hklZ\eyxs_c� wdk�

lj_fmf�nmgdpbhgZem�J��^he`gh�\uihegylvky�mkeh\b_� 

?keb� ( ) 0',,'' ≥yyxF yy  – fbgbfmf� 

?keb� ( ) 0',,'' ≤yyxF yy  – fZdkbfmf� 

21 xxx ≤≤ . 

Mkeh\b_�<_c_jrljZkkZ:�?keb�y –�fbgbfmf��fZdkbfmf���lh 

( ) ( ) ( ) ( ) 0',,'',,,, ' ≥−−− yyxFyzyyxFzyxF y , ( 0≤ ), 

^ey�ijhba\hevguo�z�\h�\k_o�lhqdZo�wlh]h�bgl_j\ZeZ� 
 
 

���KEMQ:B�MIJHS?GBY�BEB�IHGB@?GBY�IHJY>D: 
MJ:<G?GBY�WCE?J: 

 

<�hlghr_gbb�nmgdpbb ( )',, yyxF �\hafh`gu�jZaebqgu_�kblmZpbb� 

KemqZc����  
F�g_�aZ\bkbl�hl��y’��<�wlhf�kemqZ_�mjZ\g_gb_�Wce_jZ�bf__l�\b^� 

0),( =yxFy . 

A^_kv�qZklh�\hagbdZxl� kblmZpbb��dh]^Z�ba-aZ� khq_lZgby� ]jZgbqguo�mkeh�
\bc�mjZ\g_gb_�g_�bf__l�j_r_gby� 
Ijbf_j.  

( )[ ] ( )∫
π

−=
2

0

2 dxyxyxyJ , ( ) 00 =y , 
22
π=





 π

y . 

MjZ\g_gb_�Wce_jZ�bf__l�\b^� 
 022 =− yx , xy = . 
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Ijb�wlbo�gZqZevguo�mkeh\byo�j_r_gb_�bf__lky��Z�ijb�^jm]bo��gZijbf_j�� 

0)0( =y , 1)
2

( =π
y  

j_r_gb_�hlkmlkl\m_l� 
KemqZc���� 
F – aZ\bkbl�hl� y′ebg_cgh� 

( ) ( ) ( ) ',,',, yyxNyxMyyxF += . 
MjZ\g_gb_�Wce_jZ�ij_\jZsZ_lky�\�[he__�ijhklh_� 

( ) ( )
0

,, =
∂

∂−
∂

∂
x

yxN

y

yxM
. 

Ihke_�\aylby�ijhba\h^guo�hgh�i_j_klZzl�[ulv�^bnn_j_gpbZevguf�mjZ\�

g_gb_f�b�ij_\jZsZ_lky�\�Ze]_[jZbq_kdh_� 
;u\Zxl� kblmZpbb��dh]^Z� \�dZdhc-lh�h[eZklb� wlh�mjZ\g_gb_� lh`^_kl�

\_ggh�jZ\gh�gmex��Wlh�hagZqZ_l��qlh�\�ij_^_eZo�wlhc�h[eZklb�nmgdpby�J[y] 
– ihklhyggZ��\ZjbZpbhggZy�aZ^ZqZ�l_jy_l�kfuke� 
Ijbf_j� 

( )[ ] ( )∫ +=
b

a

dxxyyyxyJ '22 ; 

( ) ( ) ;    ; BbyAay ==  

.0   ;2   ;2 ≡
∂
∂−

∂
∂=

∂
∂=

∂
∂

x

N

y

M
y

x

N
y

y

M
 

KemqZc���. 
F�aZ\bkbl�lhevdh�hl�y��<�wlhf�kemqZ_�mjZ\g_gb_�Wce_jZ�bf__l�\b^�� 

0'''' =yFyy . 
G_ljm^gh�ihemqblv�h[s__�j_r_gb_� 

21 CxCy +=    – \k_\hafh`gu_�ijyfu_�ebgbb� 
A^_kv�K1, K2 – ijhba\hevgu_�dhgklZglu� 
Ijbf_j�� 
GZclb�wdklj_fmf�nmgdpbhgZeZ��^ebgZ�ebgbb�f_`^m�aZ^Zggufb�lhqdZfb��� 

( )[ ] ( ) ;1 2∫ +=
b

a

dxxyxyJ  

( ) ( ) ;    ; BbyAay ==  

                              ( ) ( ) Aax
ab

AB
yCxCyxy +−

−
−=+==    ;   ;0'' 21 ���djZlqZc�

r__�jZkklhygb_�f_`^m�^\mfy�lhqdZfb – ijyfZy�� 
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KemqZc����  
F�g_�aZ\bkbl�hl�y.  

( )', yxFF = . 

<�wlhf�kemqZ_�mjZ\g_gb_�Wce_jZ�ij_h[jZam_lky� 

                     ( ) ( ) 1'' ',    ;0', CyxFyxF
dx

d
yy == -�ijhba\hevgZy�dhgklZglZ� 

IhemqZ_f�h[uqgh_�^bnn_j_gpbZevgh_�mjZ\g_gb_�i_j\h]h�ihjy^dZ� 
Ijbf_j�� 
>Zgu� ��lhqdb�:(1,3), <�������Kj_^b�\k_\hafh`guo�djb\uo��kh_^bgyxsbo�

wlb� �� lhqdb��gZclb� l_�� kj_^b�dhlhjuo�fh`_l�^hklb]Zlvky� wdklj_fmf� ke_�

^mxs_]h�nmgdpbhgZeZ� 

( )[ ] ( ) ( )[ ] .'1' 2∫ +=
b

a

dxxyxxyxyJ  

<�wlhf�kemqZ_�mjZ\g_gb_�Wce_jZ�bf__l�ke_^mxsbc�\b^� 

( ) ;0', =yxF
dx

d
y   ( ) ;0'21 2 =+ yx

dx

d
 

;
2

1
'    ;'21

2
2

x

C
yCyx

−==+  

( ) ;2
1 C

x

C
xy +=   

2

1
1

C
C

−= . 

Bkihevam_f�gZqZevgu_�mkeh\by 







+=

+=

2
1

1

2
5

3

C
C

CC
;    

hlkx^Z������������������������������������������ 

( ) .
4

7
x

xy −=  

KemqZc����  
F�g_�aZ\bkbl�hl�x�\�y\ghf�\b^_�� 

( )', yyFF = . 

�Mql_f��qlh� yyyyyyy FyFyF
yd

d

dx

yd
F

dy

d

dx

dy
F

dx

d
′′′′′ ′′+′=

′
′

+= ). 
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<�^Zgghf�kemqZ_�mjZ\g_gb_�ijbf_l�\b^� 
.0''' ''' =−− yFyFF yyyyy  

Mfgh`bf�gZ�y: 

;0''''' '''
2 =−− yyyyy FyyFyFy  

( ) ( ) ( ) ( )
;0

'
''

''
' ''''' =−−−+=− ′yyyyyyyy F

dx

yd
yF

dx

dy
yF

dx

yd
F

dx

yd
F

dx

dy
FyF

dx

d
 

( ) ,0' ' =− yFyF
dx

d
 

]^_� 1C'yF'yF =− –�ijhba\hevgZy�dhgklZglZ� 

Wlh�mjZ\g_gb_�j_rZ_lky�klZg^Zjlgh�jZa^_e_gb_f�i_j_f_gguo� 
 
Ijbf_j��JZkkfhljbf�aZ^Zqm� 
Bf__lky�ihlhd�]ZaZ��\�g_f�^\b`_lky�l_eh��DZdh\Z�^he`gZ�[ulv�nhjfZ�l_eZ��

qlh[u�hgh�bkiulu\Zeh�gZbf_gvr__�khijhlb\e_gb_" 
 

?keb� iehlghklv� ]ZaZ� fZeZ�

b�fu�^Ze_db�hl�kdhjhklb�a\mdZ��

lh� m]he� iZ^_gby� fhe_dme� ]ZaZ�

jZ\_g�m]em�hljZ`_gby� 

θρ= 22 sin2 Vp , 

p – iehlghklv� ]ZaZ�� V – kdh�
jhklv� fhe_dme� hlghkbl_evgh�

l_eZ��� – m]he�f_`^m�dZkZl_ev�
ghc� d� h[jZamxs_c� b� ]hjbahg�

lZevx� 

( ) ;'1 2
1

dxydl +=   ( ).xyr =  

GZ�dhevph�rbjbghc�dx ̂ _ckl\m_l�kbeZ� 

( ) dyyyVdF θ







+πθρ= sin'12sin2 2

1
222 . 

IhegZy�kbeZ��^_ckl\mxsZy�\^hev�hkb�HO. 

.
0
∫=
l
dFF  

H
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;m^_f�bkdZlv�mijhs_ggh_�j_r_gb_��aZf_gb\�

( )
'

'1

'
sin

2
1

2
y

y

y ≈
+

=θ . 

Lh]^Z�kbeZ��lhjfhaysZy�l_eh, 

;'4
0

32∫πρ=
l

ydxyVF    ( ) ;00 =y     ( ) .Rly =  

MjZ\g_gb_�Wce_jZ� 

( ) .0'3' 23 =− yy
dx

d
y  

Mfgh`bf�h[_�qZklb�gZ�y’.�E_\Zy�qZklv�klZgh\blky�ijhba\h^ghc�hl�\ujZ�
`_gby�y’3y.�Bgl_]jbjm_f�� 

;'3 Cyy =  
3

1'
y

C
y = ; ( ) ,4

3
21 CxCy +=  

ih^klZ\eyy�gZqZevgu_� mkeh\by�� � .
4

3






=

l

x
Ry �Dhglmj�� hdZau\Zxsbc�gZb�

f_gvr__�khijhlb\e_gb_�h[l_dZgbx – iZjZ[heZ�kl_i_gb����� 
 

���BG<:JB:GLGHKLV�MJ:<G?GBC�WCE?J: 

?keb�nmgdpbhgZe�\b^Z 

[ ] ( )∫=
b

a

dxyyxFyJ ',,  

ij_h[jZam_lky�ihkj_^kl\hf�aZf_gu�g_aZ\bkbfhc�i_j_f_gghc�x�beb�h^gh�
\j_f_gghc� aZf_ghc�x�b�y��lh�wdklj_fZev�ih-ij_`g_fm�gZoh^blky�k�ihfh�
svx�mjZ\g_gbc�Wce_jZ��gh�khklZ\e_ggh]h�ba�ij_h[jZah\Zggh]h�mjZ\g_gby� 

Imklv�x b y�y\eyxlky�nmgdpbyfb�gh\uo�i_j_f_gguo� 

( )VUxx ,= ;   ( )VUyy ,= . 

LZd`_�imklv�kh[ex^Z_lky�mkeh\b_�\aZbfghc�g_aZ\bkbfhklb�wlbo�nmgdpbc� 

;0
;

;
≠

∂
∂

∂
∂

∂
∂

∂
∂

V

y

U

y
V

x

U

x
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lh]^Z�ihke_�aZf_gu 

( ) ( ) ( ) =






∂
∂

∂
∂+

∂
∂

















∂
∂

∂
∂+

∂
∂

∂
∂

∂
∂+

∂
∂

= ∫∫ dU
U

V

V

x

U

x

V

x

U

x
U

V

V

y

U

y

VUyVUxFdxyyxF ,,,,',,

( )∫ Φ= dUVVU ',, . 

),,( VVU ′Φ -�g_dhlhjZy�gh\Zy�nmgdpby� 

Nhjfmeu�^ey�gZoh`^_gby�gh\hc�wdklj_fZeb�� 

0' =Φ−Φ VV dU

d
. 

Ijbf_j.  
GZclb�wdklj_fmf�m�nmgdpbhgZeZ 

[ ] ( )∫ −= −
2ln

0

22' dxyeyeyJ xx . 

MjZ\g_gb_�Wce_jZ�^ey�ih^ugl_]jZevghc�nmgdpbb� 

0''' 2 =+− yeyy x . 

>_eZ_f� aZf_gm� i_j_f_gguo� )   ;ln( VyUx == �� Lh]^Z� bkoh^guc� nmgd�

pbhgZe�ij_h[jZam_lky�d�\b^m� 

[ ] ( ) ( ) .''
2

0

22
2

0

2ln22ln ∫∫ −=−= − dUVV
U

dU
VeVUeVJ UU  

>ey�lZdh]h�nmgdpbhgZeZ�mjZ\g_gb_�Wce_jZ�kms_kl\_ggh�ijhs_� 

0'' =+VV ; 

.sincos 21 UCUCV +=  

>_eZy�h[jZlgmx�ih^klZgh\dm� 
xx eCeCy sincos 21 += . 

DhgklZglu�hij_^_eyxlky�ba�gZqZevguo�mkeh\bc� 
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����<:JB:PBHGGU?�A:>:QB�<�I:J:F?LJBQ?KDHC�NHJF? 
 

<h�fgh]bo�ijZdlbq_kdbo�ijbeh`_gbyo�^ey�m^h[kl\Z�g_h[oh^bfh�bk�

ihevah\Zlv�iZjZf_ljbq_kdh_�aZ^Zgb_�ebgbc� 

( )
( )




ψ=
ϕ=

ty

tx
,       10 ttt ≤≤ . 
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13. <:JB:PBHGGU?�A:>:QB�K�IH><B@GUFB�=J:GBP:FB 
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mjZ\g_gb_f� ( )yxz ,ϕ= ��<�wlhf�kemqZ_�mkeh\b_�ljZgk\_jkZevghklb�ijbgb�

fZ_l�\b^� 

( )[ ]
[ ]





=ϕ+

=−ϕ+−

=

=

0'

0'''

1

1

''

''

xxyzy

xxzxy

FF

FzFyF
. 

Wlb� mkeh\by� kh\f_klgh� k� mjZ\g_gb_f� ( )yxz ,ϕ= � ^Zxl� \hafh`ghklv�

gZclb�^\_�ijhba\hevgu_�dhgklZglu�\�mjZ\g_gbb�Wce_jZ��Z�^jm]b_�^\_�dhg�
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klZglu� hij_^_eyxlky� ba� mkeh\by� ijhoh`^_gby� wdklj_fZeb� q_j_a� g_ih^�

\b`gmx�lhqdm�:. 
Ijbf_j�� 
>ZgZ� lhqdZ�:���������^ZgZ� kn_jZ��ih\_joghklv�dhlhjhc�hibku\Z_lky�mjZ\�

g_gb_f� 1222 =++ zyx ��GZclb�djZlqZcr__�jZkklhygb_�hl�lhqdb�^h�kn_�

ju� 
 
J_r_gb_� 
AZ^ZqZ�k\h^blky�d�bkke_^h\Zgbx�gZ�wdklj_fmf�ke_^mxs_]h�nmgdpbhgZeZ� 

[ ] ∫ ++=
1

22

1

''1,
x

dxzyzyJ . 

Wdklj_fmf�\�h[s_f�\b^_�^Z_lky�ke_^mxs_c�kbkl_fhc�mjZ\g_gbc� 





+=
+=

43

21

CxCz

CxCy
. 

Ba�mkeh\by�ijhoh`^_gby�wdklj_fZeb�q_j_a�lhqdm�:��������ihemqbf� 





=+
=+

1

1

43

21

CC

CC
. 

Mkeh\b_�ljZgk\_jkZevghklb�ijbf_l�\b^� 
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













=







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

−−
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=
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








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⋅












−

−−

−+
++

−++

=

=

0
1''1

'

''1

'

0
''1

'
'

1''1

'
''1

1

1

222222

222222

2
22

xx

xx

yx

y

zy

z

zy

y

zy

z
z

yx

x

zy

y
zy

. 

Hlkx^Z�ihemqZ_lky�ke_^mxs__� 





=−
=−

0

0

1311

131

yCzC

xCz
, 

]^_�x1, y2, z1 –�dhhj^bgZlu�lhqdb�B��ihdZ�g_ba\_klgu�� 





+=
+=

4131

2111

CxCz

CxCy
; 

11 =K ; 02 =K ; 13 =K ; 04 =K . 
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Hlkx^Z�ke_^m_l� 

( )
( )




==
==

xzxz

xyxy
. 

Ih^klZ\b\�wlh�\�mjZ\g_gb_�kn_ju��ihemqbf� 

x2 + y2 + z2 = 1; 
x1

2 + y1
2 + z1

2 = 1; 

x1 = y1 = z1 = 
3

1± . 

B1 






3

1
,

3

1
,

3

1 ; 

B2 




 −−−

3

1
,

3

1
,

3

1 . 

Hl\_l:  B1 






3

1
,

3

1
,

3

1 . 

133111
1

3

1

1

3

1
min −==++= ∫∫ dxdxJ . 

 
����=?H>?ABQ?KDH?�J:KKLHYGB? 

JZg__�[ueh�\\_^_gh�ihgylb_�]_h^_abq_kdhc�ebgbb� 
=_h^_abq_kdh_�jZkklhygb_�–�^ebgZ�]_h^_abq_kdhc�ebgbb�f_`^m�^\m�

fy�aZ^Zggufb�lhqdZfb��J – ̂ ebgZ�� 
;he__� lh]h�� ]_h^_abq_kdmx� ebgbx� \� djb\hebg_cghf� ijhkljZgkl\_�

bgh]^Z�gZau\Zxl�J –�ijyfZy��ih�ZgZeh]bb�k�h[uqguf�ijhkljZgkl\hf�� 
 

Ijbf_j� 
AZ^Zgu�l��:��������b�l��<��������gZ�g_dhlhjhc�djb\hebg_cghc�ih\_jo�

ghklb��jZkklhygb_�gZ�ih\_joghklb�hij_^_ey_lky�\ujZ`_gb_f� 

∫ ′⋅=
B

A

dxyyyJ 2][  . 

Lj_[m_lky� gZclb� ]_h^_abq_kdmx� ^ebgm� f_`^m� wlbfb� lhqdZfb� gZ�

iehkdhklb� 
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J_r_gb_� 

=_h^_abq_kdh_�jZkklhygb_�–�fbgbfZevgh_�jZkklhygb_�� l�_��min J[y], 

]jZgbqgu_�mkeh\by��dhhj^bgZlu�l��:�b�l� <. 

KhklZ\ey_f�mjZ\g_gb_�Wce_jZ� 

).(0

0)2(2

2

22

yy
dx

d
yyy

yy
dx

d
yy

′==′+′′

=′⋅⋅−′⋅⋅
 

Hlkx^Z�fh`gh�aZibkZlv� const==′ Cyy . 

Ihke_�g_dhlhjuo�ij_h[jZah\Zgbc� 

21
2 CxCy +⋅= . 

Bkihevam_f�]jZgbqgu_�mkeh\by� 

.0;1

1)1(

0)0(

21 ==




==
==

CC

xy

xy

 

L�h���mjZ\g_gb_�wdklj_fZeb� 

xyxy == ;2 , 

hlkx^Z�J(A,B) = 0,25. 

=_h^_abq_kdZy�^ebgZ� ������ 

=_h^_abq_kdh_� jZkklhygb_� f_`^m� lhqdhc� b� ebgb_c� hij_^_ey_lky�

keh`g__��A^_kv�g_h[oh^bfh�kh[exklb�h^gh\j_f_ggh�^\Z�mkeh\by� 

1) min ∫ ′
B

A

dxyyxF ),,( . 

2) <u[bjZ_lky�lZ�lhqdZ��\�dhlhjhc�gZrZ� ]_h^_abq_kdZy�ebgby�b� aZ�

^ZggZy�ebgby�\aZbfgh�i_ji_g^bdmeyjgu��ljZgk\_jkZevgu�� 

=_h^_abq_kdh_�jZkklhygb_�f_`^m�lhqdhc�b�ebgb_c�– L –�jZkklhygb_�

\^hev�wdklj_fZeb��kh_^bgyxs_c�lhqdm�b�ebgbx�L�\�lhf�f_kl_��]^_�wdklj_�

fZev�b�ebgby�L�i_j_k_dZxlky�i_ji_g^bdmeyjgh��ljZgk\_jkZevgh�� 

=_h^_abq_kdZy�hdjm`ghklv� �J – hdjm`ghklv��–�ebgby��\k_�lhqdb�dh�

lhjhc�gZoh^ylky�gZ�h^bgZdh\hf�jZkklhygbb�hl�aZ^Zgghc�lhqdb� 
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����J:AJU<GU?�A:>:QB 
 
JZg__� hij_^_eyeb� nmgdpbx ),,( yyxF ′  dZd� ^\Z`^u� ^bnn_j_gpb�

jm_fmx�ih�o��IhdZaZl_e_f�wlh]h�[ueh�mkeh\b_�� 0≠′′yyF ��H^gZdh�kms_kl�

\m_l�deZkk�aZ^Zq��dhlhju_�ijb�lZdbo�`_kldbo�mkeh\byo�g_�bf_xl�j_r_gby��

gh�ijb�kfy]q_gbb�mkeh\bc�ohjhrh�j_rZxlky� 
Ijb�wlhf�lZdb_�f_lh^u�iha\heyxl�gZclb�wdklj_fmf�nmgdpbhgZeh\�\�

\b^_�dmkhqgh-g_ij_ju\ghc�nmgdpbb��k�baehfZfb�� 
 

15.1. JZaju\gu_�aZ^Zqb�i_j\h]h�jh^Z� 
 
JZkkfhljbf�g_dhlhjuc�nmgdpbhgZe: 

∫ ′=
1

0

),,(][
x

x

dxyyxFyJ . 

=jZgbqgu_�mkeh\by��imklv�\k_�^himklbfu_�j_r_gby�m^h\e_l\hjyxl�mkeh�

\byf� 





=
=

11

00

)(

)(

yxy

yxy
. 

Gh�djhf_�wlh]h�^himkdZ_f��qlh�bkdhfh_�j_r_gb_�y(x)�fh`_l�bf_lv�baehf�\�
g_dhlhjhc�lhqd_�x0 < C < x1��Wlhl�baehf�fh`_l�[ulv�lhevdh�lZf��]^_�\u�

ihegy_lky 

0=′′yyF . 

>ey�ihbkdZ�j_r_gby�\hkihevam_fky�mkeh\b_f�<_c_jrljZkkZ�–�Wj^fZgZ� 







=′−−′−

==

+=′−=′

+=′−=′

0)()(

0

00

00

CXyCXy

CxyCxy

FyFFyF

FF
. 

?keb�K –�lhqdZ�baehfZ��lh�k�jZaguo�klhjhg�hl�lhqdb�K�nmgdpby�y�fh`_l�
\ujZ`Zlvky�jZaebqgufb�nhjfmeZfb� 
K�– ��b�K���0 –�dmkdb�nmgdpbb�y�ih�jZagu_�klhjhgu�hl�baehfZ� Djhf_�wlh�
]h��kZfZ�wdklj_fZev�^he`gZ�[ulv�g_ij_ju\gZ� 
 

)0()0( +→=−→ CxyCxy . 
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Kh\hdmighklv�wlbo�mkeh\bc�iha\hey_l�gZclb�wdklj_fZev�b�dhhj^bgZlu�

lhqdb�baehfZ�K. 
Ijbf_j� 

>Zg�nmgdpbhgZe�  ∫ −′=
2

0

22 )(][ dxyyyJ . 

GZclb�wdklj_fZev�  

2=′′yyF  > 0; yFy ′=′ 2  – agZqbl��\�wlhf�ijbf_j_�j_r_gb_�fh`gh�

gZclb�b�\�\b^_�]eZ^dhc�nmgdpbb� 
Ijbf_j� 

>Zg�nmgdpbhgZe�    dxyyyJ ∫ ′−′=
2

0

24 )6(][ . 

=jZgbqgu_�mkeh\by� 
y(0) = 0; y(2) = 0. 

1212 −′=′′ yF yy  – \iheg_� fh]ml� gZclbkv� lhqdb�� ]^_� wlh� \ujZ`_�

gb_ ���agZqbl��m�wdklj_fZeb�\hafh`gh�ijbkmlkl\b_�baehfh\�\�dZdhc-lh�l��K. 
;m^_f�bkdZlv�wdklj_fZev�\�\b^_�ehfZghc�ebgbb� 

Ih^ugl_]jZevgZy�nmgdpby�aZ\bkbl�lhevdh�hl� y′ ��hlkx^Z�j_r_gb_f�

[m^ml�ijyfu_�ebgbb�y = C1x + C2. 
<�h[eZklb�]eZ^dbo�nmgdpbc�j_r_gb_�h^gh��m� ����l�d� 

y(0) = 0 = C1 ⋅ 0 + C2 ⇒ C2 = 0; 

y(2) = 0 = C1 ⋅ 2 + C2 ⇒ (C2 = 0) = C1 = 0, 
ihwlhfm�\�^Zgghc�aZ^Zq_�g_ljb\bZevgh_�j_r_gb_�\hafh`gh�lhevdh�kj_^b�

wdklj_fZe_c�k�baehfhf� 
 L�d��F�h^bgZdh\Z�\�h[_bo�qZklyo��lh�y+�b�y-�[m^ml�ijyfu_�ebgbb��gh�

kh�k\hbfb�dhwnnbpb_glZfb� 





≤≤+=
≤≤+=

−

+

)(;

)(;

1

0

xxCnmxy

Cxxqpxy
, 

m, n, p, q, C –�g_ba\_klgu� 
 Ih^klZ\eyy�]jZgbqgu_�mkeh\by��ihemqbf��n = 0; q =  – 2p, 





+=
=

+

−

)2(xpy

mxy
. 
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 <�lh�`_�\j_fy�wdklj_fZev�^he`gZ�[ulv�g_ij_ju\gZ�\�l��K: 

).2()()( −=⇒===
=

+−

+−
CpmCCxyCxy

yy
 

Bkihevam_f�mkeh\b_�<_c_jrljZkkZ�–�Wj^fZgZ��<-W�� 







′+′−=′−

′−′=

′

′
2

3

63

124

yyFyF

yyF

y

y
. 

Fh`gh�aZf_lblv��qlh� pymy =′=′ +− ; . 

Ih^klZ\bf�wlh�\�mkeh\b_�<-W��Ihemqbf� 





+−=+−
+=−

242

33

6363

124124

ppnm

ppnm
. 

Ihke_�ij_h[jZah\Zgby� 





=−+⋅−
=−++⋅−
0)2()(

0)3()(
2222

22

pmpm

pmpmpm
. 

Ba� \lhjh]h� mjZ\g_gby� 2;; 22 =+−== pmpmpm �� ?keb� pm = , 

wdklj_fZev�bf__l�g_ij_ju\gmx�ijhba\h^gmx�b�jZg__�wlhl�\ZjbZgl�hl[jh�

r_g��AgZqbl��h[Z�mjZ\g_gby�fh`gh�jZa^_eblv�gZ� pm− . 





=+⋅+
=++⋅+

2)()(

03
22

22

pmpm

ppmm
. 

WlZ�[he__�ijhklZy�kbkl_fZ�bf__l�j_r_gby� 







=++
=+





=++
=+

3

.             2
:2

3

0
:1

22

22

22

pmpm

pm

pmpm

pm

 

MjZ\g_gby�kbkl_fu���ihemq_gu�ijb� pm −= �b�hl[jhr_gu� 

Kbkl_fZ���bf__l�^\Z�j_r_gby� 

.3;3:2

;3;3:1

=−=

−==

pm

pm
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Mqblu\Zy��qlh� pm −= ,�b�ih^klZ\eyy�\�mkeh\by� )()( CyCy +− = ��ihemqZ�

_f�K�= 1. 

J_r_gb_� 

Bkdhfuo�wdklj_fZeb�^\_��kh\_jr_ggh�jZ\ghijZ\guo� 





≤≤−
≤≤−=





≤≤−
≤≤=

21);2(3

10       ;3

21);2(3-

10          ;3

xx
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y
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y
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I

  

 

15.2. JZaju\gu_�aZ^Zqb�\lhjh]h�jh^Z� 

∫ ′=
2

1

;),,(
x

x

dxyyxFJ  ;)( 11 yxy =    22)( yxy = . 

 AZ^Zqb�\lhjh]h�jh^Z�–�dh]^Z�nmgdpby�F�bf__l�jZaju\� 

Imklv� wlhl�jZaju\�\^hev� )(N ky =   – djb\Zy��Imklv�k�h^ghc�klhjhgu�hl�

j_amevlZlZ� ),,(1 yyxF ′ �� k�^jm]hc� ),,(2 yyxF ′ ��?keb�j_r_gb_� kms_kl\m_l��

lh�hgh�lh`_�khklhbl�ba�dmkdh\�wdklj_fZe_c��Ijb�wlhf�h[_�wdklj_fZeb�bf_�

xl�gZ�ebgbb�jZaju\Z�h[smx�lhqdm� 

21 xcx << ; cx = ; )(N ky = . 

>ey�hij_^_e_gby�bkdhfhc�ehfZghc�wdklj_fZeb�fu�ihemqZ_f�^\Z�mjZ\g_�

gby�Wce_jZ��Hgb� kh^_j`Zl�q_luj_�dhgklZglu� � 4321 ,,, cccc �b�gZ^h�gZclb�

g_ba\_klgmx�k��]^_�\klj_qZxlky���wdklj_fZeb� 

>\Z�]jZgbqguo�mkeh\by�� 2211 )(,)( yxyyxy == ; 

)(N)(

)(N)(

2

1

kcxy

kcxy

==
==

 

Mkeh\b_�gZ�klud_��
022011 )N()N(

+=′−=′ ′−′+=′−′+
cxycxy FmFFyF . 

           

; 
 
 
. 
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15.3. JZaju\gu_�aZ^Zqb�^ey�nmgdpbhgZeZ�hl�g_kdhevdbo�nmgdpbc 
 

),...,,,...,,( 2121 nn yyyyyyxF ′′′  

 ?keb�ih^ugl_]jZevgZy�nmgdpby�F�g_ij_ju\gZ�ih�\k_f�Zj]mf_glZf�b�

bf__l� qZklgu_� ijhba\h^gu_� ^h� lj_lv_]h� ihjy^dZ�� lh� ^ey� hkms_kl\e_gby�

ehfZguo� wdklj_fZe_c� m� ^he`gu� \uihegylvky� mkeh\by� <_c_jrljZkkZ� – 

Wj^fZgZ� 

.

;

01
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0
0

0
0

0
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−

∑∑ ′∂
∂′−=

′∂
∂′−

′∂
∂=

′∂
∂
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n

i i
ix
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n
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F
yF
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F
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 >Ze__�\k_�lh `_�kZfh_� 

 

16. H>GHKLHJHGGB?�<:JB:PBB 

∫ ′=
2

1

;),,(][
x

x

dxyyxFyJ  ;)( 11 yxy =  22)( yxy = . 

 GZclb�wdklj_fmf�wlh]h�nmgdpbhgZeZ�ijb�hij_^_e_gguo�mkeh\byo��

?keb�jZgvr_�mkeh\b_�aZ^Z\Zehkv�mjZ\g_gb_f��lh�k_cqZk�g_jZ\_gkl\hf��

0≥)(φ− xy . 

Ijb� lZdhc� nhjfmebjh\d_� bkdhfZy� wdklj_fZev� [m^_l� khklhylv� ba� dmkdh\�

]jZgbp )(φ x �b�ba�dmkdh\�wdklj_fZeb�m��<�lhqdZo�kludZ� )(φ x �b�m�hkgh\gZy�

wdklj_fZev�fh`_l�[ulv�]eZ^dZy��Z�fh`_l�bf_lv�jZaju\gu_�lhqdb� 

[ ] 0),,()(),,(),,( =′′−φ′−φ′−′
=′

cxxy yyxFyyxFyyxF  

cx  – dhwnnbpb_gl�lhqdb�kludZ� 

?keb�\� cx  0≠′′yyF ��lh�wdklj_fZev�dZkZ_lky�]jZgbpu�φ . 

 Ijbf_j� l��: (-2, 3), l��< (2, 3) 
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 GZclb�djZlqZcrbc�imlv�f_`^m�:�b�<��dhlhjuc�e_`bl�gb`_�iZjZ[heu�

2xy ≤ . 

∫
−

=′+=
2

2

21 dxyJ min; 
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 <�kemqZ_�[he__�keh`guo�]jZgbp�bkihevamxlky�ih^\b`gu_�dhgpu� 
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