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✶✳ "#$%&'$()*%+ ,-./0%% ' 1+$#%% '+#$)1.$21+3

✶✳✶✳ ❰#$%&$'( #&%)#*&+ ,-%./&%012.3 45$67.)

 !"#$%&"' ()!*#*&" ξ✱ ,-.-/$0 1/*&*2$). .-!3,- 4)!5) &)-./*4$.)!3✲

&5) 7&$#)&*0✱ &$7-()2  !"#$!%& '(✳ ➘!0 &$."/$!3&-% :!"#$%&-% ()!*#*&5

∞
∑

k=0

P{ξ = k} =
∞
∑

k=0

pk = 1, pk ≥ 0, (1)

* -&$ 7$;$).:0 1-:!);-($.)!3&-:.3' {pk}∞k=0✱ .✳ )✳ -1/);)!0'<*2 &$=-/-2

()/-0.&-:.)%✳ >$:.&5% :!"#$% ?-/2"!5 ✭✶✮ ;!0 ,-&)#&-% :!"#$%&-% ()!*✲

#*&5✱ 1/*&*2$'<)% 7&$#)&*0 &) =-!3C) n✿

n
∑

k=0

P{ξ = k} =
n

∑

k=0

pk = 1.

)$'*+,'-./0( 1# 23*0( &$."/$!3&-% :!"#$%&-% ()!*#*&5 ξ &$75($).:0

ϕ(x) = ϕξ(x) =M
[

xξ
]

=
∞
∑

k=0

xkpk, (2)

E;) ( -=<)2 :!"#$) x ∈ C ✭,-21!),:&$0 1)/)2)&&$0✮✱ F-.0 -=5#&- =)/".

x ∈ R✳

 !"#!$% ✶✳✶✳ ➘%. 2!5-'(  !"#$!%& '( 6%#7!( '( ,0%*7* 8 ξ 00 9$'✲

*+,'-./!. 1# 23*. ϕξ(x) ';%!-!0" 6,'(6",!<*✿

• 1# 23*. ϕξ(z) ! !%*"*7 ! , 2$#>0 |z| < 1 *  09$0$8, ! , +!<2 #"'<

2$#>0 |z| ≤ 1❀

• ϕξ(1) = 1 * ϕ
(k)
ξ (0) ≥ 0 -%. ,60@ k ≥ 0❀

• ϕξ(z) .,%.0"6. < '>'7%0 '< 6  0'"$*3!"0%& 8<* 2'A11*3*0 "!<*

"'>-! * "'%&2' "'>-!✱ 2'>-! ξ 2' 07 !✳

➘'2!+!"0%&6",'✳ ➚&$!*.*#&-:.3 * &)1/)/5(&-:.3 ?"&,4** (5.),$).

*7 .-E-✱ #.- :.)1)&&-% /0; ✭✷✮ 2$I-/*/").:0 #*:!-(52 /0;-2 ✭✶✮ ( 7$2,&"✲

.-2 ,/"E) |z| ≤ 1✳ J0; ✭✷✮ :!"I*. /0;-2 K)%!-/$ ;!0 ?"&,4** ϕξ(x)✳ ➴E-

,-M??*4*)&.5 (5#*:!0'.:0 1- ?-/2"!)

pk =
1

k!
ϕ

(k)
ξ (0), (3)

#.- (!)#). &)-./*4$.)!3&-:.3 (:)F 1/-*7(-;&5F 1/-*7(-;0<)% ?"&,4** (

&"!)✳ N:!-(*) ϕξ(1) = 1 M,(*($!)&.&- ✭✶✮✳ ➘!0 ,-&)#&-% :!"#$%&-% ()!*#*✲

&5 /0; ✭✷✮ 1/)(/$<$).:0 ( 2&-E-#!)&✳ �
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*',1-)%+%✳

 !"#!$% ✶✳✷✳ ❰!"#$%&'()'✱ +"!"$"' +%&,"- (%!.$%/0("- 1/.2%-("-

3'/)2)(' 1!%3)! 3 1""!3'!1!3)' 4$")53",67.8 9.(+:)8 ϕξ(z)✱ 63/6'!16

35%);(" ",("5(%2(<;✳ ❰#/%1!08 5(%2'()- >!"?" "!"#$%&'()6 1/.&)!

;("&'1!3" 9.(+:)-✱ .,"3/'!3"$687)@ .1/"3)6; ✶ ) ✷ !'"$';< ✶✳✶✳

➘-/ $-16+5#;< &'-"6"# *+$$=+%*"&+7%✿

#+6+-)#;' =(='#%; mk =M
[

ξk
]

=
∞
∑

n=0

nkpn,

3'#%*+-)#;' =(='#%; M
[

(ξ −M [ξ])k
]

=

∞
∑

n=0

(n−m1)
kpn

" 9%+!"$)%/0(<' ;";'(!< M
[

ξ[k]
]

=
∞
∑

n=0

n[k]pn,

?!' ξ[k] = ξ(ξ − 1) . . . (ξ − k + 1) ✕ (A(A8'##+/ ✭0+2%(*"+-)#+/✮ $%'D'#)✳

❰6'&"!#(✱ 6%( M
[

ξ[1]
]

= m1✱ M
[

ξ[2]
]

=M
[

ξ2
]

−M [ξ]✳ ❰%$7!+

D [ξ] =M
[

ξ[2]
]

+M [ξ]− (M [ξ])2.

 !"#!$% ✶✳✸✳ ➴1/) +"('2'( k✲- 9%+!"$)%/0(<- ;";'(!✱ !"

M
[

ξ[k]
]

= lim
x→1−0

ϕ
(k)
ξ (x).

➘"+%5%!'/01!3"✳ ➚#+-"%"6'$217 & 2*1?' |x| < 1 01#23"7 ϕξ(x) =(.#(

!"00'*'#3"*(&+%) #1.#(' 6"$-( *+,✳ H(I%(=1 (D*'!'-'#+ k✲/ D*(",&(!#+/

ϕ
(k)
ξ (x) =

∞
∑

m=0

m[k]xm−kpm,

?!' */! $D*+&+ $<(!"%$/ & %(62' x = 1✱ %+2 2+2 D*'&*+8+'%$/ & M
[

ξ[k]
]

✳

K(?-+$#( %'(*'=' ➚A'-/ &(,=(.'# D*'!'-)#;5 D'*'<(!

lim
x→1−0

ϕ
(k)
ξ (x) =

∞
∑

m=0

m[k]pm =M
[

ξ[k]
]

. �

➶ A(-)M"#$%&' 6+$%#;< $-16+'& "=''=M
[

ξ[k]
]

= ϕ
(k)
ξ (1)✱ 6%( " "$D(-)✲

,1'%$/ & D*+2%"6'$2"< &;6"$-'#"/<✳ ✃+2 $-'!$%&"' D(-16+'=
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M [ξ] = ϕ′ξ(1), D [ξ] = ϕ′′ξ (1) + ϕ′ξ(1)− (ϕ′ξ(1))
2.

 !"#!$% ✶✳✹✳ ➴!"# $%&'(%")$*+ !"',%-$*+ .+"#,#$* ξ1, ξ2, . . . , ξn $+/%✲

.#!#1*✱ &3

ϕξ1+ξ2+...+ξn(x) = ϕξ1(x) · ϕξ2(x) · . . . · ϕξn(x).

➘35%/%&+")!&.3✳  !"#$%&'( )(!*#*&' xξ1 , xξ2 , . . . , xξn &(+$)*,*-' .$.

/"&.0** 12 &(+$)*,*-'3 ,!"#$%&'3 )(!*#*&✳ 51621-"

ϕξ1+...+ξn(x) =M
[

xξ1+...+ξn
]

=M
[

xξ1
]

· . . . ·M
[

xξn
]

= ϕξ1(x) · . . . · ϕξn(x).

✶✳✷✳ #$%&'(%)*+,* -./01&* )2* 32.4,5/%6% 4&32,

32,6,789:✳ ➶9(%) -%$8.29 #.,33%/,

➪1!(( ,!18&$9 .1&,2:".0*9 ,"--' ,!"#$%&'3 )(!*#*& ),2:(#$(2,9 )

21- ,!"#$(✱ .1<=$ #*,!1 ,!$<$(-'3 &( /*.,*:1)$&1✱ $ 9)!9(2,9 218( &$2"✲

:$!?&1% ,!"#$%&1% )(!*#*&1%✱ .121:"@ 1A1+&$#*- ν✳ ❮$C:*-(:✱ )(!*#*&$ ν

:$)&$ #*,!" *,C'2$&*% =1 &$,2"C!(&*9 &(.1<1 )'=(!(&&1<1 ,1A'2*9✳ D1<=$

1A1+&$#*-

ην = ξ1 + ξ2 + . . .+ ξν , <=( η0 = 0.

 !"#!$% ✶✳✺✳ ➴!"# $%&'(%")$*+ !"',%-$*+ .+"#,#$* ν, ξ1, ξ2, . . . , ξn

7(# "8931 n $+/%.#!#1*✱ % .+"#,#$* ξk 3:#$%53.3 (%!7(+:+"+$*✱ &3

ϕην (x) = ϕν [ϕξ1(x)].

➘35%/%&+")!&.3✳ ➶)(=(- ) :$,,-12:(&*( ",!1)&1( ,1A'2*( {xην/ν}✱ :$)✲
&1( ,!"#$%&1% )(!*#*&( xην C:* ",!1)**✱ #21 :($!*+1)$&$ ,!"#$%&$9 )(!*✲

#*&$ ν✳ 5:* 621- )(!*#*&$ ν C:*-(2 &(.1( +&$#(&*( {ν = k}✱ <=( k ∈ N0✳

51 1C:(=(!(&*@ ϕην (x) =M [xην ] ,!(="(2 2:$.21)$2? .$.

M [M [xην/ν]] =
∞
∑

k=0

M [xηk ] ·P{ν = k}.

51 2(1:(-( ✶✳✹ *-((-M [xηk ] = (ϕξ(x))
k
✭*&=(., " )(!*#*&' ξ 1C",2*!*✮✳

❰A1+&$#*- y = ϕξ(x)✳ 51!"#*!*

ϕην (x) =

∞
∑

k=0

yk ·P{ν = k} = ϕν(y) = ϕν [ϕξ(x)]. �

 !"#!$% ✶✳✻✳ ;'!&) 7(# "8931 n ∈ N 73!"+:3.%.&+")$3!&) {pk(n)}
<."<+&!< 37(+:+"<8=#1 $%93(31 .+(3<&$3!&+- :"< $%&'(%")$3- !"',%-✲

$3- .+"#,#$* ξn✱ &✳ +✳

✻



∞
∑

k=0

P{ξn = k} =
∞
∑

k=0

pk(n) = 1, pk(n) ≥ 0 (4)

 !"#$%&#'()*+ ,-./0$*+ ϕn(x) =
∑∞
k=0 pk(n)x

k
✳ 2-)* 3&-43 !"*'*56

lim
n→∞

pk(n) = pk  - 5#&$*7

∞
∑

k=0

pk = 1 (5)

3#8'9 $ 3#5:/# 3#8'9✱ /#8'9 !"$ 54<#7 x ∈ [0, 1) $7**7

lim
n→∞

ϕn(x) = ϕ(x), (6)

ϕ(x) =
∞
∑

k=0

pkx
k, ϕ(1) = 1. (7)

➘#/9%93*5: 3&#✳ (⇒)  !"#$ %&'()*+*( ✭✺✮✳  0+1"#2%34

ϕn(x)− ϕ(x) =
N
∑

k=0

(pk(n)− pk)xk +
∞
∑

k=N+1

pk(n)x
k −

∞
∑

k=N+1

pkx
k.

➬1+"$ %&6+0+4 N 1)7 839"30(%2**(:( x ∈ [0, 1) 3 *2'+0+1 ;212**(:(

ǫ > 0 3; !")(%37
∞
∑

k=N+1

xk <
ǫ

3
.

< !=+#(4 !")(%3> pk(n) < 1✱ pk ≤ 1 @#( %)+=+#

∞
∑

k=N+1

pk(n)x
k <

ǫ

3
,

∞
∑

k=N+1

pkx
k <

ǫ

3
.

➘)7 N ")2:2+4&B 3; !")(%37 ✭✺✮ *2>1+#"7 *(4+0 N1 #29(>✱ =#( '03 %"+B

n > N1 34++4

|
N
∑

k=0

(pk(n)− pk)xk| <
N
∑

k=0

|pk(n)− pk| <
ǫ

3
.

 ()!=3)3 '03 %"+B n > N1 '03 '0(3;%()$*( %&602**(4 x ∈ [0, 1)✿

|ϕn(x)− ϕ(x)| < ǫ.

D")(%3+ ϕ(1) = 1 %&#+92+# 3; !")(%37
∑∞
k=0 pk = 1 3 1(92;2**(:( '0+✲

1+)$*(:( '+0+B(12✳

(⇐) ➘#/9>*7 7*3#'#7 #3 !"#3$&.#8#✳  !"#$ %&'()*+*( !")(%3+ "B(✲

134("#3 ✭✻✮ 1)7 '0(3;%(17G3B 8!*9H3>✳  0+1'()(I34✱ =#( !")(%3+ ✭✺✮ *+

%&'()*7+#"7✳ J#( ;*2=3#✱ =#( 9293+✲#( 3; 4*(I+"#% Mk = {pk(n)}∞n=1 34+✲

K# 6()++ (1*(> '0+1+)$*(> #(=93✳ ➶&6+0+4 '(1'(")+1(%2#+)$*("#3 {n′m}
3 {n”m} 1("#2%)7KG3+ "B(134("#$ 9 02;*&4 '0+1+)$*&4 #(=924 ✭B(#7 6&
1)7 1%!B 9293B✲#( k✮✿

✼



lim
n′

m→∞
pk(n

′
m) = p′k, lim

n”m→∞
pk(n”m) = p”k.

 !""#$%&'# (%' )&*+*,- )$ ."*# k✳ 0$,12'# &!3,'24-* )$",*+$.!%*,54$✲

"%' {p′k} ' {p”k}✳ 7$8+! )$ )*&.$9 2!"%' %*$&*#- "$$%.*%"%.1:;'* )$",*✲

+$.!%*,54$"%' )&$'3.$+<;'= >14?@'9 "=$+<%"< ? &!34-# >14?@'<#

lim
n′

m→∞
ϕn′

m
(x) =

∞
∑

k=0

p′kx
k, lim

n”m→∞
ϕn”m(x) =

∞
∑

k=0

p”kx
k,

2%$ )&$%'.$&*2'% ✭✻✮✳ �

 !"#!$% ✶✳✼✳ ➴!"# $%&'(%")$*+ !"',%-$*+ .+"#,#$* ξ1, ξ2 $+/%.#!#✲

1*✱ &3 !"',%-$%4 .+"#,#$% ξ = ξ1 + ξ2 4."4+&!4 &35+ $%&'(%")$3-✳ ➶+✲

(34&$3!&# /$%,+$#- 8"4 $++ .*,#!"49&!4 :3 ;3(1'"+

P{ξ = k} =
k

∑

j=0

P{ξ1 = j} ·P{ξ2 = k − j}.

➘$?!3!%*,5"%.$ %*$&*#- .-%*?!*% '3 +.1= >14+!#*4%!,54-= 1%.*&E+*✲

4'9✿ %*$&*#- 1#4$E*4'< 4*3!.'"'#-= "$G-%'9 ' %*$&*#- ",$E*4'< 4*"$.✲

#*"%4-= "$G-%'9✳

➶*+", -"#$./* 0.%11"2%✳ 01"%5 )&$'3.$+'%"< n 4*3!.'"'#-= '"✲

)-%!4'9 " .*&$<%4$"%5: 1")*=! . ?!E+$# '3 4'=✱ &!.4$9 p✱ 8+* 0 < p < 1✳

➘,< ",12!94$9 .*,'2'4- ξ ✭&!")&*+*,*44$9 )$ G'4$#'!,54$#1 3!?$41 "

)!&!#*%&!#' n ' p✮✱ &!.4$9 2'",1 1")*=$. . (%'= '")-%!4'<=✱ .*&$<%4$"%'

.-2'",<:%"< )$ >$&#1,* ➪*&41,,'

P{ξ = k} = Cknp
kqn−k, 8+* q = 1− p.

➶ ",12!* 4*$8&!4'2*44$8$ 1.*,'2*4'< 2'",! '")-%!4'9 n G1+*# .*&$✲

<%4$"%5 1")*=! . $+4$# '")-%!4'' )$,!8!%5 ),!.4$ #*4<:;*9"< ' &!.4$9

pn✱ 4$ %!?✱ 2%$ limn→∞ npn = λ > 0✳ 7$8+! ' ",12!94-* .*,'2'4- G1+1%

#*4<%5"<✱ 2%$ $G$34!2'# ξn✳ ➮3 1)&!E4*4'< ✶✳✶

ϕξn(x) = (px+ q)n = (pnx+ qn)
n.

0$,$E'# λn = npn✱ $%?1+! pn = λn

n
✱ qn = 1− λn

n
✱ )$(%$#1

ϕξn(x) =

(

1 +
λn
n

(x− 1)

)n

→ ϕ(x) = eλ(x−1)
)&' n→∞.

M$8,!"4$ 1)&!E4*4': ✶✳✷ )$,12*44!< ϕ(x) *"%5 )&$'3.$+<;!< >14?@'<

3!?$4! 01!""$4! ✭P{η = k} = λk

k!
e−λ✮✳ ❰%":+! )$ %*$&*#* ✶✳✻ )$",*+$.!✲

%*,54$"%5 ),!.4$ #*4<:;'="< ✭G'4$#'!,54-=✮ &!")&*+*,*4'9 ξn "=$+'%"<

? ",12!94$9 .*,'2'4* η✱ &!")&*+*,*44$9 )$ 3!?$41 01!""$4!✳

✽



✶✳✸✳ #$%&'()(*+

✶✳✶✳ ➘#$ %#&'()*+) ,-#.'.*/ ξ✱ 1(%21-3-#-**+) 2+ 4.*+5.(#6*+5& 7(8+✲

*& % 2(1(5-:1(5. n . p✱ ,/'.%#.:6 21+.7,+3$;&< =&*8>.<✳ ?-1-7 21+.7✲

,+3$;&< =&*8>.< ,/'.%#.:6 5(:-5(:.'-%8+- +@.3(*.- . 3.%2-1%.< A:+)

%#&'()*+) ,-#.'.*/✱ ( :(8@- ,%- -- =(8:+1.(#6*/- 5+5-*:/✳

✶✳✷✳ ➘#$ %#&'()*+) ,-#.'.*/ ξ✱ 1(%21-3-#-**+) 2+ 7(8+*& C&(%%+*( %

2(1(5-:1+5 λ✱ ,/'.%#.:6 21+.7,+3$;&< =&*8>.<✳ ?-1-7 21+.7,+3$;&<

=&*8>.< ,/'.%#.:6 5(:-5(:.'-%8+- +@.3(*.- . 3.%2-1%.< A:+) %#&'()*+)

,-#.'.*/✳

✶✳✸✳ C&%:6 ,-1+$:*+%:6 2+2(3(*.$ , >-#6 21. +3*+5 ✭8(@3+5✮ ,/%:1-#-

1(,*( p✳ G#&'()*($ ,-#.'.*( τ 1(,*( '.%#& ,/%:1-#+, 3+ 2-1,+H+ 2+2(3(✲

*.$✳ ❮():. 21+.7,+3$;&< =&*8>.< 3#$ %#&'()*+) ,-#.'.*/ τ ✱ ( :(8@-

5(:-5(:.'-%8+- +@.3(*.- . 3.%2-1%.< 3#$ *--✳

✶✳✹✳ C&%:6 τ3 1(,*( '.%#& ,/%:1-#+, 3+ :1-K 2-1,/K 2+2(3(*.)✳ ➶/'.%✲

#.:6 21+.7,+3$;&< =&*8>.< 3#$ τ3✳ ❮():. 5(:-5(:.'-%8+- +@.3(*.- .

3.%2-1%.< A:+) %#&'()*+) ,-#.'.*/✳

✶✳✺✳ ➘,- *-7(,.%.5/- %#&'()*/- ,-#.'.*/ ξ1 . ξ2 1(%21-3-#-*/ 2+ 7(✲

8+*& C&(%%+*( % 2(1(5-:1(5. ✷ . ✸ %++:,-:%:,-**+✳ ❮():. 7(8+* 1(%21-3-✲

#-*.$ %#&'()*+) ,-#.'.*/ ξ = ξ1 + ξ2✳

✶✳✻✳ ➚:(8& 2+ +4P-8:& %+,-1Q(<: % 2+5+;6< 2+%#-3+,(:-#6*+ ,/#-:(<✲

;.K %(5+#-:+, % *(H1&78+) , n = 4 (,.(>.+**/- 4+54/✱ 8(@3($ .7 8+:+1/K

% 1(,*+) ,-1+$:*+%:6< 5+@-: 2+2(%:6 , +4P-8: . 21+5(K*&:6%$ 2+ *-5&✳ ➶

1-7&#6:(:- (:(8. ✭%41+%( ,%-K 4+54✮ +3*+H+ %(5+#-:( >-#6✱ 2-1-5-;(<;($%$

2+ +4P-8:&✱ 5+@-: 4/:6 2+1(@-*( % ,-1+$:*+%:6< p = 0, 3✳ ❰%&;-%:,#$-:✲

%$ 2+%:+$**/) 5+*.:+1.*H (:(8✱ , 1-7&#6:(:- 8+:+1+H+ 3(-:%$ &8(7(*.- +4

.K 21-81(;-*.. 21. 2+1(@-*.. >-#.✳ ❮():. 21+.7,+3$;&< =&*8>.< %#&✲

'()*+) ,-#.'.*/ ην ✱ 1(,*+) '.%#& 2+2(,Q.K 2+ +4P-8:& 4+54 , 1-7&#6:(:-

+%&;-%:,#-**/K ν ,/#-:+, 3+ 2+1(@-*.$ >-#.✳ ➶/'.%#.:6 5(:-5(:.'-%8+-

+@.3(*.- . 3.%2-1%.< %#&'()*+) ,-#.'.*/ ην ✳ ✃(8 .75-*$:%$ K(1(8:-✲

1.%:.8. ην ✱ -%#. , +2-1(>.. .%2+#67+,(:6 4+#-- %+,1-5-**/- %(5+#-:/ %

4+54+,+) *(H1&78+) n = 6 . +4#(3(<;.- , 3,( 1(7( 4+#6Q-) ,-1+$:*+%:6<

2+1(@-*.$ >-#. p = 0, 6❄

✶✳✼✳ ➮%2/:(*.-5 *(7+,-5 +3*+,1-5-**+- 2+341(%/,(*.- 5+*-:/ . .H✲

1(#6*+H+ 8&4.8(✳ W%2-K+5 %'.:(-:%$ ,/2(3-*.- H-14( *( 5+*-:- .#. '.%✲

#(✱ 81(:*+H+ :1-5✱ *( 8&4.8-✳ C+A:+5& 21. +3*+5 .%2/:(*.. 5+@-: 4/:6

✵✱ ✶ .#. ✷ &%2-K(✳ G#&'()*($ ,-#.'.*( ξ2 1(,*( '.%#& &%2-K+, 21. 3,&K

.%2/:(*.$K✳ ❮():. 21+.7,+3$;&< =&*8>.<✱ 5(:-5(:.'-%8+- +@.3(*.- .

3.%2-1%.< A:+) %#&'()*+) ,-#.'.*/✱ ( :(8@- -- 7(8+* 1(%21-3-#-*.$✳

✾



✷✳ "#$%&'$()*%+ ,-./0%% 1$23+($'45+36.$25+7✳

"$23+($'45+36.$256 8%9$.4::% % 2%25+;<

2:%23+.%) .4 ++ $2.$'+

✷✳✶✳ #$%&'(%)*+&, -./01&& 2%34,)%(56,47/%36,8

➘!" #$%!&'$()*&!+,$%*- .-%&! {an}∞n=0  !"#$%"&'()* +,-./#)* ,)/0✲

()&*%" %*&#&,,$2 3"'

A(t) =
∞
∑

n=0

ant
n.

➮,$5') -%#$!+/67* $8$/,).&,-& ϕa(t) =
∑∞
n=0 ant

n
✳

✃); .)%*,02 %!6.)2 ),)!$5-.,$ 3)%%<)*3-()&*%" #3$-/($'"=)" >6,;✲

?-" ."!0)12 ✭;$,&.,$5$ ,)8$3) .-%&!✮ {an}mn=0✱ ;$*$302 <$C,$ ,6!"<-

#3$'$!C-*+ '$ +#-#0-"* #$%!&'$()*&!+,$%*-✱

A(t) =
m
∑

n=0

ant
n.

❐!""# ✷✳✶✳ 3!"#$%"&'(2' +,-./#' 4,556  "47)&"%20)78-"40)* !2%-2

4,55)  !"#$%"&'(#9 +,-./#* ϕa+b(t) = ϕa(t) + ϕb(t)✳

➶)C,02 ($#3$% %6=&%*($(),-" #3$-/($'"=&2 >6,;?--✱ %$(#)')7=-2 %

#3$8!&<$2 %E$'-<$%*- 3"')✱ ,& /)*3)5-()&<✳

F3$-/($'"=)" >6,;?-" ;$3*&C) &%*+ <,$5$.!&,✳ F3- 3)%%<$*3&,-- #3$✲

-/(&'&,-" <,$5$.!&,$( A(t) - B(t) ($/,-;)&* #$,"*-& 4%)!0.# ;$G>>-?-✲

&,*$(

cn =

n
∑

k=0

akbn−k. (8)

❰()!*!+!,-! ✷✳✶✳ ;%)!0."* '(6E #$%!&'$()*&!+,$%*&2 a = {an}∞n=0 -

b = {bn}∞n=0 ,)/0()&*%" #$%!&'$()*&!+,$%*+ c = {cn}∞n=0✱ G!&<&,*0 ;$*$3$2

(0.-%!"7*%" #$ >$3<6!& ✭✽✮✳ ➘!" %(&3*;- #3-,"*$ $8$/,).&,-&

c = a ∗ b.

.!/)!"# ✷✳✶✳ 3!"#$%"&'(2' +,-./#' 4%)!0.# !2%-2  !"#$%)&)-#<  !"✲

#$%"&'(#9 +,-./#*

ϕa∗b(t) = ϕa(t)ϕb(t).

I*) *&$3&<) $.&(-',) '!" >-,-*,0E #$%!&'$()*&!+,$%*&2 ✭;$3*&C&2✮

- >$3<)!+,$ $8$8=)&*%" ,) $8=-2 %!6.)2✳

✶✵



✷✳✷✳ "#$%&'#()*&%+,#$*+ -./#,)00. . && 12#.3(#'45)4

67,89.4

 !"#$%!&'($#)*!"() +,"$# {fn}∞n=0✱ .'%'**'/ 0$1200$*(*34 "!!(*!5$✲

*,$4

fn = fn−1 + fn−2 (9)

, *'+'#)*34 2"#!&,$4

f0 = 0, f1 = 1,

*'.3&'$("/  !"#$%!&'($#)*!"()+ ,-.!*'//-✳

➶3+,"#,4 80!,.&!%/92: ;2*1<,: %#/ *$$ 80, ($= t✱ >%$ 0/% "=!%,("/✿

ϕ(t) = f0 + f1t+

∞
∑

n=2

fnt
n = f0 + f1t+

∞
∑

n=2

fn−1t
n +

∞
∑

n=2

fn−2t
n =

= f0 + f1t+ t

∞
∑

n=1

fnt
n + t2

∞
∑

n=0

fnt
n = 0 + t+ tϕ(t) + t2ϕ(t).

❰(":%' ϕ(t)− tϕ(t)− t2ϕ(t) = t ,

ϕ(t) =
t

1− t− t2 .

✃!0*, .*'4$*'($#/ t1,2 = −1±
√
5

2
✳ ➶!.)4$4 1!0*, " 80!(,&!8!#!C*34,

.*'1'4, , !D!.*'+,4

α =
1 +

√
5

2
, β =

1−
√
5

2
.

 0!,.&!%/92: ;2*1<,: 4!C*! 8$0$8,"'() & &,%$

ϕ(t) =
1√
5

(

1

1− αt −
1

1− βt

)

.

❰(":%' 8!#2+'$4 $$ 80$%"('&#$*,$ & &,%$ 0/%'

ϕ(t) =
1√
5

∞
∑

k=0

(αk − βk)tk

, /&*2: ;!042#2 %#/ +,"$# E,D!*'++,

fk =
1√
5
(αk − βk).

✶✶



❐!""# ✷✳✷✳  !"#"$%& #"$%' ()$*+ ,)-".'(()

lim
n→∞

fn
fn−1

= α.

➘"!'0'%*+&$%1"✳  !" "!" α > β✱ $%

lim
n→∞

fn
fn−1

= lim
n→∞

αn − βn
αn−1 − βn−1

= lim
n→∞

α− β( β
α
)n−1

1− ( β
α
)n−1

= α.

✷✳✸✳ #$%&'())$*+( ,$,-*.( ,)$,/*'$0

❐!""# ✷✳✸✳ 3#) k ≥ 2 )4**4

f2k = f1 + f3 + . . .+ f2k−3 + f2k−1, (10)

f2k+1 = 1 + f0 + f2 + . . .+ f2k−2 + f2k. (11)

➘"!'0'%*+&$%1"✳ ➪!'! ()*+",(( *-. /%01+-2 ✭✶✵✮✿ f4 = f1 + f3✳

➮)*+"$(:)%; <0;*<%-%=;)(; *-. /%01+-2 ✭✶✵✮ (1;;$ :(*

f2k−2 = f1 + f3 + . . .+ f2k−3.

❰$?@*! <% %?)%:)%A /%01+-; ✭✾✮ (1;;1

f2k = f2k−2 + f2k−1 = f1 + f3 + . . .+ f2k−3 + f2k−1.

➪!'! ()*+",(( *-. /%01+-2 ✭✶✶✮✿ f3 = 1 + f0 + f2✳

➮)*+"$(:)%; <0;*<%-%=;)(; *-. /%01+-2 ✭✶✶✮ (1;;$ :(*

f2k−1 = 1 + f0 + f2 + . . .+ f2k−2.

❰$?@*! <% %?)%:)%A /%01+-; ✭✾✮ (1;;1

f2k+1 = f2k−1 + f2k = 1 + f0 + f2 + . . .+ f2k−2 + f2k.

'(!)*+,-! ✷✳✶✳ ➴$+) .'%6#'+&."* s 7#*8$%'1+*." 1 1)8*

s = fi0 + fi1 + . . .+ fis , 98* i0 = 0, ik − ik−1 > 1, (12)

%" s < fis+1✳

➘"!'0'%*+&$%1"✳ C0!:)(1 ✭✶✷✮ ? /%01+-!1( ✭✶✵✮ ( ✭✶✶✮✱ )!E()!. ? <%✲

?-;*)(G ?-!H!;12G <% +I2:!)(@✳ ➴?-( ?-!H!;12; ?-;*+@$ E;$"% ? K!H%1 ✷

: ()*;"?;✱ $% <%-+E!;$?. 1!"?(1!-L)% :%'1%=)%; E(?-% f2k (-( f2k+1 − 1✳

❮% : ?-+E!; f2k 12 ); :2G%*(1 )! <;0:%; ?-!H!;1%; f0✳ N$%I <%-+E($L

<0;*?$!:-;)(; :(*! ✭✶✷✮✱ ?-;*+;$ : f2k '!1;)($L f1 )! 1 + f0✳ ➴?-( =; :

<0;*?$!:-;)(( ✭✶✷✮ :?$0;$($?. K!H I%-LK;✱ E;1 ✷✱ $% ?%%$:;$?$:+@O(; ?-!✲

H!;12; %"!=+$?. 1;)LK;✱ ! (G E(?-% ); I+*;$ I%-LK;✳ �

✶✷



 !"#$%&'" ✷✳✷✳  !" #$%& n ≥ 0 "'%%'

fn+2 = 1 +

n
∑

k=0

fn.

➘)*+,+-%./$-#)✳  !"#$%& '"()*!+ ✭✶✵✮ $ ✭✶✶✮✱ 1 %12#3 '"()*!+ 4!5

f2k $ f2k−1✳

*"+,"-. ✷✳✷ ✭0"1"2#+,3.✮✳ ❐23)% 4+-5!+./4)% s )64),4+74) 8!%6✲

$-+#"') # #"6% ✭✶✷✮✳

➘)*+,+-%./$-#) '%-)6)' )- 8!)-"#4)>)✳  7181!1 4"21#3) 9*:39%;"✲

;17$3 =(349%1;!37$5 ✭✶✷✮✳ ➴9!$ 73 !@A"3 8$9!" =(349%1;$)"✱ %" =(34="!"✲

#$)✱ 8%" s 39%& )$7$)1!&7"3 $B 71%*(1!&7+C 8$93!✱ 4!5 2"%"("D" =(349%1;✲

!37$3 ✭✶✷✮ 73;"B)"#7"✳ ❰A"B718$) j(s) )129$)1!&7+F 7")3( 8$9!1 G$A"✲

7188$✱ 73 =(3;"9C"45:3D" s✿

fj(s) ≤ s < fj(s)+1. (13)

I($ J%") 819%7+F 9!*81F s = fj(s) 73=($)37$)✱ %12 212 9*:39%;*3% %(3A*✲

3)"3 =(349%1;!37$3 s = f0 + fj(s)✳ I"!1D13)✱ 8%" fj(s) < s < fj(s)+1✳

K199)"%($)

s′ = s− fj(s).
➶+8%3) fj(s) $B ;93C 819%3F 73(1;379%;1 ✭✶✸✮✿ 0 < s′ < fj(s)−1✳ I" =(34="!"✲

#37$@ 4!5 s′ =(349%1;!37$3 ✭✶✷✮ 39%&✱ 1 9"D!197" ="!*8377")* 73(1;379%;*

9%1(N33 9!1D13)"3 J%"D" =(349%1;!37$5 73 A"!&N3 fj(s)−2✳ ➴9!$ 4"A1;$) 2

J%")* =(349%1;!37$@ fj(s)✱ %" ="!*8$) =(349%1;!37$3 ✭✶✷✮ 4!5 s✳ I"!*8$!$

=("%$;"(38$3 9 =(34="!"#37$3)✳

➘"21#3) 34$79%;377"9%& =(349%1;!37$5 ✭✶✷✮✳ I*9%& s ✕ )$7$)1!&7"3 $B

8$93!✱ 4!5 2"%"("D" ;"B)"#7+ 4;1 (1B!$87+C =(349%1;!37$5✿

s = fi0 + fi1 + . . .+ fis , s = fj0 + fj1 + . . .+ fjs .

➴9!$ 9%1(N$3 9!1D13)+3 (1B!$87+✱ 71=($)3( js > is✱ %" 9"D!197" 9!349%;$@

✷✳✶ "7$ =(349%1;!5@% (1B7+3 8$9!1✿

s = fj0 + fj1 + . . .+ fjs ≥ fjs > fi0 + fi1 + . . .+ fis = s.

❰9%1!95 9!*81F js = is✱ 2"%"(+F =($;"4$% 2 =("%$;"(38$@ 9 *%;3(#43✲

7$3) " )$7$)1!&7"9%$ s =($ (199)"%(37$$ s′ = s− fjs = s− fis ✳ �

❰6,"#"!"2'" ✷✳✷✳ I(349%1;!37$3) !@A"D" Q3!"D" 73"%($Q1%3!&7"D"

8$9!1 ; ?"3)4+77"%#)@ $"$-%'% $7"$.%4"A 71B+;13%95 3D" B1=$9& ; 1!'1✲

;$%3 {0, 1} ; ;$43 2"(%3#1✱ 718$71@:3D"95 $ B12178$;1@:3D"95 34$7$Q3F

✶✸



 !"  #"$%"&' ( )*+ , -(./ 01-'# ,2'1% / "- ! 3✱ ( ,''2("2,2(  , 0*)✲

6'7"! "# ✭✶✷✮✱ &-" "- ! 3* !* j✲# 0*)01-" ')!*<*"2 !*6 < " ,6*&*"#'&' fj

( +0"-,2*(6"!  ✭✶✷✮✱ * !.6= ✖ "&' '2,.2,2( "✳

@*A6 3* +0"-,2*(6"! 1 !*<*6=!B/ < ,"6 #!'7",2(* N0 ( C A'!*<< "✲

('D , ,2"#" ✭&-" #6*-E " 0*)01-B ,+0*(*✮ ,6"-.$%*1✿

✵ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾

✶ ✶✵✶ ✶✵✵✶ ✶✵✵✵✶ ✶✵✶✵✶ ✶✵✵✵✵✶ ✶✵✵✶✵✶ ✶✵✶✵✵✶ ✶✵✵✵✵✵✶ ✶✵✵✵✶✵✶

O A'!*<< "(. , ,2"#. ,< ,6"! 1 .-'A!'  ,+'6=)'(*2= -61 )*+ , A'6=✲

E / P'02"7"D 3"6B/ !"'20 3*2"6=!B/ < ,"6 A") P*P /✲6 A' '&0*! <"! D

 / )!*<"! 1✳ ➶ R2'# ,6.<*" #B )*0*!"" !" )!*"# ("6 < !. 0*)01-!'D ,"2✲

P -61 +0"-,2*(6"! 1 (,"/ < ,"6 ( -(' <!'D , ,2"#" ,< ,6"! 1✳ ➶')#'7"!

 -0.&'D ,6.<*D✱ P'&-* R2* ("6 < !* 0*)01-!'D ,"2P A'6=E*1✱ * < ,6*

( 0*,,#*20 (*"#'# !*A'0" <*,2' (,20"<*$2,1 #*6"!=P "✳ ➮!B# ,6'(*# ✱

C A'!*<< "(. , ,2"#. ,< ,6"! 1 #'7!'  ,+'6=)'(*2= -61 ,7*2 1 !",20.P✲

2.0 0'(*!!'D  !C'0#*3  ✳

❰<"0"-!'D 0*)01- -'A*(61"2,1 !* '<"0"-!'# < ,6" O A'!*<< ✳ U ,6*

'2 fk -' fk+1 − 1 +0"-,2*(61$2,1 k + 1 A 2'#✳ VP'0',2= 0',2* 0*)01-!'D

,"2P ,'&6*,!' 6"##" ✷✳✷ 0*(!* α ≈ 1, 6✳

W0"-,2*(6"! " < ,"6 ( C A'!*<< "('D , ,2"#" ,< ,6"! 1 +')('61"2  /

'-!')!*<!' -"P'- 0'(*2=✳ X*)-"6 2"6=!BD )!*P #"7-. < ,6*# ,2*( 2,1

2*#✱ &-" -("  6 A'6"" "- ! 3 +'-01-✳ ❮*+0 #"0✱ +0"-6'7"!!BD P'-

1101100110001110000100101

'A0*A*2B(*"2,1 0*,,2*!'(P'D 0*)-"6 2"6=!B/ )!*P'(

1, 101, 1001, 10001, 1, 10000100101

 -"P'- 0'(*! "# ✭61 = 0 + 1 + 5 + 55 = f0 + f2 + f5 + f10✮

0, 1, 2, 3, 0, 61.

W0"-,2*(61$2 +0' )('6=!'" < ,6' s ( C A'!*<< "('D , ,2"#" , +'#'✲

%=$ ➽7*-!'&'➾ *6&'0 2#*✳ ❮*/'- # A6 7*DE"" < ,6' O A'!*<< fis ✱ !"

+0"(',/'-1%"" s✿ fis ≤ s < fis+1✳ ➘*6"" (B< 2*"# "&'  ) s✿ s′ = s − fis ✳

W'(2'01"# R2 (B< ,6"! 1 -61 s′✳

W0',2' ,20' 2,1 *6&'0 2# -'A*(6"! 1 "- ! 3B✳ U.2= ,6'7!"" ✕ *6&'✲

0 2# (B< 2*! 1 "- ! 3B✳ ➴%" !"#!'&' ,6'7!"" ✕ *6&'0 2# ,6'7"! 1 -(./

< ,"6 ( C A'!*<< "('D , ,2"#"✳ ➚6&'0 2# .#!'7"! 1 < ,"6 ( C A'!*<< ✲

"('D , ,2"#" .7" ,.%",2("!!' A'6"" ,6'7!BD✳

✶✹



✷✳✹✳ ❐$%&'%() *+,-( .$/+%(00$

➘!" #$%&'" (%##')*)✱ #*#&*",'- '. */012 3*!24'- /'#0!✱ '#5*!2.67&

 !"#$"%& '()*% +!,("-..!✳ ➶ *#1*)0 :&*;* 5<0=#&%)!01'" !0$'& #!0=67✲

,%" !0((%✳

❐!""# ✷✳✹✳ ❐&,0# 12- 3(3#1"!4 .!3 - +!,("-..! 25-!*"( 6)(370✳

➘(:-5-7# ;372(✳ ➴#!' 5<0=5*!*$'&2✱ /&* /'#!% fn+1 ' fn =0!"&#" 1%

c✱ &* ' /'#!% fn−1 ' fn =0!"&#" 1% c✿

fn+1 = ac, fn = bc ⇒ fn−1 = (a− b)c.

A%B B%B f1 ' f2 ).%'(1* 5<*#&C✱ &* ' fn+1✱ fn ).%'(1* 5<*#&C✳

❰()!*!+!,-! ✷✳✸✳ D<0=#&%)!01'0 1%&6<%!21*;* /'#!% n ) )'=0

n = afj + bfj+1, ;=0 a, b ∈ N0, (14)

1%.C)%7& !'10E1*E F*<(*E G'3*1%//'✳

G*<(% ✭✶✹✮ 1%.C)%0&#" B%1*1'/0#B*E✱ 0#!' 0 ≤ b < a < fj+1✳

/!0)!"# ✷✳✸✳ ➘ < :-=1(>( "-7%)- ;"(>( n :-"("!.#3:-< '()*- ✭✶✹✮

#1!"372#""-✳

➘(:-5-7# ;372(✳ D<0=5*!*$'(✱ /&* =!" n #6,0#&)67& =)0 B%1*1'/0✲

#B'0 F*<(C✿ F*<(% ✭✶✹✮ ' n = cfk + dfk+1✱ ;=0 0 ≤ d < c < fk+1✳

➴#!' k > j✱ &*✱ 5<'(01"" ✭✾✮✱ 5<')0=0( B *=1*(6 &'56 <%.!*$01'"

n = cfk + dfk+1 = dfk−1 + (c+ d)fk = . . . = Afj +Bfj+1,

;=0 A < B✳ M%)01#&)* afj + bfj+1 = Afj +Bfj+1 50<05'40( ) )'=0

(a−A)fj = (B − b)fj+1, ;=0 a−A ≥ 0, B − b ≥ 0.

➴#!' 3C 3C!* a − A < 0✱ &* 10<%)01#&)* b < a < A < B 5<')0!* 3C B

5<*&')*<0/'7✳

A*;=% a−A =0!'&#" 1% fj+1 5* !0((0 ✷✳✹ ' a−A < fj+1✳ ❰&#7=% a−A = 0✳

P!6/%E k = j 5<*)0<"0&#" %1%!*;'/1*✳ �

➬%(01% 1%&6<%!21*;* n 1% &<*EB6 /'#0! (a, b, j) '. B%1*1'/0#B*;* <%.✲

!*$01'" ✭✶✹✮ #**&)0&#&)60& B*='<*)%1'7  !"#$"0* :(1(* +!,("-..!✳

➶*.(*$1* #*/0&%1'0 =)6- <%##(*&<011C- #'#&0( #/'#!01'"✱ B*;=% /'#!%

:&*E &<*EB' (*;6& 3C&2 5<0=#&%)!01C ) F'3*1%//'0)*E #'#&0(0 #/'#!01'"✱

B*&*<*0 5<*=0(*1#&<'<60( #!0=67,'( 5<'(0<*(✳

✶✺



 !"#$! ✶✳✷  !"#$%&'() *(+#! ✷✵ . /!'$'(*&+/$0 #('&0'$0 1$ 2& 3(✲

5$'!**(✳

7 &8+9!.(2 . .(8& 20 = 6f1+14f2✳ 7$ +.$0+9.: ✭✾✮ . .(8& 6(f1+f2) = 6f3

>$#:*!&2 20 = 8f2+6f3✳ 7 (2&'(#(  !" #" $ %&' !#?$ (92! 8#) > &8+9!.✲

#&'() afk + bfk+1 > ( a ≤ b✳ ➴+#( %& a > b✱ 9$ > $.& )&9+) .9$ $& :+#$✲

.(& a < fk+1✳ 7 ( &?$ .B>$#'&'(( !#?$ (92 "!/!'*(.!&9  !5$9:✳ ➴+#( %&

a ≥ fk+1✱ 9$ .B>$#')&9+) afk + bfk+1 = (a− fk+1)fk = (b+ fk)fk+1 ✕ ( ()&✲

# +",$ %&'✳ ➶ '!E&2 +#:*!& 20 = (8 − 2)f2 + (6 + 1)f3 = 6f2 + 7f3✳ 7! !

$+'$.'BF E!?$.✿ 20 = f3 +6f4 = 5f4 + f5 ( >$> !.$*'B0 E!? 20 = 0f4 +4f5✳

❰.#/.✳ 20 = 4f5 + 0f6✳

❮!*!#I'$&  !"#$%&'(& 20 = 6f1 + 14f2 . > (.&8&''$2 > (2& & .B5 !'$

+$?#!+'$ +#&8+9.(J (" +#&8:JK&0 #&22B✳

❐$##) ✷✳✺ + ,+-+.+# /$0$1""✳ ➴!23 #/!4  .)/5 6 ( 7/2/" #  ." %/✲

"33 1 : α✱ '7/ α = 1+
√

5
2

✱ . 723"& #!/'  .)/56&  ." !3.!9 6 723"/ : 24✲

%/$ +&!.3 .&6 ;/✱ 6&6 723"& : 24%/$ +&!.3  ." !3.!9 6 723"/ </"4%/$

+&!.3✳ =.  ." %/"3/ ! >)&"9/.!9 ()3 #,+3.&"33 35 : 24%/$ +&!.3  .✲

)/56& </"4%/$ /' +&!.3✳

➘ 6&5&./24!.# ✳ 7$/! 5:8&2 +*(9!9I α > 1 '&(".&+9'B2 ( +$+9!.(2

9 &5:&2$& +$$9'$E&'(&

1 + α

α
=
α

1
.

❒B > (E#( / : !.'&'(J α2 − α − 1 = 0✱ >$#$%(9&#I'B0 /$ &'I /$9$ $?$

 !.&' α = 1+
√

5
2

( +$.>!8!&9 +  !'&& >$#:*&''B2 "'!*&'(&2 α✳

➴+#( %& 9&>& I 5$#IE:J *!+9I α > (2&2 "! .&+I $9 &"$/✱ ! ✶ ✕ "! '$.:J

5$#IE:J *!+9I✱ 9$ !'!#$?(*'$& +$$9'$E&'(& > (2&9 .(8

α
1
= 1

α−1
✱ > (.$✲

8)K(0 / 9$2: %& /.!8 !9'$2: : !.'&'(J✳

2-$3/.4"$ ✷✳✸✳ ➴!23 # )&52 ;/"33 ✭✶✹✮ D:)&.4 .)/: #&"3/ E/2 +3!✲

2/"" !.3✱ #59.4 # 6&+/!.#/ "&+&24" ' )&52 ;/"39 5 2 . / !/+/"3/

n =
n

α+ 1
f1 +

αn

α+ 1
f2,

.  !" #" $ %&' &2' )3.<& 35 ()3</)& ✶✳✷ < ;" ()3</"9.4 :/!6 "/+" 

7 2' ✭:/5 (/)/> 7& "& ( ()&# +",$ %&'✮✳

2-$3/.4"$ ✷✳✹✳ ➴!23 # )&52 ;/"33 ✭✶✹✮ E/2 / a ! !.&#29/. ()3</)" 

✸✽ %  . a + b✱ . # &2' )3.</ ()3</)& ✶✳✷ < ;"  ;37&.4 <3"3<D<

( ()&# +",> %&' # ✭# 5< ;" ✱ +. #!/ %&'3  !" #",/✮✳

✶✻



✷✳✺✳ #$%&'()(*+

✷✳✶✳ ❰$%&'()*+ Φn = {Ckn}nk=0 ✕ -%./01 $*'%+*(23'45 -%677*8*0'/%9

✭Ckn = n1
k!(n−k)! ✮✳ ➶4)*=2*/3 0>% ?.%*&9%@ABCD 7C'-8*D An(t)✳

➶4)*=2*/3 =90./-C Φn ∗ Φ1 * 00 ?.%*&9%@ABCD 7C'-8*D✳ ➶490=/* %/✲

=D@( 7%.+C2C

Ckn+1 = Ckn + Ck−1
n ?.* n ≥ 1, 1 ≤ k ≤ n+ 1.

✷✳✷✳ ➘%-(&(/3 7%.+C24

∑n
k=0 C

k
n = 2n *

∑n
k=0(−1)kCkn = 0✳

✷✳✸✳ ➘%-(&(/3 /%1@0=/9% ➶('@0.+%'@( Ckn =
∑k
j=0 C

j
n−mC

k−j
m * 9490=/*

%/=D@( 7%.+C2C Cn2n =
∑n
j=0(C

j
n)

2
✳

✷✳✹✳ ➘2A -%./01( a = (1, 1, . . . , 1)✱ =%=/%AB0>% *& N 0@*'*8✱ 94)*=2*/3

?.%*&9%@ABCD 7C'-8*D A(t)✳ ➘2A b = (0, 1, 2, . . . , N − 1) 94)*=2*/3 ?.%*&✲

9%@ABCD 7C'-8*D B(t)✱ 94.(&*9 00 )0.0& A′(t)✳

✷✳✺✳ ➬(?*=(/3 )*=2( %/ ✶✵ @% ✷✵ 9 7*$%'())*09%M =*=/0+0 =)*=20'*A✳

✷✳✻✳ O.0@=/(9*/3 )*=2% ✺✵ 9 7*$%'())*09%M =*=/0+0 =)*=20'*A✳

✷✳✼✳ ➘(' '($%. '0=-%23-*5 )*=02 9 7*$%'())*09%M =*=/0+0 =)*=20'*A✿

✶✵✵✶✵✶✵✵✶✶✵✵✵✶✶✶✵✶✳ R/% 6/% &( )*=2( * =-%23-% *5❄ O.0@=/(93/0 =C++C

6/*5 )*=02 9 7*$%'())*09%M =*=/0+0 =)*=20'*A✳

✷✳✽✳ U(&.($%/(/3 (2>%.*/+ * ?.0@2%1*/3 ?.%>.(++C =2%10'*A )*=02 9

7*$%'())*09%M =*=/0+0 =)*=20'*A✳

✷✳✾✳ U(&.($%/(/3 (2>%.*/+ * ?.0@2%1*/3 ?.%>.(++C ?.0@=/(920'*A '(✲

/C.(23'%>% )*=2( 9 -('%'*)0=-%M 2*'0M'%M 7%.+0 W*$%'())*✳

✷✳✶✵✳ X.%M-( )*=02 (a, b, j) @2A ?.0@=/(920'*A ✭✶✹✮ -('%'*)0=-%M 2*'0M✲

'%M 7%.+%M W*$%'())*✱ &(?*=(''(A 9 7*$%'())*09%M =*=/0+0 =)*=20'*A✱

*+00/ 9*@

10100001100001100101.

✃(-%0 )*=2% /(-*+ %$.(&%+ &(-%@*.%9('%❄ ✃(- &(?*=(/3 6/% )*=2% 9 7*$%✲

'())*09%M =*=/0+0 =)*=20'*A❄

✷✳✶✶✳ ➘2A )*=2( ✷✵✶✻ '(M/* -('%'*)0=-CD 2*'0M'CD 7%.+C W*$%'())* *

&(?*=(/3✱ &(-%@*.%9(9 -(1@%0 )*=2% 6/%M /.%M-* 9 7*$%'())*09%M =*=/0+0

=)*=20'*A✳

✷✳✶✷✳ ➘%-(1*/0✱ )/% =90./-( ?%=20@%9(/023'%=/0M -%++C/(/*9'(✱ /✳ 0✳

a ∗ b = b ∗ a✱ * (==%8*(/*9'(✱ /✳ 0✳ a ∗ (b ∗ c) = (a ∗ b) ∗ c✳ O.%90.3/0 /(-10✱

)/% δ = (1, 0, 0, . . .) =2C1*/ '0M/.(23'4+ 620+0'/%+ %/'%=*/023'% =90./-*✿

a ∗ δ = δ ∗ a = a @2A ?.%*&9%23'%M ?%=20@%9(/023'%=/* a✳

✶✼



✸✳ "#$#%&'$()&(*')%(' +,-%.(( / &'0$((

/'$01&-0)&'2

✸✳✶✳ ❰$%&'%() $'&*$+', -,.,/+).0$+01)$/0- 23%/40*

➘!" #$$!%&'()*#" +%!',#$!%**-. *%'/0#+)/%!1*-. $!2,)3*-. (%!#,#*✱

5'/'0-% *)6()!# *)/20)!1*-7#✱ 80#7%*"9/ 80'#6('&":#% ;2*5+## ϕ(x)✳

➚*)!'>#,*29 0'!1 &!" 80'#6('!1*-. ✭&%3$/(#/%!1*-.✮ $!2,)3*-. (%!#✲

,#*✱ $0%&# 5'/'0-. '$*'(*'% 7%$/' 6)*#7)9/ *%80%0-(*-% $!2,)3*-% (%✲

!#,#*-✱ #>0)9/  !"!#$%"&'$&(%'#&% )*+#,&&✳

❰!"#$#%#&'# ✸✳✶✳ B)0)5/%0#$/#,%$5'3 ;2*5+#%3 &%3$/(#/%!1*'3 $!2✲

,)3*'3 (%!#,#*- ξ *)6-()%/$"

f(t) = fξ(t) =M
[

eitξ
]

,

>&% t ✕ &%3$/(#/%!1*)" 8%0%7%**)" ✭t ∈ R✮✳

➶ $!2,)% &#$50%/*'3 $!2,)3*'3 (%!#,#*- ξ #7%%7

f(t) =
∞
∑

k=1

eitxkpk =
∞
∑

k=1

cos(txk) · pk + i
∞
∑

k=1

sin(txk) · pk.

➶ $!2,)% *%80%0-(*'3 ξ $ ;2*5+#%3 8!'/*'$/# p(x) #7%%7

f(t) =

∫ +∞

−∞
eitxp(x)dx =

∫ +∞

−∞
cos(tx)p(x)dx+ i

∫ +∞

−∞
sin(tx)p(x)dx. (15)

B)0)5/%0#$/#,%$529 ;2*5+#9 *)/20)!1*'3 $!2,)3*'3 (%!#,#*- ξ (-✲

,#$!"9/ ,%0%6 80'#6('&":29 ;2*5+#9

fξ(t) = ϕξ(e
it). (16)

E'!*29 .)0)5/%0#$/#52 *%80%0-(*'3 $!2,)3*'3 (%!#,#*- $'&%0F#/

;2*5+#" 8!'/*'$/# p(x)✱ 2&'(!%/('0"9:)" $('3$/()7
∫ ∞

−∞
p(x)dx = 1, p(x) ≥ 0. (17)

G)5F% 6)&)/1 $!2,)3*29 (%!#,#*2 ξ 7'F*' 25)6)*#%7 ;2*5+## 0)$80%✲

&%!%*#" F (x) = P{ξ < x}✱ 2&'(!%/('0"9:%3 $('3$/()7✿
• F (−∞) = 0, F (+∞) = 1✳

• I2*5+#" F (x) *% 2J-()%/✳

• I2*5+#" F (x) *%80%0-(*) $!%()✳

➶ $!2,)% *%80%0-(*'3 $!2,)3*'3 (%!#,#*- ;2*5+#" F (x) *%80%0-(*)✳

G',*%%✱ /0%J2%7 )J$'!9/*29 *%80%0-(*'$/1 F (x) ✭'J'6*),)%7 F ∈ AC(R)✮✱

,/' '6*),)%/ %% 80%&$/)(#7'$/1 ( (#&%

✶✽



F (x) =

∫ x

−∞
p(t)dt

 !"!# $%&'()* +,-.&-/.) p(t) /- /0-1/.023) ✭✶✼✮✳

9"!.)1 /+-/-: +-,&-;- -+)/2&)< &!+"!"=0&-1 /,% 21&-1 0!,) )&= ✕

 !"!# ?2"2'.!")/.) !/'%* $%&'()*✳

 !"#!$% ✸✳✶✳  !"!#$%"&'$&(%'#!) *+,#-&) &.%%$ '/%0+12&% '345✲

'$3!✿

✶✳ fξ(t) 4:"%0%/%,! :"& /1;4. t ∈ R✳

✷✳ fξ(0) = 1✱ |fξ(t)| ≤ 1✳

✸✳ ➴'/& η = aξ + b✱ $4 fη(t) = eitbfξ(at)✳

✹✳ A44$3%$'$3&%✱ +#!B!,,4% 3 4:"%0%/%,&& ✸✳✶ .%C0+ '/+(!5,D.& 3%✲

/&(&,!.& ξ & .,4C%'$34. /4#!/E,4 &,$%F"&"+%.DG *+,#-&5 ' +'/43&).&

✶ & ✷✱ 3B!&.,4 40,4B,!(,4✳

➘4#!B!$%/E'$34✳ @!"0=! A02 %.0!"BA!&)< 0=.!'2*. )# ✭✶✼✮ ✭0 /,% 2!

&!+"!"=0&-1 /,% 21&-1 0!,) )&=✮✳

9"!.C! %.0!"BA!&)! 0=.!'2!. )# 0=',2A-'

fη(t) =M
[

eit(aξ+b)
]

=M
[

eitb · eitaξ
]

= eitbfξ(at).

D!.0!".-! %.0!"BA!&)! 0=.!'2!. )# $-"3%,= -:"2E!&)< ✭'-.-"%* A-✲

'2#=02*. 0 '%"/! 32.!32.) !/'-;- 2&2,)#2 A,< 32.!32.)'-0✮✱ #2A2*E!1

+")"2E!&)! $%&'()) "2/+"!A!,!&)< F (x) /,% 21&-1 0!,) )&= ξ  !"!# ?2✲

"2'.!")/.) !/'%* $%&'()*

F (x2)− F (x1) =
1

2π
lim
N→∞

∫ N

−N

e−itx1 − e−itx2
it

fξ(t)dt. �

 !"#!$% ✸✳✷✳ ➴'/& %'$E #4,%(,4% M
[

|ξ|k
]

✱ $4 '+2%'$3+1$ ,%:"%"D3✲

,D% :"4&B340,D% G!"!#$%"&'$&(%'#45 *+,#-&& 3:/4$E 04 k✲F4 :4")0#! &

f (s)(0) = is ·M [ξs] 0/) 3'%G s ≤ k.

➘4#!B!$%/E'$34✳ H,% 21 k = 1 A,< &!+"!"=0&-1 /,% 21&-1 0!,) )&=✳

92' '2'

∣

∣

∣

∣

∫ +∞

−∞
ixeitxp(x)dx

∣

∣

∣

∣

≤
∫ +∞

−∞
|x| · p(x)dx =M [ |ξ|] <∞,

.- )&.!;"2, 0 ,!0-1  2/.) &!"20!&/.02 /?-A)./< "20&-3!"&-✳ @-I.-3% /%✲

E!/.0%!. +"-)#0-A&2< )&.!;"2,2 ✭✶✺✮ +- +2"23!."% t✱ "20&2< )&.!;"2,% -.

 2/.&-1 +"-)#0-A&-1 +- t +-A=&.!;"2,C&-1 $%&'()) 0 ✭✶✺✮✿

✶✾



f ′ξ(t) = i

∫ +∞

−∞
xeitxp(x)dx, f ′ξ(0) = i ·M [ξ] .

➘!" #$!%% &'($)*+ ,$-".)$& /0/!$1*20$✳ 4-* 56$7 0/.$ 82*6'&/69✱ 26$

)$0%20$(69 *06%1-/!/

∫ +∞

−∞
|x|k · p(x)dx

&!%2%6 )$0%20$(69 /0/!$1*20'+ *06%1-/!$& ( 7%09;*7 k✳

<!82/= .*()-%60'+ (!82/=0'+ &%!*2*0 -/((7/6-*&/>6 /0/!$1*20$ *

./?% ,-$@%✳ �

 !"#$%&'" ✸✳✶✳ ➴!"# $%&'&( )*+*",)-( .&./)% 0&)/+/)✱ %&

M [ξ] = −if ′ξ(0), M
[

ξ2
]

= −f ′′ξ (0), D [ξ] = (f ′ξ(0))
2 − f ′′ξ (0).

+",-"./ ✸✳✸✳ ➴!"# !"2+*()-/ $/"#+#)- ξ1, ξ2, . . . , ξn )/3*$#!#.-✱ %&

fξ1+ξ2+...+ξn(t) = fξ1(t) · fξ2(t) · . . . · fξn(t).

➘&0*3*%/",!%$&✳ <!82/= n = 2✳

fξ1+ξ2(t) =M
[

eit(ξ1+ξ2)
]

=M
[

eitξ1 · eitξ2
]

=M
[

eitξ1
]

M
[

eitξ2
]

= fξ1(t)fξ2(t).

➶$(,$!9B$&/!*(9 -/B!$?%0*%7

eitξ1 · eitξ2 = (cos tξ1 + i sin tξ1)(cos tξ2 + i sin tξ2) =

= (cos tξ1 cos tξ2 − sin tξ1 sin tξ2) + i(cos tξ1 sin tξ2 + cos tξ2 sin tξ1) =

= cos t(ξ1 + ξ2) + i sin t(ξ1 + ξ2) = eit(ξ1+ξ2).

➚0/!$1*20$ & $#@%7 (!82/%✳ �

✸✳✷✳ #$%&'(%)*+ &,- $./.0*1/')*'21)0'$ 34506'7

❰1-"#"!"2'" ✸✳✷✳4$(!%.$&/6%!90$(69 D80)E*= -/(,-%.%!%0*" {Fn(x)}
!"*6& !7&8#%!9 ) D80)E** -/(,-%.%!%0*" F (x)✱ %(!*

lim
n→∞

Fn(x) = F (x)

.!" &(%+ x✱ )$6$-'% (!8?/6 6$2)/7* 0%,-%-'&0$(6* F (x)✳ ❮/!*2*% (!/#$=

(+$.*7$(6* $#$B0/2/%7 Fn ⇀ F ✳

4$(!%.$&/6%!90$(69 D80)E*= {Fn(x)} '*$)&./')& !7&8#%!9 0/ &(%= $(*
) D80)E** F (x)✱ %(!* .!" !>#$1$ ǫ > 0 (8@%(6&8%6 0$7%- N 6/)$=✱ 26$

✷✵



 !" #$%& n > N '  !" #$%& x ∈ R #()*!+"%,$" |Fn(x) − F (x)| < ǫ✳ ❮/!'0'%

1/#+*2%1+*3 $&* '2*$,' *4*5+/0/%2 Fn
−→
−→F ✳

 !"#!$% ✸✳✹✳ ➴!"# $%!"&'%()*&"+,%!*+ -.,/0#1 2)!$2&'&"&,#3 {Fn(x)}
!")4% !5%'#*!3 ,) R / -.,/0## 2)!$2&'&"&,#3 F (x)✱ /%*%2)3 3("3&*!3

,&$2&27(,%1✱ *% 8*) !5%'#9%!*+ 2)(,%9&2,)3✳

➘%/)<)*&"+!*(%✳ ➘!" )1*'5#*!7+*8* ǫ > 0 #(4%1%2 ǫ1 = ǫ
5
✳ ➮5 2*+*,*+✲

+*$,'✱ *81/+'0%++*$,' ' +%)1%1(#+*$,' F (x) #(,%</%, #*52*=+*$,7 #(4*1/

,/<*8* <*+%0+*8* 0'$!/ ,*0%< x1 < x2 < . . . < xm✱ 0,* )1'1/>%+'% F (x) +/

</= *2 '5 )*!?'+,%1#/!*#

(−∞ = x0, x1), [x1, x2), [x2, x3), . . . , [xm, xm+1 =∞)

2%+7@% ǫ1✳ ➘!" </= *8* x ∈ R +/3 %,$" k✱ 0,* x ∈ [xk, xk+1)✳ A/< </<

|Fn(x)− Fn(xk)| ≤ Fn(xk+1)− Fn(xk) ≤

≤ |Fn(xk+1)− F (xk+1)|+ |F (xk)− Fn(xk)|+ F (xk+1)− F (xk),

|F (x)− F (xk)| = F (x)− F (xk) ≤ F (xk+1)− F (xk),

,*

|Fn(x)− F (x)| ≤ |Fn(x)− Fn(xk)|+ |Fn(xk)− F (xk)|+ |F (xk)− F (x)| ≤

≤ |Fn(xk+1)− F (xk+1)|+ 2|Fn(xk)− F (xk)|+ 2(F (xk+1)− F (xk)).

➶*572%2 N ,/<*%✱ 0,* )1' n > N #()*!+"%,$"

|Fn(xk+1)− F (xk+1)| < ǫ1, ' |Fn(xk)− F (xk)| < ǫ1.

A*8 / )1' n > N  !" )1*'5#*!7+*8* x #()*!+"%,$"

|Fn(x)− F (x)| ≤ 5ǫ1 = ǫ. �

C!% ?D>'% ,%*1%2( )1'#% %2 4%5  *</5/,%!7$,# ✭'& 2*=+* +/3,' #

❬✶✺❪✮✳

 !"#!$% ✸✳✺✳ =.!*+ #9&&*!3 $%!"&'%()*&"+,%!*+ {ξn} !".>)1,75 (&✲
"#>#, ! -.,/0#39# 2)!$2&'&"&,#3 Fn(x) # 5)2)/*&2#!*#>&!/#9# -.,/0#✲

39# fn(t) !%%*(&*!*(&,,%✳

➴!"# $%!"&'%()*&"+,%!*+ -.,/0#1 fn(t) !5%'#*!3 (!@'. / ,&/%*%2%1

,&$2&27(,%1 ( ,."& -.,/0## f(t)✱ *% !.A&!*(.&* !".>)1,)3 (&"#>#,) ξ !

f(t) ( /)>&!*(& 5)2)/*&2#!*#>&!/%1 -.,/0## # *)/%1 -.,/0#&1 2)!$2&'&✲

"&,#3 F (x)✱ >*% Fn ⇀ F ✳

✷✶



➴!"# $%!"&'%()*&"+,%!*+ -.,/0#1 2)!$2&'&"&,#3 {Fn(x)} !")4% !5%✲

'#*!3 ,) R / -.,/0## 2)!$2&'&"&,#3 F (x) ,&/%*%2%1 !".7)1,%1 (&"#7#✲

,8 ξ✱ /%*%2)3 #:&&* 5)2)/*&2#!*#7&!/.; -.,/0#; f(t)✱ *% fn(t) → f(t)

(!;'.✳

 !"#!$% ✸✳✻✳ =.!*+ m(k) = M
[

ξk
]

✱ m
(k)
n = M

[

ξkn
]

✕ /%,&7,8& ,)7)"+✲

,8& :%:&,*8✱ Fn(x) ✕ -.,/0## 2)!$2&'&"&,#3✳

➴!"# limn→∞m
(k)
n = m(k)

'"3 (!&5 ,)*.2)"+,85 k✱ *% !.?&!*(.&*

-.,/0#3 2)!$2&'&"&,#3 F (x) = P{ξ < x} ,&/%*%2%1 !".7)1,%1 (&"#7#,8 ξ

❝ ,)7)"+,8:# :%:&,*):# m(k)
✳ ➴!"# *)/)3 -.,/0#3 2)!$2&'&"&,#3 &'#,✲

!*(&,,)✱ *% Fn ⇀ F ✳

 !"#$%&'( )"*+",' -*.*+/) * ,'!*0 #*1'.2"✱ +*!4 2*)*+*0 /-+'%) 5!$✲

7'089" ."!/7/89 ηn✳

 !"#!$% ✸✳✼✳ =.!*+ ζn = ξn + ηn✳ ➴!"# '"3 ";4%A% ǫ > 0 (&2,%

lim
n→∞

P{|ηn| > ǫ} = 0 # Fn ⇀ F,

*% $%!"&'%()*&"+,%!*+ -.,/0#1 2)!$2&'&"&,#3 Gn(x) = P{ζn < x} *%B&

!")4% !5%'#*!3 / F (x)✳

 !"#$%&'( )"*+",' 5!$;/) 2*8)/8$'!489, '8'!*-*, )"*+",9 ✶✳✼✳

 !"#!$% ✸✳✽✳ ➴!"# ,&$2&28(,8& !".7)1,8& (&"#7#,8 ξ1, ξ2 ,&C)(#!#:8✱

*% -.,/0#3 $"%*,%!*# !".7)1,%1 (&"#7#,8 ξ = ξ1 + ξ2 (87#!"3&*!3 /)/

!(&2*/) #!5%',85 -.,/0#1 $"%*,%!*#

pξ(x) =

∫ +∞

−∞
pξ1(t)pξ2(x− t) dt. (18)

➘%/)C)*&"+!*(%✳ ➮8#"25 ξ $ ?'+'2)"+/5)/7"52/? @$82A/0 / @$82A/0

B!*)8*5)/ *B$5)/,✳ C+*."+/,✱ 7)* B+"#!*;"88'( 5."+)2' @$82A/0 B!*)8*✲

5)/ 5',' (.!(")5( @$82A/"0 B!*)8*5)/✳ ❰7"./#8*✱ 7)* p(x) ≥ 0 2'2 5!"#✲

5)./" 8"*)+/A')"!48*5)/ p1(x) / p2(x)✳ ➶97/5!/,✱ ,"8(( B*+(#*2 /8)"-+/✲

+*.'8/( ✭7)* #!( 8"*)+/A')"!489? 5*,8*;/)"!"0 G'2*88*✮✱

∫ +∞

−∞
p(x) dx =

∫ +∞

−∞

(∫ +∞

−∞
p1(t)p2(x− t) dt

)

dx =

=

(∫ +∞

−∞
p1(t) dt

)∫ +∞

−∞
p2(x− t)dx = 1.

➶97/5!/, )", ;" B+/",*, ?'+'2)"+/5)/7"52$% @$82A/% f(t) #!( 5!$✲

7'08*0 ."!/7/89 5 @$82A/"0 B!*)8*5)/ ✭✶✽✮✿

✷✷



f(t) =

∫ +∞

−∞
eitx

(∫ +∞

−∞
p1(z)p2(x− z) dz

)

dx =

=

∫ +∞

−∞

(∫ +∞

−∞
eit(x−z)p2(x− z) dx

)

p1(z)e
itz dz = f2(t)

∫ +∞

−∞
p1(z)e

itz dz.

 !"#$%& '(%"%)*✱ ,% (-%"-.- ✸✳✸ (123- f(t) = f1(t) · f2(t)✳

✸✳✸✳ "#$%&'(')*

✸✳✶✳ ➘67 '6#81&)%& 9-6:8:)* ξ1✱ "1',"-!-6-))%& ,% ;:)%.:16<)%.# =1✲

2%)# ' ,1"1.-("1.: n : p✱ : !67 '6#81&)%& 9-6:8:)* ξ2✱ "1',"-!-6-))%& ,%

=12%)# ?#1''%)1 ' ,1"1.-("%. λ✱ 9*8:'6:(< @1"12(-":'(:8-'2#A B#)2C:A✳

D-"-= @1"12(-":'(:8-'2#A B#)2C:A 9*8:'6:(< .1(-.1(:8-'2%- %3:!1):-

: !:',-"':A E(:@ '6#81&)*@ 9-6:8:)✳

✸✳✷✳ ➘67 ,%21=1(-6<)%$% =12%)1 "1',"-!-6-):7 ' B#)2C:-& ,6%()%'(:

p(x) = λe−λx ,": x > 0 : p(x) = 0 ,": x < 0 ✭$!- λ > 0✮ 9*8:'6:(<

@1"12(-":'(:8-'2#A B#)2C:A✱ .1(-.1(:8-'2%- %3:!1):- : !:',-"':A✳

✸✳✸✳ ➘67 =12%)1 "1',"-!-6-):7 ' B#)2C:-& ,6%()%'(: p(x) = λ
2
e−λ|x|

✭λ > 0✮ 9*8:'6:(< @1"12(-":'(:8-'2#A B#)2C:A✱ .1(-.1(:8-'2%- %3:!1✲

):- : !:',-"':A✳

✸✳✹✳ ➘67 '6#81&)%& 9-6:8:)* ξ✱ "19)%.-")% "1',"-!-6-))%& )1 %("-=2-

[−1, 1]✱ 9*8:'6:(< @1"12(-":'(:8-'2#A B#)2C:A✱ 1 (123- .1(-.1(:8-'2%-

%3:!1):- : !:',-"':A 8-"-= )--✳

➶*8:'6:(- @1"12(-":'(:8-'2#A B#)2C:A : =12%) "1',"-!-6-):7 '6#✲

81&)%& 9-6:8:)* 2ξ✳

✃12 9*$67!:( f2(t) ✕ @1"12(-":'(:8-'217 B#)2C:7 '6#81&)%& 9-6:8:)*

ξ2✱ "19)%.-")% "1',"-!-6-))%& )1 %("-=2- [−2, 2]❄
✸✳✺✳ ?#'(< '6#81&)*- 9-6:8:)* ξ : ξ1 "19)%.-")% "1',"-!-6-)* )1 %(✲

"-=2- [−1, 1] : )-=19:':.*✳ ➶*9-!:(- =12%) "1',"-!-6-):7 '#..* E(:@ 9-✲
6:8:) : 9*8:'6:(- @1"12(-":'(:8-'2#A B#)2C:A✳

✸✳✻✳ ?% @1"12(-":'(:8-'2%& B#)2C:: f(t) = cos t 9%''(1)%9:(- =12%)

"1',"-!-6-):7 '6#81&)%& 9-6:8:)* η✳

✸✳✼✳ ➶%''(1)%9:(- =12%)* "1',"-!-6-):7 '6#81&)*@ 9-6:8:) η1 : η2 ,%

:@ @1"12(-":'(:8-'2:. B#)2C:7. f1(t) = cos2 t : f2(t) = cos3 t✳

✸✳✽✳ ❮1&(: =12%) "1',"-!-6-):7 !67 '6#81&)%& 9-6:8:)* ζ = ξ + η✱ $!-

ξ : η ✕ )-=19:':.*- '6#81&)*- 9-6:8:)* := #,"13)-):& ✸✳✹ : ✸✳✻✳

✸✳✾✳ ➘%213:(-✱ 8(% 9 '6#81- 8-()%& B#)2C:: ,6%()%'(: p(x) @1"12(-":✲

'(:8-'217 B#)2C:7 f(t) !-&'(9:(-6<)17✳

✸✳✶✵✳ ?#'(< ξ1 : ξ2 ✕ )-=19:':.*- : %!:)12%9% "1',"-!-6-))*- '6#81&✲

)*- 9-6:8:)* ' @1"12(-":'(:8-'2%& B#)2C:-& f(t)✳ ➶*8:'6:(- @1"12(-":✲

'(:8-'2#A B#)2C:A η = ξ1 − ξ2✳

✷✸



✹✳ "#$%&#' ()#)*+&#$,+$-&,*$( ./0*1$2✳

"#&3&450'& +&6#&%' 7 +&6#$$ 7&#68+06,+&2

✹✳✶✳ ➘$% &'()*'% $+,(-.*/(0 1%'%23*'(-3(,*-245 67/28((

➶!"#$%& '()*+%# ,$-.)% /0"01+!2 3!.%,$#+%*✳

 !"#$! ✹✳✶ /(0,5#*6%*✳ 70,508++-9 3#$%.%+- a &0:+0 (),,&)5(%✲

3)5< ')' ,$-.)*+-9 3#$%.%+-✱ /(%+%&)9>-9 0"+0 ?+).#+%# a , 3#(085+0✲

,5<9 ✶✳ 70 0/(#"#$#+%9 2)()'5#(%,5%.#,')8 A-+'B%8 "$8 +## ()3+)

f(t) =M
[

eita
]

=
1

∑

k=1

eita · 1 = eita.

❐$##) ✹✳✶✳  !"#$

∫∞
−∞ |ϕ(x)|dx <∞✱ #✳ '✳ ϕ(x) "!(()*!'(+✳

➴"-) ϕ(x) .'#/+0✱ #1
∫∞
−∞ ϕ(x) sin(tx)dx = 0 2*) -341( t✳

➴"-) ϕ(x) /'.'#/+0✱ #1
∫∞
−∞ ϕ(x) cos(tx)dx = 0 2*) -341( t✳

➘16+7+#'-$"#81✳ ➮? -,$03%8 ,-&&%(-#&0,5% ϕ(x) 3!5#')#5✱ .50 01) %+✲

5#D()$)

∫ ∞

−∞
ϕ(x) cos(tx)dx,

∫ ∞

−∞
ϕ(x) sin(tx)dx

,20"85,8 )1,0$95+0 %✱ ,$#"03)5#$<+0✱ 1#?-,$03+0✱ 5✳ #✳ /0(8"0' %2 3!.%,✲

$#+%8 +# 3):#+✳ ➮,20"8 %? E50D0 '):"!* %? +%2 ()3#+ ,0053#5,53-9>#&-

%+5#D()$- 3 ,&!,$# D$)3+0D0 ?+).#+%8 ✭010?+).)#5,8 ,%&30$0& ✈✳ ♣✳ /#(#"

?+)'0& %+5#D()$)✮

v.p.

∫ ∞

−∞
ϕ(x) cos(tx)dx = lim

N→∞

∫ N

−N
ϕ(x) cos(tx)dx,

v.p.

∫ ∞

−∞
ϕ(x) sin(tx)dx = lim

N→∞

∫ N

−N
ϕ(x) sin(tx)dx.

7(% ,A0(&-$%(03)++!2 5(#103)+%82 +) ϕ(x) /0,$#"+%# %+5#D()$! 3 ,0✲

053#5,53-9>%2 ,$-.)82 ')' %+5#D()$! 05 +#.#5+0* A-+'B%% /0 '0+#.+0&-

,%&&#5(%.+0&- /(0&#:-5'- ()3+! ✵✳

 !"#$! ✹✳✷✳ I)()'5#(%,5%.#,')8 A-+'B%8 ,$-.)*+0* 3#$%.%+! ξ✱ (),✲

/(#"#$#++0* /0 +0(&)$<+0&- ?)'0+- (),/(#"#$#+%8 , /)()&#5()&% a = 0✱

σ = 1✱ .50 010?+).%& ξ ∈ N(0, 1)✳

J-+'B%8 /$05+0,5% E50* ,$-.)*+0* 3#$%.%+! ?)")+) A0(&-$0*

p(x) =
1√
2π

exp

(

−x
2

2

)

,

D()A%'0& '050(0* ,$-:%5 '(%3)8 ➹)-,,)✳ ❒+0:%5#$< /#(#" E',/0+#+50*

/0$-.)#5,8 %? 0,+03+0D0 ,30*,53) ✭✶✼✮ ,0D$),+0 %+5#D()$- 7-),,0+)

✷✹



∫ ∞

−∞
e−

x2

2 dx =
√
2π. (19)

➪!"#$%& "'($("#) *+!,%-.& /%--(0 1'"2(-3-#! -% +3"'(-34-("#. 5%$%-✲

#.$*3# %+"(78#-*8 . $%,-(93$-*8 ":(/.9("#) ,"3: /%733 $%""9(#$3--!:

, 2$.93$3 -3"(+"#,3--!: .-#35$%7(,✳ <#(✱ , ",(8 (43$3/)✱ (+3"234.,%3# .

-%7.4.3 >($9*7! (+$%?3-.&✱ . ,(@9(A-("#) /.>>3$3-B.$(,%-.& -3"(+✲

"#,3--(5( .-#35$%7% " 2%$%93#$(9✱ . /$*5.3 ",(0"#,%✳

➴"7. :%$%'#3$."#.43"'%& >*-'B.& f(t) ,!4."7&3#"& 2( >($9*73 ✭✶✺✮

(+$%#-(5( 2$3(+$%@(,%-.& H*$)3✱ #( >*-'B.& 27(#-("#. ,(""#%-%,7.,%3#"&

2( >($9*73 2$&9(5( 2$3(+$%@(,%-.& H*$)3

p(x) =
1

2π

∫ ∞

−∞
f(t)e−itxdt =

1

2π

(∫ ∞

−∞
f(t) cos(tx)dt− i

∫ ∞

−∞
f(t) sin(tx)dt

)

2$. *"7(,.. ":(/.9("#. 1#.: .-#35$%7(,✳

I( >($9*73 ✭✶✺✮ :%$%'#3$."#.43"'%& >*-'B.& f(t) $%,-%

1√
2π

∫ ∞

−∞
e−

x2

2 eitxdx =
1√
2π

(∫ ∞

−∞
e−

x2

2 cos(tx)dx+ i

∫ ∞

−∞
e−

x2

2 sin(tx)dx

)

.

❰#"8/% 2( 73993 ✹✳✶ 2(7*4%39

f(t) =
1√
2π

∫ ∞

−∞
e−

x2

2 cos(tx)dx.

I$(.@,(/-%& 1#(0 >*-'B.. , ,./3 -3"(+"#,3--(5( .-#35$%7% " 2%$%93#✲

$(9 "*?3"#,*3# . ,!4."7&3#"& '%' 4%"#-%& 2$(.@,(/-%& 2( 2%$%93#$* (#

2(/!-#35$%7)-(0 >*-'B.. ✭+7%5(/%$& $%,-(93$-(0 ":(/.9("#. /%--(5( .-✲

#35$%7% . .-#35$%7%

∫∞
−∞xe

− x2

2 sin(tx)dx✮✿

f ′(t) =
1√
2π

(∫ ∞

−∞

∂

∂t
(e−

x2

2 cos(tx))dx

)

= − 1√
2π

(∫ ∞

−∞
xe−

x2

2 sin(tx)dx

)

.

I("73/-.0 .-#35$%7 "4.#%39 2( 4%"#&9

1√
2π

(∫ ∞

−∞
sin(tx)d(e−

x2

2 )

)

=
1√
2π

(

sin(tx)e−
x2

2 |∞−∞ −
∫ ∞

−∞
t cos(tx)e−

x2

2 dx

)

.

M%' '%'

lim
x→±∞

sin(tx)e−
x2

2 = 0,

#( 2(7*4.7.

f ′(t) = −t · 1√
2π

∫ ∞

−∞
e−

x2

2 cos(tx)dx = −tf(t).

I( >($9*73 ✭✶✾✮ .9339 f(0) = 1✳

✷✺



➮!"#✱ %&'()*'* +",")( ✃&.* ,'/ f(t)✿

f ′(t) = −tf(t) %1* 2")"'32&4 (5'&6** f(0) = 1.

78.*4 48!&,"4* ,*998182:*"'32;< (1"6282*= #"# (1"6282*8 5 1"+,8✲

'/?@*4*5/ %8184822;4*✿

df

dt
= −tf, df

f
= −tdt, ln |f | = − t

2

2
+ C.

✃&25!"2!( C 2"=,84 *+ 2")"'32&A& (5'&6*/✿

ln 1 = −02

2
+ C 6'8)8! C = 0.

B&'()*'* <"1"#!81*5!*)85#(? 9(2#:*?

f(t) = e−
t2

2 . �

C&14"'32& D&'88 %1&5!;4 48!&,&4 6;)*5'82*/ <"1"#!81*5!*)85#&= 9(2#✲

:** %1*481" ✹✳✷ 5'(H*! /62&8 6;)*5'82*8✿

f(t) =
1√
2π

∫ ∞

−∞
e−

x2

2 eitxdx =
1√
2π

∫ ∞

−∞
e−

1

2
(x−it)2 dx · e− 1

2
t2 .

➶ 18+('3!"!8 +"482; %8184822&= 6 *2!8A1"'8 %&'()"84 "2"'&A *2!8A1"'"

B("55&2" ✭✶✾✮✳ 7"+'*)*8 !&'3#& 6 !&4✱ )!& N!&! *2!8A1"' &! #&4%'8#52&=

%8184822&= D818!5/ 28 %& ,8=5!6*!8'32&= %1/4&=✱ " %& %"1"''8'32&= 8=

2" #&4%'8#52&= %'&5#&5!*✳ 7"6825!6& N!*< ,6(< *2!8A1"'&6 ,&#"+;6"8!5/

48!&,"4* !8&1** 6;)8!&6✳

➬"48!*4✱ )!& 6&55!"2&6'82*8 9(2#:** %'&!2&5!* p(x) )818+ 6;)*5'82✲

2(? <"1"#!81*5!*)85#(? 9(2#:*? %& 9&14('8 %1/4&A& %18&D1"+&6"2*/

C(138 %& 5(@85!6( %&6!&1/8! ,"22;8 %18&D1"+&6"2*/✳

✹✳✷✳ ➬$%&' (&)*+,- .,/0)

❰5&D&8 485!& 6 #(158 !8&1** 681&/!2&5!8= +"2*4"?! %18,8'32;8 !8&✲

184;✳ ➬!"#$ %#&'()* +),-& &D;)2& ,&#"+;6"?!✱ %18,%&'"A"/ #&28)2&5!3

,*5%815**✳ ❮"%&42*4✱ )!& %&5'8,&6"!8'32&5!3 {ξn} 5'()"=2;< 68'*)*2 2"✲
+;6"8!5/ 28+"6*5*4&=✱ 85'* '?D&= #&28)2;= 2"D&1 N'8482!&6 N!&= %&5'8✲

,&6"!8'32&5!* 28+"6*5*4✳

 !"#!$% ✹✳✶✳ ./,0' ,&/+!1$2- 3-&)+)$2 ξ1, ξ2, . . . , ξn, . . . $-4!3),)✲

62 ) #7)$!"#3# 8!,98-7-&-$2 ✭6!0-6!0)+-,"#- #;)7!$)- <0)* 3-&)+)$

#%#4$!+)6 a =M [ξn]✮✳ ?#@7! 98) &A%#6 ǫ > 0 )6--6

✷✻



lim
n→∞

P

(∣

∣

∣

∣

ξ1 + ξ2 + . . .+ ξn
n

− a
∣

∣

∣

∣

< ǫ

)

= 1.

➘!"#$#%&'()%*!✳ ❚!" "!" #$%&!'()* +*$,&,() -!#.-*/*$*() 0/,(!"0✲

+0✱ 30 0405(!&,6 7!-!"3*-,#3,&*#"%8 9%(":,8 "!;/0' ,5 (,7 f(t)✱ ! (*

fξn(t)✳ =!5$0;,6 ** .0 90-6%$* >*'$0-!✱ ,#.0$?5%@ 3*0-*6) ✸✳✶ , ✸✳✷

f(t) = f(0) + f ′(0)t+
f”(0)

2!
t2 + o(t2) = 1 + ita+ tε(t), (20)

D/* ε(t)→ 0 .-, t→ 0✳ E0 3*0-*6* ✸✳✸

fξ1+ξ2+...+ξn(t) = (f(t))n = (1 + ita+ tε(t))n,

D/* 0405(!&,6 ηn = ξ1+ξ2+...+ξn
n

✳ E0 .%("3% ✸ 3*0-*6) ✸✳✶ .0$%&,6 #003✲

(0F*(,*✱ " "03-06% .-,6*(,6 .-*/*$?()' .*-*70/ +30-0D0 5!6*&!3*$?(0D0

.-*/*$!

fηn(t) =

(

1 + i
t

n
a+

t

n
ε(t/n)

)n

→ eita.

E0$%&*((!@ .-*/*$?(!@ 9%(":,@ *#3? 7!-!"3*-,#3,&*#"!@ 9%(":,@ "0(✲

#3!(3) a✱ 9%(":,@ -!#.-*/*$*(,@ "030-0'

F (x) = 0 .-, x ≤ a , F (x) = 1 .-, x > a.

E0 3*0-*6* ✸✳✺ .-, $8406 x 6= a ,6**6 limn→∞ Fηn(x) = F (x)✳ ❰3#8/!

/$@ .-0,5+0$?(0 5!/!((0D0 ǫ > 0

P(|ηn − a| < ǫ) = P(a− ǫ < ηn < a+ ǫ) ≥ P(a− ǫ

2
< ηn < a+ ǫ) =

= Fηn(a+ ǫ)− Fηn(a−
ǫ

2
)→ F (a+ ǫ)− F (a− ǫ

2
) = 1− 0 = 1. �

✹✳✸✳ #$%&'()*%(+ ,'$-$)*%(+ &$.'$/(

E-*/$0;,6 #$*/%8I,' +!-,!(3 J30' 3*0-*6)✳

 !"#!$% ✹✳✷✳ ,-)%( )'-.#/01& *&'2.201 ξ1, ξ2, . . . , ξn, . . . 0&$#*2)231✱

!520#"!*! 6#)76&5&'&01 2 23&8% "!0&.0-8 52)7&6)28✳ ,!'#9#&3 a =M [ξk]✱

σ2 = D [ξk]✳ :!95# 7!)'&5!*#%&'(0!)%( ;-0"<2/ 6#)76&5&'&02= -)6&50&001>

)'-.#/01> *&'2.20 ηn = ξ1+ξ2+...+ξn−na
σ
√
n

6#*0!3&60! )>!52%)= " ;-0"<22

6#)76&5&'&02= F (x) = 1√
2π

∫ x

−∞ e−
u2

2 du )'-.#/0!/ *&'2.201 ξ ∈ N(0, 1)✳

✷✼



➘!"#$#%&'()%*!✳  !"#$%&'() ηn =
∑n
k=1

ξk−a
σ
√
n
✳ +&,-./() 0&!&1%"!(✲

$%(3"$145 64718(5 $-43&97.9 '"-(3(7: ξk − a ;. 6.!)4-" <"9-.!& ✭✷✵✮✿

fξk−a(t) = 1 + itM [ξk − a]−
t2

2
M [ξk − a]2 + t2ε(t) = 1− t2σ2

2
+ t2ε(t).

 . %".!")" ✸✳✸ 0&!&1%"!($%(3"$1&C 64718(C $4)):

∑n
k=1(ξk− a) !&'7&

f∑(ξk−a)(t) =

(

1− t2σ2

2
+ t2ε(t)

)n

.

❰%$5#& ;. ;471%4 ✸ %".!"): ✸✳✶

fηn(t) = f∑(ξk−a)(
t

σ
√
n
) =

(

1− t2

2n
+

t2

n2σ2
ε

(

t

σ
√
n

))n

.

 . '%.!.)4 ,&)"3&%"-F7.)4 ;!"#"-4 limn→∞ fηn(t) = exp(− t2

2
), 3%. $.✲

G-&$7. ;!()"!4 ✹✳✷ $-4/ (% 0&!&1%"!($%(3"$1.9 6 4718("9 #-C ξ ∈ N(0, 1)✳

 . %".!")"✸✳✺ $-"#4"% $-&J&C $0.#().$%FFηn ⇀ F✱1.%.!&C ' $..%'"%$%'((

$ %".!").9 ✸✳✹ ;!"'!&L &"%$C ' !&'7.)"!745 Fηn
−→
−→F✳ �

M "7%!&-F7&C ;!"#"-F7&C %".!")& '"!7& ( ' $-43&" !&,7.!&$;!"#"-"7✲

7:0 $-&G&"):0✳  !"#-./ () '&!(&7% ' '(#" %".!"): ❐ C;47.'&✱ 1.%.!&C

#.1&,:'&"%$C %./ " 3"!", 0&!&1%"!($%(3"$1(" 6 4718((✳

 !"#!$% ✹✳✸✳ , -)% ( )'-.#/01& *&'2.201 ξ1, ξ2, . . . , ξn, . . . 0&$#*2)231

2 23&4% "!0&.01/ % 5&% 2/ #6)!'4% 01/ 3!3&0% ✳, !'!7 23

ak =M [ξk] , b2k = D [ξk] , c3k =M |ξk − ak|3 ,

An =
n

∑

k=1

ak, B2
n =

n
∑

k=1

b2k, C3
n =

n
∑

k=1

c3k.

➴)'2 limn→∞
Cn

Bn
= 0✱% !

lim
n→∞

P

(

ξ1 + ξ2 + . . .+ ξn −An
Bn

< x

)

= F (x) =
1√
2π

∫ x

−∞
e−

u2

2 du.

✹✳✹✳ "#$%&'(')*

✹✳✶✳➘ -C $-43&97.9 '"-(3(7: ξ ∈ N(a, σ)✱!&$;!"#"-"77.9 ;.7.!)&-F7.✲

)4 ,&1.74 $ ;&!&)"%!&)( a ( σ✱':3($-(%F 0&!&1%"!($%(3"$145 6 4718(5✳

✹✳✷✳ 4$%F ξ1 ∈ N(a1, σ1)✱ξ2 ∈ N(a2, σ2) ( 7",&'($():✳➶:3($-(%F 3"!",

0&!&1%"!($%(3"$145 6 4718(5 $-43&97.9 '"-(3(7: ξ = ξ1 + ξ2 "" ,&1.7

!&$;!"#"-"7(C ( ;&!&)"%!: ,&1.7&✳

✷✽



✺✳ "#$%&#'(%)'*+$ ,-#.$

✺✳✶✳ ❰$%&'&(&)*& $%&+,%-.+/-)*0 12%3&

 !"#$%!&' ()*+,#-+, .,/0 "!1$*$ 1/),2/!",3!($4 56/-)✱ 1)/38) $"

+,',/89 /!"#$%!&'*4 #$:- +,(*'!(',; 1)/)< $(')=/!#,0✳ ➪6<)0 1,#-",✲

3!'-*4 *#)<6&A); .,/0,;✳

❰!"#$#%#&'# ✺✳✶✳B/),2/!",3!($)0 56/-) *600$/6)0,; .6(+C$$ f(x)

(!",3)0 .6(+C$&

F (t) =
1√
2π

∫ ∞

−∞
f(x)e−itxdx.

➴*#$ $*9,<(!4 .6(+C$4 <,*'!',%(, ➽9,/,:!4➾ ✭1/$0)/,0 ➽9,/,:);➾

.6(+C$$ *#6H$' f(x) = exp(−x2

2
)✮✱ ', 3,"0,H(, 3,**'!(,3#)($) $*9,<(,;

.6(+C$$ 1, .,/06#) ,2/!'(,=, 1/),2/!",3!($4 56/-)

f(x) =
1√
2π

∫ ∞

−∞
F (t)eitxdt.

➘#4 *,+/!A)($4 "!1$*$ $*1,#-"6&' ,1)/!',/(6& .,/06 ,2,"(!%)($4

F [f ](t) = F (t) =
1√
2π

∫ ∞

−∞
f(x)e−itxdx. (21)

F−1[f ](t) =
1√
2π

∫ ∞

−∞
f(x)eitxdx.

➬,-#.,&'#✳ B/$3)<)0 </6=$)✱ 3*'/)%!&A$)*4 3 6%)2($+!9✱ .,/08 "!✲

1$*$ 1/),2/!",3!($4 56/-) $ *,,'3)'*'36&A$) $0 .,/08 ,2/!'(,=, 1/)✲

,2/!",3!($4 56/-)✿

F1(t) =

∫ ∞

−∞
f(x)e−itxdx, f(x) =

1

2π

∫ ∞

−∞
F1(t)e

itxdt,

F2(t) =
1

2π

∫ ∞

−∞
f(x)e−itxdx, f(x) =

∫ ∞

−∞
F2(t)e

itxdt,

F3(t) =

∫ ∞

−∞
f(x)e−2πitxdx, f(x) =

∫ ∞

−∞
F3(t)e

2πitxdt.

❰28%(, 382$/!&' ,<(6 $" M'$9 %)'8/)9 .,/0 $ $"#,H)($) 3)<)'*4 ',#-✲

+, <#4 ())✳ 5,/0! F1 6<,2()) 1/$ $**#)<,3!($$ *3,;*'3 1/),2/!",3!($4

56/-) *600$/6)0,; .6(+C$$✳ 5,/06 F2 08 $*1,#-",3!#$ 1/$ 1,*'/,)($$

9!/!+')/$*'$%)*+,; .6(+C$$ 3 '),/$$ 3)/,4'(,*');✳ 5,/0! F3 1,"3,#4)'

3,,2A) () "!2,'$'-*4 , +,(*'!(') 1)/)< $(')=/!#,0✱ *$00)'/$%(!✱ (, 2,#))

=/,0,"<+!✳

✷✾



❰!"#$"#% &"#'%!($# )*"+,-.✱ 012 +#(#345 #63%0%1%"# 63%#7389#$8"-%

:*3;%✱ !#!(8$12<(  !""#$!%"&% '!()*##✱ (✳ %✳ )*"+,-- +18!!8 L(−∞,∞)✳

>8+'% *+894$8<( f ∈ L(R)✱ %!1- f(x) -"(%?3-3*%&8 ✭$#9&#'"# +8+ "%!#7✲
!($%""4. -"(%?381 #( "%#?38"-B%""#. )*"+,--✮ "8 1<7#& +#"%B"#& -"(%3✲

$81% - +#"%B%" -"(%?381

∫ +∞
−∞ |f(x)|dx✱ +#(#34. #63%0%12%( "#3&* )*"+,--

$ D(#& 63#!(38"!($%✿

‖f‖1 =

∫ +∞

−∞
|f(x)| dx.

❮86#&"-& )#3&*1* "#3&4 $ 63#!(38"!($%C[a, b] "%63%34$"45 )*"+,-.

‖f‖∞ = max
x∈[a,b]

|f(x)|,

8 (8+'% $ 63#!(38"!($% )*"+,-.✱ !*&&-3*%&45 $ +$8038(% ✭(✳ %✳ $ L2(R)✮✿

‖f‖2 =

√

∫ +∞

−∞
|f(x)|2 dx.

➘81%+# "% $!% !*&&-3*%&4% )*"+,-- 2$12<(!2 ➽5#3#I-&-➾✳ ➶(#382 -9

)#3&*1 63%#7389#$8"-2 :*3;% !1*'-( '+$"!,+- +.$/0%(#1 - $46#1"2%(!2

"% $!%?08✳ ➴% !638$%01-$#!(; 0#+894$8<( 63- "%+#(#345 0#6#1"-(%1;"45

#?38"-B%"-25 "8 -!5#0"*< )*"+,-< f(x)✱ 8 "%!#7!($%""4. -"(%?381 6# $!%.

#!- $ "%. B8!(# 6#"-&8<( +8+ -"(%?381 $ !&4!1% ?18$"#?# 9"8B%"-2

v.p.

∫ +∞

−∞
ϕ(x) dx = lim

N→∞

∫ N

−N
ϕ(x) dx.

✺✳✷✳ ➶$% $ &'()*$+ ),-./01$+ 2-0),-.3)*.1$+ 4&-50

➶42!"-&✱ +8+*< )*"+,-< 63%0!(8$12%( 63%#7389#$8"-% :*3;%✳

 !"#!$% ✺✳✶✳ ➴ ,# f ∈ L(R)✱ 4+✿

• '!()*#1 F (t) +6$%7%,%(/ 7,1 ,8.+9+ t ∈ (−∞,∞)❀

• limt→±∞ F (t) = 0❀

• F ∈ C(R)✱ 4✳ %✳ 6$%+.$/<+=/(#% >!$?% ✕ (%6$%$&=(/1 '!()*#1✳

➘+)/</4%,? 4=+✳ :*"+,-2 |f(x)| !1*'-( &8'#38"(#. 012 -"(%?3818
∫∞
−∞f(x)e

−itxdx✱ 6#D(#&* #" !5#0-(!2 87!#1<("# 63- 1<7#& t✳

M5#0-&#!(; D(8 "% (#1;+# 87!#1<("82✱ "# - 38$"#&%3"82 012 "%!#7!($%"✲

"#?# -"(%?3818 ! 6838&%(3#&✳ M(8"083("4. 63- 0#+898(%1;!($85 63-%& !#✲

!(#-( $ (#&✱ B(# 08""4. -"(%?381 &#'"# 3897-(; "8 (3- !18?8%&45✿

✸✵



∫ N

−∞
f(x)e−itxdx+

∫ N

−N
f(x)e−itxdx+

∫ ∞

N

f(x)e−itxdx. (22)

➶!"#$%&' N (%)#'✱ +(,"! )$%-.#& #.(&/$%0! ✭➽34,5(!➾✮ 8, ',9:0;

"!0# '%0! ✭'&.<=&

ǫ
3
✮✱ # %.%0#>#$:&' ,8$&9&0&..!- #.(&/$%0 ✭5$&9.#-✮✳

➘0A 9,)%>%(&0<5(4% 4(,$,/, :(4&$B9&.#A #58,0<>:&(5A  !""# $%"#&#✱ 4

),(,$,- :(4&$B9%&(5A

lim
t→±∞

∫ N

−N
f(x)e−itxdx = 0.

C$# 9,)%>%(&0<5(4& ($&(<&/, :(4&$B9&.#A '&(,9 $%>"#&.#A ✭✷✷✮ 8$#'&✲

.A&(5A 90A #.(&/$%0% ,( $%>.,5(# 94:3 F:.)G#-

F1(t2)− F1(t1) =

∫ ∞

−∞
f(x)(e−it2x − e−it1x) dx.

C,0,B#' t2 > t1✱ +(,"! ∆t = t2 − t1 "!0, 8,0,B#(&0<.!'✳ ➶!"&$&' N
(%)#'✱ +(,

∫ −N

−∞
|f(x)|dx < ǫ

6
,

∫ ∞

N

|f(x)|dx < ǫ

6
,

+(,"! ,G&.#(< ➽34,5(!➾ ✭,G&.#4%&' |e−it2x − e−it1x| ≤ 1 + 1 = 2✮✿

∣

∣

∣

∣

∫ −N

−∞
f(x)(e−it2x − e−it1x) dx

∣

∣

∣

∣

<
ǫ

3
,

∣

∣

∣

∣

∫ ∞

N

f(e−it2x − e−it1x) x)|dx
∣

∣

∣

∣

<
ǫ

3
.

➚.%0,/#+., ,G&.#4%&' |e−iϕ − 1| ≤ |ϕ| 5,/0%5., 50&9:;J#' 4!)0%9)%'✿
e−iϕ − 1 = cosϕ− 1− i sinϕ✱

√

(cosϕ− 1)2 + sin2 ϕ =
√

2− 2 cosϕ =

√

4 sin2 ϕ

2
= 2 sin |ϕ/2| ≤ |ϕ|.

➴50# ,",>.%+#' K =
∫ N

−N|f(x)|dx✱ (, 90A 5$&9.&/, #.(&/$%0%
∫ N

−N
f(x)e−it1x(e−i∆tx − 1) dx

4!"#$%&' ,/$%.#+&.#& 90A ∆t 4#9% δ = ǫ
3KN

✳ L,/9% M(,( #.(&/$%0 ,G&.#'

∣

∣

∣

∣

∫ N

−N
f(x)e−it1x(e−i∆tx − 1) dx

∣

∣

∣

∣

≤ K · 1 · |∆tx| ≤ KNδ =
ǫ

3
.

➘,)%>%0# $%4.,'&$.:; .&8$&$!4.,5(<✿ |F (t2)− F (t1)| < ǫ✱ &50# ∆t < δ✳ �

❰9.%), 9,)%>%(< 5:''#$:&',5(< 8$&,"$%>,4%.#A O:$<& F [f ] = F 4 ,"✲

J&' 50:+%& .&4,>',B.,✳ ➘&-5(4#(&0<.,✱ "&> 9,8,0.#(&0<.!3 ,/$%.#+&.#-

F,$':0% ,"$%J&.#A .& 4!8,0.A&(5A✳ C,9(4&$9#' M(, 8$,5(!' 8$#'&$,'✳

✸✶



 !"#$! ✺✳✶✳  !"#$!%&#'%()" *+!," -!./#+0#1,(#0# )/-+1,2%✳ ➶56)2✲

1)/ -!"#$!%&#'%()" *+!," 8+(9:))

f(x) = 1 -!) |x| < a, f(x) = 0 -!) |x| ≥ a.

;"<"()"✳ ➶56)21)/

F1(t) =

∫ a

−a
e−itx dx = − 1

it
e−itx|a−a =

−e−ita + eita

it
=

2 sin ta

t
,

-#=>#/+ F (t) =
√

2
π
· sin at

t
-!) t 6= 0 ) F (t) = a

√

2
π
-!) t = 0✳ ➘%((%.

8+(9:). @#>. ) ("-!"!5'(%✱ (# (" 2+//)!+"/%✿ F /∈ L(R)✳ C1"D#'%>"1,(#✱
8#!/+1% #$!%E"(). D1. ("" (" )/""> /"2>%✳

❰)!$*$+$,"$ ✺✳✷✳ *+(9:). ϕ(x) (%&5'%">2.  !"#$% &'(✱ "21) ' >#69%@

!%&!5'%

ϕ(x) =
1

2
(ϕ(x− 0) + ϕ(x+ 0)) =

1

2

(

lim
x→x−0

ϕ(x) + lim
x→x+0

ϕ(x)

)

.

❰)!$*$+$,"$ ✺✳✸✳ ➶ >#69" x0 '5-#1("(# #)$'*+! ➘+&+ D1. 8+(9:))

f(x)✱ "21) D1. ("9#>#!#0# h > 0 2@#D.>2. ("2#$2>'"((5" )(>"0!%15

∫ h

0

f(x0 + u)− f(x0 + 0)

u
du,

∫ h

0

f(x0 − u)− f(x0 − 0)

u
du.

/$0!$#1 ✺✳✷ ✭➘","✮ ➴)$+ f ∈ L(R)✱ f(x)  !"#$% &/ * 0'12! x0 + *

0'12! x0 *34'$&!&' #)$'*+! ➘+&+✱ 0' * 50'( 0'12! *34'$&!&' #)$'*+!

'6 /7!&+%

f(x0) =
1√
2π
v.p.

∫ ∞

−∞
F (t)eitx0dt =

1√
2π

lim
N→∞

∫ N

−N
F (t)eitx0dt. (23)

5+$*678"$ ✺✳✶ ➴)$+ 8#&29+% )#::+ #!:/✱  !"#$% &/✱ 2#)'1&' &!4 !✲

 3*&/ + 2#)'1&' <+88! !&9+ #!:/ &/ $=6': 2'&!1&': +&0! */$!✱ 0' *'

*)!> 0'12/> *34'$&%!0)% 8' :#$/ '6 /7!&+% ✭✷✸✮✳

 !) '5-#1("()) +21#')F #$!%E"(). /#G(# -!./#" -!"#$!%&#'%()" ✭✷✶✮

-#D2>%')>, ' #$!%>(#" -!"#$!%&#'%()" *+!," ✭✷✸✮ ✭' ')D" )(>"0!%1% ' 2/52✲

1" 01%'(#0# &(%6"().✮ ) -#1+6)>, 21"D+ME"" -!"D2>%'1"()"✱ 9#>#!#" (%&5✲

'%M> +&0!" /$': D# E! ✿

f(x) =
1

2π
lim
N→∞

∫ N

−N

∫ ∞

−∞
f(u)eit(x−u) dudt.

✸✷



✺✳✸✳ #$%&'($) *+,%-+).%$)/01 23+4, '3550+3,5%& 63/7800

 !"#$%&'('")✱ +,% !'--)',!./'")0" 12345.. f(x)✱ g(x)✱ fn(x) -2)).!2✲

")0 3' R✳ ➘!2(." #%$%&3.,"&930" $!"#$%&%:"3.; <2#") 24'=0/',9 %,#"&9✲

3%✳ ➶ 4'+"-,/" %#3%(% .= ,'4.? #%$%&3.,"&930? $!"#$%&%:"3.@ /0-,2$'",

,!"<%/'3." '<-%&A,3%@ 3"$!"!0/3%-,. 12345.@✱ 4&'-- 4%,%!0? %<%=3'+.)

-.)/%&%) AC✳ ➶ B,.? $!"#$%&%:"3.;? /0$%&3;A,-; -&"#2AC." -/%@-,/'✳

✶✳ ❐.3"@3%-,9✳

F [αf + βg] = αF [f ] + βF [g], α, β ∈ R.

✷✳ G?%#.)%-,9 !'/3%)"!3';✳

➴-&. limn→∞ ‖fn − f‖1 = 0✱ ,% F [fn]
−→
−→F [f ] $!. n→∞ 3' (−∞,∞)✳

✸✳  !"%<!'=%/'3." J2!9" $!%.=/%#3%@✳

➴-&. f ∈ AC[−N,N ] #&; &A<%(% N . f, f ′ ∈ L(R)✱ ,%

F [f ′](t) = itF [f ](t).

✃'4 -&"#-,/."✱ / -&2+'" f, f ′, . . . , f (k) ∈ L(R)✱ f (k−1) ∈ AC[−N,N ] .)"")

F [f (k)](t) = (it)kF [f ](t).

✹✳ G/;=9 )":#2 (&'#4%-,9A . -4%!%-,9A 2<0/'3.;✳

➴-&. f, f ′, . . . , f (k) ∈ L(R)✱ f (k−1) ∈ AC[−N,N ]✱ ,%

F [f ](t) = o(|t|−k) $!. t→∞.

✺✳ N-&%/.; %<!'C"3.;✳

➴-&. f, f ′, f ′′ ∈ L(R)✱ ,% F [f ] ∈ L(R) . f(x) = 1√
2π

∫∞
−∞F (t)eitxdt✳

❰!"#$#%#&'# ✺✳✹✳  !"#$%&' 12345.@ 3'=%/")

(f ∗ g)(x) = 1√
2π

∫ ∞

−∞
f(t)g(x− t) dt.

✻✳  !"%<!'=%/'3." J2!9" -/"!,4.✳

F [f ∗ g] = F [f ] · F [g]

✕ $!"%<!'=%/'3." J2!9" -/"!,4. -2)).!2")0? 12345.@ !'/3% $!%.=/"#"✲

3.A .? $!"%<!'=%/'3.@ J2!9"✳

✼✳  !"%<!'=%/'3." J2!9" $!%.=/"#"3.;✳

➴-&. /"!30 2-&%/.; %<!'C"3.; ✭3'$!.)"!✱ f, f ′, f ′′, g, g′, g′′ ∈ L(−∞,∞)✮✱

,% $!"%<!'=%/'3." J2!9" $!%.=/"#"3.; !'/3% -/"!,4" $!"%<!'=%/'3.@ J2✲

!9"✱ ,✳ "✳ F [f · g] = F [f ] ∗ F [g]✳

✸✸



✽✳ "#$%&'$()*+ ,#-$.#*&$'*)%+ /0#1-✳

➴34% 3055%#0-56 )* R 70)89%% f(x) % xf(x)✱* F (t) = F [f ](t)✱;$ ,#-✲

$.#*&$'*)%- / 0#1- 7 0)89%% −ixf(x) #*')$ F ′(t)✿

f(x) 7→ F (t) ⇒ −ixf(x) 7→ F ′(t).

✾✳" #-$.#*&$'*)%- / 0#1- ' &*'%3%5$3;% $; ?-;)$3;% 7 0)89%%✳

➴34% f(x) ?-;)*+✱;$ F [f ](t) (-@3;'%;-41)$&)*?)*+✳

➴34% f(x) )-?-;)*+✱;$ F [f ](t) ?%3;$ 5)%5*+ 8$5,4-83)$&)*?)*+✳

✶✵✳C-$#-5* &*,*&(6'*)%+✳

➴34% ϕ(x) = f(x+ b)✱;✳-✳)*D * 7 0)89%+ -3;1 3('%E ,$ $3% ❖ ① %3H$()$@

7 0)89%%✱;$

f(x) 7→ F (t) ⇒ ϕ(x) = f(x+ b) 7→ F (t) · eibt.

✶✶✳C-$#-5* ,$($.%+✳

➴34% ϕ(x) = f(ax)✱E(- a > 0✱;✳ -✳)*D * 7 0)89%+ -3;1 3I *;%- ,$ $3% ❖ ①

%3H$()$@ 7 0)89%%✱;$

f(x) 7→ F (t) ⇒ ϕ(x) = f(ax) 7→ 1

a
F (t/a).

✺✳✹✳ #$%&'()(*+

✺✳✶✳➶6?%34%;1 ,#-$.#*&$'*)%- / 0#1- ;#-0E$41)$E$ %5,0413*✿

f(x) = 0 ,#% x ∈ (−∞, 1) ∪ (1,∞)✱f(x) = x+ 1 ,#% x ∈ [−1, 0]✱f(x) = 1− x
,#% x ∈ [0, 1]✳

✺✳✷✳➶6?%34%;1 ,#-$.#*&$'*)%- / 0#1- 7 0)89%@ f1(x)✱f2(x)✱f(x)✿

f1(x) = e−λx ,#% x ∈ (0,∞) % f1(x) = 0 ,#% x < 0 ❀

f2(x) = eλx ,#% x < 0 % f2(x) = 0 ,#% x > 0❀

f(x) = e−λ|x|❀✭&(-31 λ > 0✮✳

✺✳✸✳➶6?%34%;1 ,#-$.#*&$'*)%- / 0#1- 7 0)89%% f(x) = 1
1+x2

✳

✺✳✹✳➶6?%34%;1 ,#-$.#*&$'*)%- / 0#1- 7 0)89%% g(x) = x
1+x2

✳

✺✳✺✳➶6?%34%;1 3'-#;80 f1 ∗f1 7 0)89%% f1(x) %&0,#*I )-)%+ ✺✳✷ 33$.$@✳
➶6?%34%;1 ,#-$.#*&$'*)%- / 0#1- ,$40?-))$@ 3'-#;8%✱* ;*8I - ,#-$.#*&$✲

'*)%- / 0#1- 7 0)89%% xf1(x)✳

✺✳✻✳➶6?%34%;1 ,#-$.#*&$'*)%- / 0#1- 7 0)89%% e−|2x+4|✳

✺✳✼✳➶6?%34%;1 ,#-$.#*&$'*)%- / 0#1- 7 0)89%@ 1
(1+x2)2

% x
(1+x2)2

✳

✸✹



✻✳ "#$%&#'(%)'*+$ ,-#.$ /01 2-*34+5✱

7-88+#-$89: ) 3)'/#';$

✻✳✶✳ #$%&$'( )*(+,$&$*-

➴!"# $%&'(#) &* !%++#,%*+-✱ /0 1,*02,-304-&#* 5%,6* +07*/ # &* !%✲

9*!/404-/6✳ ➶ <-!/&0!/#✱ *!"# $%&'(#) !%++#,%*+- 4 '4-=,-/*✱ /0 +> &*

?-,-&/#,%*+ =") &** !@0=#+0!/# #&/*?,-"- ✭✷✶✮ =-7* 4 !+>!"* ?"-4&0?0

3&-<*&#)✳ E0F/0+% 4 1,0!/,-&!/4* L2(−∞,∞) 1,*02,-304-&#* 5%,6* 01,*✲

=*")*/!) 10✲=,%?0+%✳

➪*!'0&*<&0+*,&0* 1,0!/,-&!/40✱ 4 '0/0,0+ 01,*=*"*&0 !'-"),&0* 1,0✲

#34*=*&#*✱ &-3>4-*/!)  !"#$%&'()*+✳ ➶ '0+1"*'!&03&-<&0+ 1,0!/,-&!/4*

L2(−∞,∞) 440=)/ ,&+!'()( !'-"),&0* 1,0#34*=*&#*

(f, g) =

∫ ∞

−∞
f(x)g(x)dx.

❰&0 02"-=-*/ =") 4!*@ x, y, z ∈ L2(−∞,∞) !40I!/4-+#✿

• (x, y) = (y, x)❀

• (x, y + z) = (x, y) + (x, z)✱ (x+ y, z) = (x, z) + (y, z)❀

• (λx, y) = λ(x, y)✱ (x, λy) = λ(x, y)✱ ?=* λ ∈ C✳

❮-10+&#+✱ </0 L2[a, b] ⊂ L[a, b]✳ M"*=%N9-) /*0,*+- 0/&0!#/!) ' <#!"%

$%&=-+*&/-"6&>@ ,*3%"6/-/04 # 1,#40=#/!) 40 +&0?#@ %<*2&#'-@ 10 $%&'✲

(#0&-"6&0+% -&-"#3% # /*0,## #&/*?,-"04 5%,6*✳ ➘") &** 44*=*+ 0203&-✲

<*&#* &04>@ $%&'(#I FN (t) = 1√
2π

∫ N

−N f(x)e
−itxdx✳

 !"#!$% ✻✳✶ ✭*+%,-!#!+.✮ ➴."! f ∈ L2(−∞,∞)✱ '(✿

• 1"2 "3$( ( N 45678!2 FN (t) 9&!6:1"%;!' 9&(.'&:6.')5 L2(−∞,∞)❀

• 9&! N → ∞ ,'! 45678!! .=(12'.2 9( 6(&+% 1:66( ( 9&(.'&:6.'):

7 6%7('(&(> F ∈ L2(−∞,∞)✱ '✳ %✳ limN→∞ ‖FN − F‖2 = 0❀

• )*9("62%'.2 &:)%6.')( @":6A%&%"2

∫ ∞

−∞
|f(x)|2dx =

∫ ∞

−∞
|F (t)|2dt.

0+!12345! ✻✳✶✳ ➴."! f ∈ L(−∞,∞) ∩ L2(−∞,∞)✱ '( 9&%($&:B():6!%

C5&#% F (t)✱ ))%1%66(% ) '%(&%+% @":6A%&%"2✱ .()9:1:%' . &:6%% ))%1%66*+

✭✷✶✮ .':61:&'6*+ 9&%($&:B():6!%+ C5&#%✳

M"*=04-/*"6&0✱ &040* 01,*=*"*&#* !"%7#/ 1,0=0"7*&#*+ !/-&=-,/&0✲

?0 01,*=*"*&#) ✭✷✶✮ ! 1,0!/,-&!/4- L(R) &- 1,0!/,-&!/40 L2(R)✳ E0F/0+%

✸✺



 !"#$%&' !()#$*!#%!) !+!,%$-)%&) F [f ] & ./0 12%34&& F &, *)!#)'5 6/$%✲

8)#)/0✳

 !"#$%&'" ✻✳✷✳ ➴!"# f, g ∈ L2(R) # F = F [f ]✱ G = F [g]✱ %& '()&"*+✲

-%!+ &.&./-**&- 01'-*!%'& 2"1*3-0-"+

∫ ∞

−∞
f(x)g(x)dx =

∫ ∞

−∞
F (t)G(t)dt,

4&%&0&- 5&6*& 71)#!1%8 ! #!)&"87&'1*#-5 !#5'&"1 !41"+0*&9& )0&#7'-:-✲

*#+ *1 '!-; &!# (f, g) = (F,G)✳

➘&4171%-"8!%'&✳ ➬$(&8)' #$;)% *;! 6/$%8)#)/0 ./0 f(x) + g(x)

(f + g, f + g) = (F +G,F +G)

& #$ (&8)' )<!✿

(f, f) + (f, g) + (g, f) + (g, g) = (F, F ) + (F,G) + (G,F ) + (G,G).

❰* ?.$ 2Re(f, g) = 2Re(F,G)✳

➚%$/!<&-%! &, #$;)% *;$ 6/$%8)#)/0 ./0 12%34&& f(x) + ig(x) (!/2✲

-$)' #$;)% *;! '%&'5" -$ *)A *!<! B)  3$/0#%!<! (#!&;).)%&0✳

❰,-"#"!".'" ✻✳✶✳ ❰()#$*!# A : X → X ; <&/C+)#*!;!' (#! *#$% *;)

X %$,5;$)* 0 >*#%10*(5✱ ) /& ./0 ; )" x, y ∈ X ;5(!/%0)* 0

(Ax,Ay) = (x, y).

➬$')*&'✱ -*! ; E*!'  /2-$) !+#$*%5A !()#$*!# A−1 : X → X  !;($.$)*

 !&)0+6-**(5 !()#$*!#!' A∗ : X → X✳

F$ *%5A  /2-$A 2%&*$#%!<! !()#$*!#$  ! *$;/0?* 2%&*$#%5) !()#$*!✲

#5 3#2-)%&0✱ *✳ )✳ *$3&)✱ -*! %)3!*!#$0  *)()%C !()#$*!#$ ) *C *!B.) *;)%✲

%5A !()#$*!# Id✳ ➘$/)) (!3$B)'✱ -*! !()#$*!# (#)!+#$,!;$%&0 H2#C) ;

(#! *#$% *;) L2(R) ) *C 2%&*$#%5A !()#$*!# 3#2-)%&0✳ ➘/0 E*!<! &,2-&'

%$&+!/)) 2.!+%5A +$,& (#! *#$% *;$ L2(R)✳

✻✳✷✳ #$%&'(( )*+(,-

✃$B.$0 12%34&0 J#'&*$ &'))* ;&. ψn(x) = Hn(x) · e−
x2

2
✱ <.) Hn(x) ✕

!%1*:10%#7&'1**(; '%!<!-/)% J#'&*$ ✭F)+58);$✲J#'&*$✮  *)()%& n✳ ➴<!

/)<3! ;5-& /&*C (! ?&05>"- @&:0#91

Hn(x) = (−1)nex
2

(e−x
2

)(n)

(! /).!;$*)/C%5' ;5-& /)%&)' (#!&,;!.%5"✳ O*$#8&A 3!E11&4&)%* '%!✲

<!-/)%$ Hn #$;)% 2n✳ 6#&;).)' %) 3!/C3!  *$%.$#*&,!;$%%5" '%!<!-/)%!;

J#'&*$✿

✸✻



H0(x) = 1, H1(x) = 2x, H2(x) = 4x2 − 2, H3(x) = 8x3 − 12x,

H4(x) = 16x4 − 48x2 + 12, H5(x) = 32x5 − 160x3 + 120x.

 !"#!$% ✻✳✷✳❒!"#"$%&!'Hn(x) "()"#"!*%+!' , -&,"-". /0!123&. e
−x2

!* -,&. ",3✿

∫ ∞

−∞
e−x

2

Hn(x)Hm(x)dx = 0 5(3 n 6= m. (24)

➘"1*7*)&%+,)-"✳  !"#$%$ ✭✷✹✮ *! +!"#$%, -!."/01 *,",*/2,# 3 3/.,

Inm = (−1)n
∫ ∞

−∞
Hm(x)

(

e−x
2
)(n)

dx

/ *"!/45,0"/"$,# *! 61758#✿

Inm = (−1)n
[

Hm(x)
(

e−x
2
)(n−1)

]∞

−∞
− (−1)n

∫ ∞

−∞
H ′m(x)

(

e−x
2
)(n−1)

dx.

➶4,/45,0"1%;4!, 7%101,#!, ✭*! *"13/%$ ❐!*/51%8✮ 41 =,7>!4,64!75/ !=✲

"1@1,578 3 ✵✱ 51> >1> !4! *",.7513%8,5 7!=!C #4!0!6%,4✱ $#4!D,44EC 41

e−x
2

✳ G!%$6/%/ 7!!54!2,4/,

Inm = (−1)n−1

∫ ∞

−∞
H ′m(x)

(

e−x
2
)(n−1)

dx,

>!5!"!, *"/#,4/# #4!0!>"154!✿

Inm = (−1)n−2

∫ ∞

−∞
H

′′

m(x)
(

e−x
2
)(n−2)

dx = . . . =

∫ ∞

−∞
H(n)
m (x)e−x

2

dx.

G!%1018 m < n ✭.%8 !*",.,%,44!75/✮✱ *!%$6/# H
(n)
m (x) ≡ 0✳ H%,.!31✲

5,%;4!✱ Imn = 0✳

)*!+,-./! ✻✳✸✳ 90!1233 :(;3)* "()"#"!*%+!' !* -,&. ",3✿

(ψn, ψm) =

∫ ∞

−∞
ψn(x)ψm(x)dx = 0 5(3 n 6= m.

 !"#!$% ✻✳✸✳ <3,)&;* /0!123. :(;3)* {ψn(x)}∞n=0 ,",)*-%=&) "(✲

)"#"!*%+!'. ?*73, 5(",)(*!,)-* L2(−∞,∞)✳ <3,)&;* { ψn(x)√
n!2n

√
π
} ✕ "()"✲

!"(;3("-*!!*=✳

❰"5!0!41%;4!75; 7/75,#E *"!3,",41 3 7%,.753// ✻✳✸✳ G"!3,.,# 4!"#/✲

"!3>$ 7/75,#E✳

G"/ m = n *!7%,.488 3E4!7418 +!"#$%1 3 .!>1L15,%;753, 5,!",#E ✻✳✷

*"/#,5 3/. Inn =
∫∞
−∞H

(n)
n (x)e−x

2

dx✳

✸✼



 !" "!" #$!%&'( ")*++','-.$ /.)0)12-.! Hn(x) #$-3-.' n %!4-. 2n✱

$) H
(n)
n (x) = n!2n✳ 7) +)%/82-

∫∞
−∞ e−x

2

dx =
√
π '.$-0%!2! 78!##).! ✭✶✾✮

'/--/ Inn = n!2n
√
π✳

7)281'2'

(ψn, ψn) =

∫ ∞

−∞
(ψn(x))

2dx = n!2n
√
π.

➘)"!>!$-2?#$4) >!/".8$)#$' #'#$-/@ 4 3%)#$%!.#$4- L2(−∞,∞) 3%'4)✲

B'$#C 4 ".'0- D✳  '$1/!%&! ➽➶4-B-.'- 4 $-)%'G '.$-0%!2)4 H8%?-➾✳

 !"#!$% ✻✳✹✳  !"#$%% &'(%)* ψn(x) +,-+.)/+ /01/),2""3(% 4!"#✲

$%+(% 062'*)0'* 6'201'*70,*"%+  !'82 , 6'0/)'*"/),2 L2(R)✿

F [ψn] = (−i)nψn✳
➘0#*7*)2-8/),0✳ 7) +)%/82- J)B%'0!

F [ψn](y) =
1√
2π

∫ ∞

−∞
ψn(x)e

−iyxdx =
(−1)n√

2π

∫ ∞

−∞
e−iyx+

1

2
x2(e−x

2

)(n)dx.

➘)/.)K'/ ' 3)B-2'/ .! )B'.!")48G *"#3).-.$8✱ 1$)L@ 4@B-2'$? 4 3-%✲

4)/ /.)K'$-2- 3)2.@( "4!B%!$✿

F [ψn](y) =
(−1)n√

2π
e

y2

2

∫ ∞

−∞
e

1

2
(x−iy)2(e−x

2

)(n)dx.

7%)'.$-0%'%8-/ 3) 1!#$C/✿ F [ψn](y) =

=
(−1)ne y2

2

√
2π

(

e
1

2
(x−iy)2(e−x

2

)(n−1)|∞−∞ −
∫ ∞

−∞

d

dx
(e

1

2
(x−iy)2) · (e−x

2

)(n−1)dx

)

.

7%' 3)B#$!.)4"- 3%-B-2)4 ±∞ 4.-'.$-0%!2?.)- #2!0!-/)- )L%!N!-$#C

4 ✵ >! #1-$ .!2'1'C ✭"%)/- /.)0)12-.!✮ /.)K'$-2C e−
x2

2
✳

F [ψn](y) =
(−1)n−1

√
2π

e
y2

2

∫ ∞

−∞

∂

∂x
(e

1

2
(x−iy)2) · (e−x

2

)(n−1)dx.

➮$!"✱ >.!" 3%)'>4)B.)( 3-%-L%!#@4!-$#C # )B.)0) /.)K'$-2C .! B%80)(✱

' /-.C-$#C >.!" 4@%!K-.'C✳ 7)4$)%'/ *$8 )3-%!,'G n %!>✿

F [ψn](y) =
1√
2π
e

y2

2

∫ ∞

−∞

∂n

∂xn
(e

1

2
(x−iy)2) · e−x

2

dx.

➬!/-.'/ B'++-%-.,'%)4!.'- 3) x .! B'++-%-.,'%)4!.'- 3) y✿

F [ψn](y) =
1√
2π
e

y2

2

∫ ∞

−∞
in
∂n

∂yn
(e

1

2
(x−iy)2) · e−x

2

dx.

7%'/-.CC /.)0)"%!$.) $-)%-/8 ) B'++-%-.,'%)4!.'' .-#)L#$4-..)0)

'.$-0%!2! 3) 3!%!/-$%8✱ ")$)%!C B)38#$'/! L2!0)B!%C %!4.)/-%.)( #R)✲

B'/)#$' 4#$%-1!GN'R#C '.$-0%!2)4 ✭>! #1-$ .!2'1'C L@#$%) 8L@4!GN-0)

/.)K'$-2C e−
x2

2
✮✱ 3)281'/

✸✽



F [ψn](y) =
in√
2π
e

y2

2
dn

dyn

∫ ∞

−∞
(e

1

2
(x−iy)2) · e−x

2

dx.

 !" "!"

∫ ∞

−∞
e

1

2
(x−iy)2 · e−x

2

dx =

∫ ∞

−∞
e−

1

2
x2−ixy− 1

2
y2dx =

∫ ∞

−∞
e−

1

2
(x+iy)2dx · e−y

2

,

! #$%&'(!) *+!,,-$! .- .!(!))&)/$- ,01#$+%-2 1 "-3.)&",$-2 .)-,"-,%#

.(43-2 ,-5(!$4&% ,1-6 1&)#7#$+

∫ ∞

−∞
e−

1

2
(x+iy)2dx =

√
2π,

%- .- 8-(3+)& 9-0(#'!

F [ψn](y) = ine
y2

2 (e−y
2

)(n) = (−i)ne−
y2

2 Hn(y) = (−i)nψn(y). �

➶ ,)&0+6;&2 %&-(&3& 1<7#,)4&%,4 =",.-$&$>#!)/$!4 .(-#?1-04;!4 8+$"✲

>#4 0)4 .-,)&0-1!%&)/$-,%# {Hn(x)}∞n=0 ,%!$0!(%#?-1!$$<5 3$-'-7)&$-1

A(3#%!✳ C .-3-;/6 =%-2 8+$">## .-)+7!&%,4 3$-'- (!?)#7$<5 (!?)-D&✲

$#2 ,%!$0!(%$<5 8+$">#2 1 E!?#,& 8+$">#2 A(3#%!✳

 !"#!$% ✻✳✺✳ !"#$%"&'()* +,-./#)* &0' 1"20)&"%34)05-"24# {Hn(x)
n!

}∞n=0

20,6#4 +,-./#'

F (x, t) = e2xt−t
2

.

➘".3$34)0524%"✳ ➚$!)#%#7&,"+6 8+$">#6 F (x, t) = e2xt−t
2

(!?)-D#3

1 (40  &2)-(! .- ,%&.&$43 t✿

F (x, t) =

∞
∑

n=0

1

n!

(

F
(n)
t (x, t)|t=0

)

tn.

❰7&1#0$- F (x, 0) = 1✳➶<7#,)#3 .(-#?1-0$+6

F ′t (x, t) = (e2xt−t
2

)′t = ex
2

(e−(x−t)2)′t = ex
2

(e−u
2

)′u|u=x−t · (−1).

➚$!)-'#7$- # 0!)&& F
(n)
t (x, t) = ex

2

(e−u
2

)
(n)
u |u=x−t · (−1)n✳* -0,%!1#1

t = 0✱.(#5-0#3 " 8 -(3+)& 9-0(#'!

F
(n)
t (x, 0) = ex

2

(e−x
2

)(n) · (−1)n = Hn(x).

* -)+7#)#

F (x, t) =

∞
∑

n=0

Hn(x)

n!
tn.

✸✾



✻✳✸✳ #$%&'()*+,-% ().*-/%,0% -$%()'-() $(%-1().-2),03

45(+%

 !"#$%&''()* +,'-.*/)* !0&12$!12 01&!"123!%2'*/ 4,15& % 01!#$12'✲

#$%& L2(R) #7,82$  !"#$%% &'(%)* ψn(x)✳ :1*;&) +,'-.** ψ4m+k ✭=>&

k = 0, 1, 2, 3✮ !$%&;2@$ #!"#$%&''!), ;*#7, λk = (−i)k✳ ➶%&>&) ;&$(1& #!"✲
#$%&''(B 0!>01!#$12'#$%2 Rk 01!#$12'#$%2 L

2(R)✱ #!#$!/D*& *3 #!"#$%&'✲

'(B +,'-.*E✱ !$%&;2@D*B #!"#$%&''!), ;*#7, λk #!!$%&$#$%&''!✳

 !"#!$% ✻✳✻✳❰,-'*).' ,'-./'*0.1*"%2 3!'4- 1 ,'.5)'*"5)1- L2(−∞,∞)

2162-)52 !"%)*'"7( .,-'*).'.( #'!8-"%2 8-)1-').9. ,.'2:#*✱ )✳ -✳ :62

6=/.> f ∈ L2(−∞,∞) %(--(

F4[f ] = f.

?'.5)'*"5)1. L2(−∞,∞) '*5#6*:71*-)52 "* ,'2(!= 5!((! 5./5)1-"✲

"7A 10*%(". .').9."*64"7A ,.:,'.5)'*"5)1

L2(−∞,∞) = R0 ⊕R1 ⊕R2 ⊕R3

5 5./5)1-""7(% 8%56*(% ✶✱ ✕✐✱ ✕✶✱ ✐ 5..)1-)5)1-"".✳ ❰').9."*64"7- ,'.✲

-#).'7 Qk ✭k = 0, 1, 2, 3✮ "* G)% ,.:,'.5)'*"5)1* 8-'-0 5)-,-"% .,-'*).'*

178%562=)52 ,.  .'(!6*(

Q0 =
1

4
(F0 + F1 + F2 + F3), Q1 =

1

4
(F0 + iF1 −F2 − iF3),

Q2 =
1

4
(F0 −F1 + F2 −F3), Q3 =

1

4
(F0 − iF1 −F2 + iF3).

➶.55)*"*16%1*=) 5)-,-"% .,-'*).'.1 ,.  .'(!6*(

F0 = Id = Q0 +Q1 +Q2 +Q3, F = Q0 − iQ1 −Q2 + iQ3,

F2 = Q0 −Q1 +Q2 −Q3, F3 = Q0 + iQ1 −Q2 − iQ3,

,-'1*2 %0 #.).'7A "*071*-)52 '*06.I-"%-( -:%"%$7 ✭)*# #*# 56!I%)

'*06.I-"%-( ).I:-5)1-"".9. .,-'*).'* ■❞✮✱ * .5)*64"7- 2162=)52 5,-#✲

)'*64"7( '*06.I-"%-( .,-'*).'.1 F ✱ F2
% F3

5..)1-)5)1-"".✳

➘.#*0*)-645)1.✳ ➶ $&!1&)& ✻✳✸ ,$%&18>2&$#/✱ ;$! 32)(-2'*& 7*'&E'!E

!"!7!;-* #*#$&)( +,'-.*E H1)*$2 {ψn(x)}∞n=0 0! '!1)& ‖ · ‖2 #!%02>2✲
&$ #! %#&) 01!#$12'#$%!) L2(−∞,∞)✳ ➴#7* %3/$5 %21*2'$ '!1)*1!%2''(B

+,'-.*E H1)*$2 ψ̂n(x) = ψn(x)√
n!2n

√
π
✱ $! >7/ 01!*3%!75'!E f ∈ L2(−∞,∞)

-!J++*.*&'$( 4,15&✲H1)*$2 !01&>&7/@$#/ 12%&'#$%!)

✹✵



cn = cn[f ] = (f, ψ̂n) =

∫ ∞

−∞
f(x)ψ̂n(x) dx.

✃!" # $ %&'() *(%+## +,-%$ ./+0(✱ $23%45,(*6, +!$(56*$% 7!+6($!4,

∫ ∞

−∞
|f(x)|2 dx =

∞
∑

n=0

|cn|2.

➮9 6:%-#;%6*# 3%64(-5(<% +,-! $2*("!(* 6:%-#;%6*0 =(*2+(: ✭k = 0, 1, 2, 3✮

+,-%$

∑∞
n=0 c

2
4n+k✳ 7% *(%+(;( A#66!✲.#C(+! ✭%-5%) #9 %65%$52: *(%+(;

$ "/+6( D/5"E#%5!405%<% !5!4#9!✮ -4, "!F-%<% #9 =(*2+(: +,-%$ 5!)-(*✲

6, 6$%, D/5"E#, fk(x) =
∑∞
n=0 c4n+kψ̂4n+k(x)✱ <-( 6/;;! 3%5#;!(*6, "!"

3+(-(4 3% 5%+;( ‖ · ‖2✳
7+# G*%; f(x) = f0(x)+f1(x)+f2(x)+f3(x)✳ H!"#; %&+!9%;✱ 9!;2"!5#(

4#5()5%) %&%4%="# "!F-%) #9 3%-6#6*(; {ψ̂4n+k(x)}∞n=0 6%6*!$4,(* 3%-3+%✲

6*+!56*$% Rk✳ 7+,;!, 6/;;! G*#: 3+%6*+!56*$ 6%$3!-!(* 6% $6(; 3+%6*+!5✲

6*$%; L2(−∞,∞)✳ I%<4!65% 64(-6*$#J ✻✳✸ G*# 3%-3+%6*+!56*$! $9!#;5%

%+*%<%5!4052✿ (fk, fl) = 0 3+# k 6= l✳

N(+(9 +!$(56*$% 7!+6($!4, -4, "!F-%) #9 D/5"E#) 3%4/=#;

∫ ∞

−∞
|f(x)|2 dx =

3
∑

k=0

∫ ∞

−∞
|fk(x)|2 dx. (25)

I%<4!65% 6$%)6*$/ 4#5()5%6*#

F [f ] = F [f0] + F [f1] + F [f2] + F [f3],

=*% $4(=(*

F [f ] = f0 − if1 − f2 + if3 = f0 + (−if1) + (−f2) + (if3).

➶ 3%64(-5() 9!3#6# $ $#-( 6/;;2 $6( 64!<!(;2( 3+(-6*!J* 65%$! #9 *(:

F( 3+%6*+!56*$✳ 7%G*%;/ 3% *%) F( D%+;/4(

F2[f ] = F [F [f ]] = f0 − f1 + f2 − f3, F3[f ] = f0 + if1 − f2 − if3.

➴'( %-5! #*(+!E#, G*%) D%+;/42 $%9$+!'!(* D/5"E#J

F4[f ] = f0 + f1 + f2 + f3 = f.

➬5!=#*✱ %3(+!*%+ F 3+(%&+!9%$!5#, ./+0( (6*0 %3(+!*%+ "+/=(5#, =(*✲
$(+*%<% 3%+,-"!✳ N(*$(+*!, #*(+!E#, F4

%3(+!*%+! 6%%*$(*6*$/(* 5/4($%)

#*(+!E## F0
✭*✳ (✳ *%F-(6*$(55%;/ %3(+!*%+/ Id✮✳ I4%F#$ $6( =(*2+( D%+✲

;/42✱ 3%4/=#;

✹✶



F0[f ] + F [f ] + F2[f ] + F3[f ] = 4f0,

 ✳ "✳ #$%&'(' )(* +%$", $%- Q0 .- +$)+%$/ %-./ 0$ R0✳

➚.-($234.$ +%$0"%*5 /* ',-6-..7" #$%&'(7 )(* $/ -(8.79 Qk✳

 !"#$%&'" ✻✳✹✳  !"#$%&'($) "#$%*+,$) -'#*.%"%'/

∫ ∞

−∞
|f(x)|2dx =

∫ ∞

−∞
|F [f ](t)|2dt.

➘)1#2#,%'3+,$)✳ :$ /0$;/ 0-& <%&3 $0- /,-(*%.$2$ +%$360")".3* 3 6-

/4" $% $2$.-(8.$/ 3 /(-2-"&79

(F [f ],F [f ]) = (f0 − if1 − f2 + if3, f0 − if1 − f2 + if3) =

= (f0, f0) + (f1, f1) + (f2, f2) + (f3, f3) =

3
∑

k=0

∫ ∞

−∞
|fk(x)|2 dx.

:$ #$%&'(" ✭✷✺✮ +$('4-"& %-0"./ 0$ :(-.A"%"(*✳

✻✳✹✳ #$%&'()(*+

✻✳✶✳ ➶743/(3 8 +%"$E%-6$0-.3" F'%8" #'.,G33 ψ0(x) = e−
x2

2
✳

✻✳✷✳ ➶743/(3 8 +%"$E%-6$0-.3" F'%8" #'.,G33 xψ0(x)✳

✻✳✸✳ ➶743/(3 8 +%"$E%-6$0-.3" F'%8" #'.,G33 x2ψ0(x)✳ ➘(* #'.,G33

(x2 − a)ψ0(x) +$)$E%- 8 ,$<##3G3". a  -,✱ 4 $E7 $.- / -(- /$E/ 0"..$;

#'.,G3"; $+"%- $%- +%"$E%-6$0-.3* F'%8"✳ ✃-,$&' /$E/ 0"..$&' 43/('

$ 0"4-" < - /$E/ 0"..-* #'.,G3*❄

✻✳✹✳ ❒" $)$& '+%-O.".3; ✻✳✷ 3 ✻✳✸ 0743/(3 8 /(")'5P3" )0- &.$2$✲

4(".- R%&3 - H3 3 H4✳ ✃-,3& /$E/ 0"..7& 43/(-& $ 0"4-5 /$E/ 0"..7"

#'.,G33 ψ3 3 ψ4❄

✻✳✺✳ ➘$,-O3 " )(* +%$360$(8.$; f ∈ L2(−∞,∞)  $✱ 4 $ %-6($O".3"

fev(x) =
1

2
(f(x) + f(−x)) , fod(x) =

1

2
(f(x)− f(−x))

"/ 8 +%$", 3%$0-.3" .- 3.0-%3-. .7" +$)+%$/ %-./ 0- R0 ⊕ R2 3 R1 ⊕ R3

/$$ 0" / 0"..$✳

✻✳✻✳ ➘(* F ✕ '.3 -%.$2$ $+"%- $%- +%"$E%-6$0-.3* F'%8" 0 +%$/ %-.✲

/ 0" L2(−∞,∞) ✕ )$,-O3 "✱ 4 $

F2[f ](x) = F [F [f ]](x) = f(−x).

✻✳✼✳ ✃-,$&' 36 /$E/ 0"..79 +$)+%$/ %-./ 0 ✕ R0✱ R1✱ R2 3(3 R3 ✕ +%3✲

.-)("O- #'.,G33 f1(x) =
√
πe−|x| +

√
2

1+x2
3 f2(x) =

√
πe−|x| −

√
2

1+x2
❄

✻✳✽✳ ➮/+$(86'* %-0"./ 0$ :(-.A"%"(* )(* +%*&$'2$(8.$2$ 3&+'(8/-✱

0743/(3 8

∫ +∞
−∞

sin2 t
t2

dt✳

✹✷



✼✳ ➘#$%&'()*' +&'*,&-.*/-)#' 01&2'

✼✳✶✳ #$%&'$()&'*% &+,)(-%*

❰!"#$"%& !'()% *)+,("("+&  !"#$%&'()( *$%(+$,-(.,'!/ 01$2% ✕ ./#

0+')#$%& #1)%1#/2% !+3"%4#$ ✭6❰7✮✳ ➘+!2)(/"#( *)(#1)%;#$%"+( <=)>( ✕

./# !*(0+%4>"?@ 4+"(@"?@ #*()%/#) $ N ✲,()"#, ✭2#,*4(2!"#,✮ *)#!/)%"✲

!/$( C
N
$(2/#)#$✱ 2#/#)?( $ 6❰7 *)+"&/# "%;?$%/>  !"#$%&'34! 51'#✲

7!/4! + +!*#4>;#$%/> !##/$(/!/$=CD+@ !*#!#1 #1#;"%E("+& x(k) 2%2 F4&

#/F(4>"?G ;"%E("+@✱ /%2 + F4& F+!2)(/"#@ '="20++ $ 0(4#,✳ ❰/2%H(,✲

!& #/ ./#@ F$=!,?!4(""#!/+✱ +!*#4>;=& ,%/(,%/+E(!2+( #1#;"%E("+& x F4&

F+!2)(/"#@ '="20++ $ 0(4#, + x(k) F4& (( #/F(4>"?G ;"%E("+@✳

➶ #1D(, !4=E%(  !"#$%&',/ 51'#7!/ ✕ ./# '="20+& x : Z → C✱ ;%✲

F%""%& "% ,"#H(!/$( 0(4?G E+!(4 Z✱ /✳ (✳ F$=!/#)#""&& *#!4(F#$%/(4>"#!/>

(. . . , x(−2), x(−1), x(0), x(1), x(2), . . .)✳ J)+ 6❰7 $?F(4&C/ 24%!!  !"#$%&✲

'38 *%$!( !9%"#!8 ✭! *()+#F#, N ✱ /✳ (✳ x(k +N) = x(k)✮ 51'#7!:✱ 2#/#)?(

F4& !#2)%D("+& ;%*+!+ 1=F(, "%;?$%/> "!)',;,4!✳ J)#!/)%"!/$# *()+#F+✲

E(!2+G !+3"%4#$ #1#;"%E+, C
N
✱ +!*#4>;=& #1#;"%E("+( *)#!/)%"!/$% 2#,✲

*4(2!"#;"%E"?G N ✲,()"?G $(2/#)#$✳ K/# #*)%$F%"# /(,✱ E/# $?F(4&(, +

)%1#/%(, ! #!"#$"#@ E%!/>C !+3"%4% x $+F% x = (x(0) x(1) . . . x(N−1))✱ *#,✲

"& # (3# *()+#F+E"#!/+✳ ❮=,()%0+& ! "=4& #1=!4#$4("% /(,✱ E/# 34%$"?@

%**%)%/✱ *)+,("&(,?@ 2 !+3"%4%,✱ ✕ ./#  !"#$%&'(% *$%(+$,-(.,'!% 01$2%✱

.4(,("/? ,%/)+0? 2#/#)#3# "=,()=C/!& ! "=4&✳ ➬%*&/?( ,(HF= 2##)F+✲

"%/%,+ ✭#/!E(/%,+✮ !+3"%4% "( *+N(,✱ /%2 2%2 /)%2/=(, (3# 2%2 ,%/)+0=✲

!/)#2=✳ ➮"#3F% )%!!,%/)+$%C/ 24%!! !+3"%4#$ "% 2#"(E"#, +"/()$%4(✱ 2#✲

/#)?@ $!(3F% ,#H"# *()+#F+E(!2+ *)#F#4H+/>✳

✃ #!"#$"?, #*()%0+&, "%F !+3"%4%,+ x, y ∈ C
N
#/"#!&/!& 4+"(@"?(

#*()%0++✿ !4#H("+( !+3"%4#$

z = x+ y ⇐⇒ z(k) = x(k) + y(k),

+ =,"#H("+( "% E+!4#

z = αx ⇐⇒ z(k) = α · x(k),

% /%2H( #*()%0+& • =,"#H("+& !+3"%4#$ $ $+F( *#2##)F+"%/"#3# =,"#H(✲
"+&✱ 2#/#)#( $ %43(1)( + /(#)++ ,%/)+0 "%;?$%(/!& 14'(<%'!%4 *( ➚ ,✲

4,$1

x • y = (x(0) · y(0) x(1) · y(1) . . . x(N − 1) · y(N − 1) ).

➶$(F(, (*%$,7!! 7!#;!9%"#()( " .!), xk→ !+3"%4% x ∈ C
N
*# '#),=4(

xk→(j) = x(j − k)✳ ➶ E%!/"#!/+✿ xN→ = x✱ /✳ (✳ !F$+3 "% *()+#F $#;$)%D%(/

!+3"%4✱ % xN−1→ = x← (!/> #*()%0+& #1)%/"#3# !F$+3%✳

✹✸



 !" #❰% &'()* +',&- .!"/*01*&,1 -.*!'2"1 ∗  !"#$%$& '%(!) * ,"3✲

0'5-6 a, b ∈ C
N

a ∗ b (s) =
N−1
∑

j=0

a(j)b(s− j) , s ∈ Z. (26)

✃  !" #"$% !&'"()(% -&0-,1&✿

(+*,*-,.& */0"12'

δ = δN = (1 0 0 0 . . . 0),

(+*,*-,.& '*#,31 ✭-,0-60-: .-,&-100;: ,"30'5✮

6 ‖ = (1 1 1 . . . 1),

" -=!'>?@A?@ +*' !(),"4 5 '0$,(,6*312,"4 7", 6*4 ✭➘CD✮

r = (1 ω ω2 . . . ωN−1), 3E* ω = ωN = exp

(

2πi

N

)

.

✃ 0"/ E-='6"/✿ 0'=-! 2"(5"+*,("F ,E6"3-6 *E"0"+0-3- "/.?5G,'

δ→ = (0 1 0 0 . . . 0), δ2→ = (0 0 1 0 . . . 0), . . . , δN−1→ = (0 0 0 . . . 0 1) = δ←,

' &'()* 0'=-! -,&'5G0;F ➘CD 6 6"E* ,&*.*0*: ✭-&0-,"&*5G0- -.*!'2"" •✮
-=!'>?@A*: ➘CD✿

r2• = r • r, r3• = r2• • r, r4•, . . . rN−1•, rN• = r0• = 6 ‖.

❰&/*&"/✱ +&- >0'+-( • 6 .-('>'&*5* ,&*.*0" ➘CD .!"01&- -.?,('&G✳

❮'.!"/*!✱ -.!*E*5"/ -&!"2'&*5G0;* ,&*.*0"

r−1 = rN−1, r−2 = rN−2, . . . .

 *!*+",5"/  !" #"$* !# +!,#( -./' # + !#*.,-&✳

✶✳ ➬'/(0?&-,&G -.*!'2""✿ *,5" a, b ∈ C
N
✱ &- a ∗ b ∈ C

N
✳

✷✳ ✃-//?&'&"60-,&G✿ a ∗ b = b ∗ a✳
✸✳ ➚,,-2"'&"60-,&G✿ a ∗ (b ∗ c) = (a ∗ b) ∗ c✳
✹✳ ➴E"0"+0;: "/.?5G, δ ,5?)"& *E"0"2*: 6 (-//?&'&"60-: '53*=!* CN

, -.*!'2"1/" ,5-)*0"1 " ,6*!&("✿ a ∗ δ = a✳

✺✳ ✃!?3-6'1 ,6*!&(' ="5"0*:0'✱ &✳ *✳ 5"0*:0' .- (')E-/? '!3?/*0&?✿

(αx+ βy) ∗ z = α(x ∗ z) + β(y ∗ z), z ∗ (αx+ βy) = α(z ∗ x) + β(z ∗ y)✳
✻✳ ✃!?3-6'1 ,6*!&(' ,&'2"-0'!0'✱ &✳ *✳ ,6*!&(' ,E6"3' -E0-3- "> -.*!'0✲

E-6 !'60' '0'5-3"+0-/? ,E6"3? ,6*!&("✿ a→ ∗ b = (a ∗ b)→✳
✼✳ ✃-/.5*(,0-* ,-.!1)*0"* ,6*!&("✿ a ∗ b = a ∗ b✳

✹✹



✼✳✷✳ #$%&'$()'*+(),$ (-.+*/$, ( +$'0-'$,1$2 - 3*4-(5

 !""#$%&'# ($)(&$"%&!*"%+$ C
N
0 (&$"%&!*"%+! C

N
✱ "$"%$-.// '0 "'1*!✲

3$+ x ∈ C
N
✱ 4)$+3/%+$&-5.'6  !"#$%& '#()%(#$*%

N−1
∑

k=0

x(k) = 0. (27)

❐!""# ✼✳✶✳ ➶$,-,''#, )'#.,!/$# C
N
0 !" .%/ 0#-0(#!/(1'!/$#) 0(#✲

!/(1'!/$1 C
N

(13),('#!/% N − 1✳

7/&/8'"3'# 9!0'": (&$"%&!*"%+! C
N
✭)$<!='%/✱ 8%$ >%$ 9!0'":✮✱ <$%$✲

&:/ 4)$9*$ '"($3@0$+!%@ (&' A❰C✳

✶✳ ➪!0'" ")+'1$+ /)'*'8*$1$ '#(43@"! δ, δ→, δ2→, . . . , δN−1→
✳

✷✳ H<"($*/*I'!3@*:J 9!0'" ✭"$"%$-K'J '0 ➘HM✮ 6 ‖, r, r2•, r3•, r4•, . . . rN−1•
✳

C3/1<! +!&@'&4- >%' 9!0'":✱ 3/1<$ ($348'%@ "3/)45.'/ 9!0'": (&$✲

"%&!*"%+! C
N
0 ✿

✶✳ ❮!9$& {dk→}N−2
k=0 ")+'1$+ "'1*!3! d = δ − δ→✳

✷✳ ❮!9$& ➘HM r, r2•, r3•, r4•, . . . rN−1•
✳

➘3- )$<!0!%/3@"%+! "3/)4/% (&$+/&'%@✱ 8%$ 4<!0!**:/ "'1*!3: (&'*!)✲

3/=!% (&$"%&!*"%+4 C
N
0 ' 3'*/J*$ */0!+'"'#:✳

✼✳✸✳ ➘-(1'8)+$8 &'8$3'*4$,*+-8 9:';8

❒!%&'I! 0(5)#6# -%!*(,/'#6# 0(,#7(13#$1'%5 8 (9, ($&-)<! N $(&/✲

)/3-/%"- &!+/*"%+$#

FN = (ω−kj)N−1
k,j=0 =

















1 1 1 . . . 1

1 ω−1 ω−2 . . . ω−(N−1)

1 ω−2 ω−4 . . . ω−(2N−2)

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

1 ω−(N−1) ω−2(N−1) . . . ω−(N−1)2

















, (28)

1)/ ω = ωN = exp
(

2πi
N

)

✳ ❰9:8*$ ($&-)$< N Q'<"'&4/%"- ' ($%$#4 */ 4<!✲

0:+!/%"- + $9$0*!8/*'-6✿ ('K/# F +#/"%$ FN ' ω +#/"%$ ωN ✳

❰7(1/'#, -%!*(,/'#, 0(,#7(13#$1'%, 8 (9, 0!)!/%"- #!%&'I/J

F−1 =
1

N
(ωkj)N−1

k,j=0 =
1

N

















1 1 1 . . . 1

1 ω ω2 . . . ω(N−1)

1 ω2 ω4 . . . ω(2N−2)

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

1 ω(N−1) ω2(N−1) . . . ω(N−1)2

















. (29)

✹✺



 !"#$% &'!"%( F % NF−1
)*!+ ,%*$")!-.) /$0#-)-(%'1+-.) 23-$(%%✳

➶ &'!"%() ✭✷✽✮ #-% *1),3:! ; 0#"<,$) r0•, rN−1•, rN−2•, . . . , r2•, r✱ ' ; &'!✲

"%() ✭✷✾✮ ✕ ; 0#"<,$) ;#A"'*!'-%< *!)0)-%✳ ❒'!"%(. F % NF−1
;."'C'✲

:!*< #,-' D)")A ,"3E3: * 0#&#F+: #0)"'(%% $#&01)$*-#E# *#0"<C)-%<

NF−1 = F %1% A'&)-#G ω -' ω−1 = ω ; &'!"%() %A 2#"&31. ✭✷✾✮✳

➮*0#1+A3< *##!-#I)-%) ωN = 1✱ &'!"%(. F % F−1
D'*!# A'0%*.;':! ;

 !"#$%$&&'( #"%$✱ $#E,' ;*) 0#$'A'!)1% *!)0)-% 3 ω J)"3!*< ; ,%'0'A#-) #!

✵ ,# N − 1✳ ❮'0"%&)"✱

F5 =















1 1 1 1 1

1 ω4 ω3 ω2 ω

1 ω3 ω ω4 ω2

1 ω2 ω4 ω ω3

1 ω ω2 ω3 ω4















, 5F−1
5 =















1 1 1 1 1

1 ω ω2 ω3 ω4

1 ω2 ω4 ω ω3

1 ω3 ω ω4 ω2

1 ω4 ω3 ω2 ω















.

➴*1% $#&01)$*-.) D%*1'✱ *#*!';1<:F%) /1)&)-!. &'!"%(.✱ A'0%*'!+

; '1E)J"'%D)*$#& ;%,)✱ !# 0#13D%& )"*+'#', '1E)J"'%D)*$%G ;%, *##!;)!✲

*!;3:F)G &'!"%(.✿

F3 =







1 1 1

1 − 1
2
−
√
3
2
i − 1

2
+
√
3
2
i

1 − 1
2
+
√
3
2
i − 1

2
−
√
3
2
i






, F4 =











1 1 1 1

1 −i −1 i

1 −1 1 −1
1 i −1 −i











.

O#1+$# ; 0"#*!)GI)& *13D') ,1< &'!"%(. F2 =

(

1 1

1 −1

)

;*) /1)&)-✲

!. ,)G*!;%!)1+-.)✱ 0#/!#&3 %*$1:D%& /!#! *13D'G %A #JF%P "'**&#!")-%G✳

➘%*$")!-#) 0")#J"'A#;'-%) R3"+) ✭➘SR✮ "'**&'!"%;')!*< $'$ ,)G*!;%)

1%-)G-#E# #0)"'!#"' ; 0"#*!"'-*!;) *%E-'1#; C
N
% &#C)! J.!+ A'0%*'-#

-)*$#1+$%&% *0#*#J'&%✿

• ; *#$"'F)--#& (-.!")&'( ;%,)

y = xF

$'$ 3&-#C)-%) *!"#$% x ∈ C
N
-' &'!"%(3 ✭✷✽✮✱

%1% yT = FxT $'$ 3&-#C)-%) &'!"%(. ✭✷✽✮ -' *!#1J)( xT ∈ C
N
❀

• ; ' $!-.'!&'( ;%,) y = F [x]❀

• ; /''!%"&-.&'( ;%,)

y(s) =

N−1
∑

j=0

x(j)ω−sj . (30)

R#"&31' ;#**!'-#;1)-%< %*P#,-#E# *%E-'1' &#C)! J.!+ A'0%*'-' ; #,✲

-#& %A ;%,#;✿

✹✻



x = yF−1, xT = F−1yT , x = F−1[y], x(j) =
1

N

N−1
∑

s=0

y(s)ωsj .

 !"#$%$& ' ()*+& "!,$-$ ,*$+&.$+ ' ()*+/#$*)'0& -#&1/23&4 #&++5✳

❐!""# ✼✳✷✳ ➴!"# y = xF ✱ %& xk→F = r−k• • y✳
➴!"# y = F [x]✱ %& F [xk←] = rky✳

➘&)*+*%,"-!%.&✳ ➶ ()*+/#/ ✭✸✵✮ ,)1-<!'$+ -1'$./<54 -$=.!# - 0))*✲

1$.!<!+$ xk→(j) = x(j − k)✿
N−1
∑

j=0

x(j − k)ω−sj =
N−1
∑

j=0

x(j − k)ω−s(j−k)ω−sk =

= ω−sk





N−1
∑

j=k

x(j − k)ω−s(j−k) +
k−1
∑

j=0

x(j +N − k)ω−s(j+N−k)


 = ω−sky(s).

@*$+&.$#$ ,&*$)1$%.)-<A $-B)1.)=) -$=.!#! $ -))<.)C&.$& ω−sN = 1✳

➶<)*!D ()*+/#$*)'0! #&++5 &-<A 1*/=!D ✭),&*!<)*.!D✮ ()*+! "!,$-$

!.!#)=$%.)=) /<'&*E1&.$D 1#D -1'$=! ' )F*!<./2 -<)*)./✳ �

➶ #&++& $-,)#A")'!#$ 0))*1$.!<./2 ()*+/ "!,$-$ 1#D 1)0!"!<&#A-<'!

-))<.)C&.$D✱ "!,$-!..)=) ' 1*/=)4 ()*+&✳ ➶ .&0)<)*5B -#/%!DB $ ' ()*✲

+/#$*)'0!B /1)F.) -)'+&3!<A *!".5& ()*+5 "!,$-$✳

❐!""# ✼✳✸✳ ➴!"# X = F [x]✱ Y = F [y]✱ %&

F [x ∗ y] = X • Y ✱ F−1[X • Y ] = x ∗ y✳
➘&)*+*%,"-!%.&✳ @)1-<!'$+ ✭✷✻✮ ' ()*+/#/ ✭✷✽✮

F [x ∗ y](k) =
N−1
∑

s=0

N−1
∑

j=0

x(j)y(s− j)ω−sk =

=

N−1
∑

j=0

(

N−1
∑

s=0

y(s− j)ω−(s−j)k
)

ω−jkx(j) = X(k) · Y (k).

@*$+&.$+ )F*!<.)& ➘@L 0 ,)#/%&..)4 ()*+/#&✳ �

()!*+,-.! ✼✳✶ ➴!"# A = F [a]✱ B = F [b]✱ %& NF [a • b] = A ∗B✳
➘&)*+*%,"-!%.&✳ @/-<A a = X✱ b = Y ✳ M)=1! x = F−1[a] = 1

N
F [a]✱

y = 1
N
F [b] = 1

N
F [b] = 1

N
B✱ ,)N<)+/

a • b = X • Y = F
[

1

N
A ∗ 1

N
B

]

=
1

N2
F
[

A ∗B
]

=

=
1

N2
N · F−1

[

A ∗B
]

=
1

N
F−1[A ∗B].

❰<-21!

✹✼



N(a • b) = F−1[A ∗B].

 !"#$% ➘ ' $( )($*$ +,!-.%/0" 1!0+$20( 3 2$3-4,+-%#$5 6$!#78%✳

✼✳✹✳ #$%&'()(*+

✼✳✶✳ ➘$3-.0(% 1%!%<0=8%//,% =%#> =+$5=(+ 3!7*$+$5 =+%!(30✳

✼✳✷✳ ➶ =87<-% 1%!0$2- N = 4 +,10A0(% +=% 20=3!%(/,% )3=1$/%/B0-8>✲

/,% 67/3B00✳ ➬-10A0(% +=% =2+0*0 $=/$+/$5 ➘E' ✭1!0 N = 4✮✳

✼✳✸✳ ➘$3-.0(% 8%##7 ✼✳✶✳

✼✳✹✳ ➘$3-.0(%✱ <($ 1!0+%2%//,% /-K$!, =2+0*$+ %20/0</$*$ 0#178>=- 0

➘E' =$=(-+8"L( K-40= 1!$=(!-/=(+- C
N
✳

✼✳✺✳ ➘$3-.0(%✱ <($ 1!0+%2%//,% /-K$!,✿ /-K$! {dk→}N−2
k=0 =2+0*$+ 0

r, r2•, r3•, r4•, . . . rN−1•
✕ =$=(-+8"L( K-40= 1!$=(!-/=(+- C

N
0 ✳

✼✳✻✳ ➬-10A0(% #-(!0B7 ➘ ' F6 + +02% ✭✷✽✮✱ + 1!0+%2%//$# +02% 0 +

<0=8$+$# +02%✳ ➬-10A0(% #-(!0B7 $K!-(/$*$ ➘ ' 6F−1
6 + <0=8$+$# +02%✳

✼✳✼✳ ➬-10A0(% + =87<-% N = 4 28" +%3($!- x = (x0 x1 x2 x3) 20=3!%(/$%

1!%$K!-4$+-/0% '7!>%✿ ✶✮ + #-(!0</$# +02%✱ ✷✮ + #-(!0</$# +02% 28" xT ✱

✸✮ + 3$$!20/-(/$# +02% ✭✸✵✮ 3-3 =0=(%#7 <%(,!%S =$$(/$A%/05✳ ➶,<0=80(%

=1%3(!-8>/,% S-!-3(%!0=(030 +%3($!- x = (0 1 2 3)✳

✼✳✽✳ ➶,<0=80(% ➘ ' 28" =0*/-8$+ z = (1 2 3 0) 0 s = (1 2 3 4)✳ T!-+/0(%

= F [x] 04 71!-./%/0" ✼✳✼✳

✼✳✾✳ ➶,<0=80(% 3!7*$+7L =+%!(37 +%3($!- x = (0 1 2 3) = =$K$5✱ - (-3.%

➘ ' $( )($5 =+%!(30 F [x ∗ x] ✳
✼✳✶✵✳ ➶,<0=80(% 28" =0*/-8- x = (0 1 2 3) =0*/-8 x • x 0 F [x • x] ✳
✼✳✶✶✳ ➶,<0=80(% ➘ ' $( +=%S )8%#%/($+ K-40=- C

N
04 =2+0*$+ %20/0<✲

/$*$ 0#178>=-✳

✼✳✶✷✳ ➶,<0=80(% ➘ ' $( )8%#%/($+ )3=1$/%/B0-8>/$*$ K-40=-✳

✼✳✶✸✳ ➘$3-.0(% 3!7*$+$% =+$5=(+$ 3$!/%5 04 %20/0B,✿

1 + ω + ω2 + . . .+ ωN−1 = 0, *2% ω = ωN = exp

(

2πi

N

)

,

- (-3.% %*$ $K$KV%/0%

N−1
∑

j=0

ωkj = 0 1!0 k = 1, 2, . . . , N − 1. (31)

✹✽



✽✳ "#$%&'()*+,$ '(-),.$+/$ ,#$'(&,'( ➘12

✽✳✶✳ ➘$% & '&()*+,&,- ./,01/2301&'✳ 42&'301&, $2/0'&2)5

 !"#$!%&#$'" C
N
(!)'!%*%)$#+ '  !"#$%&!& (!"#$!%&#$'"✱ )#-. ' &)/

'')#$. '()$*&!& +",#-(.& /(&$0! % .$ #.0&%-"' x, y ∈ C
N
✿

(x, y) =

N−1
∑

k=0

x(k) · y(k),

"2-%3%4*)) #'"5#$'%/.✱ ()!)6.#-)&&7/. &% #$!✳ ✸✺✳

❐!""# ✽✳✶✳ ➘$+"( *.2 '"+/&. .3$,#4.2 56."3$$ &(*&7&.,#4.2✿

(rk, rj) = 0,  +#$ k 6= j, (rk, rk) = N.

➘&",0,* #4+*!&✳ ;%< <%< r = r−1
✱ $" (r, r) =

∑N−1
j=0 ωj · ω−j = N ✳ ➚&%✲

-"0.6&" 3"<%?7'%)$#+ (rk, rk) = N ✳

 " @"!/A-) B!/.$"'% #<%-+!&"0" (!".?')3)&.+ (rk, rj) !%'&" #A//) <"✲

"!3.&%$ ')<$"!% rk−j ✳  " <!A0"'"/A #'"5#$'A ✭✸✶✮ #A//% <""!3.&%$ ➘GH

✭(!. k 6= j✮ !%'&% ✵✳

'(!)*+,-! ✽✳✶✳ ❒,*($3, ✭✷✾✮ -!#- *+- &?(,*.&@ ),*($3 @ " ),*✲

($3 ✭✷✽✮✳

➴'<-.3"'" (!"#$!%&#$'" C
N
!%##/%$!.'%)$#+ <%< .&()$(&!,..& /(&✲

+*(,.+*!& # &"!/"5

‖x‖ =
√

(x, x) =

√

√

√

√

N−1
∑

k=0

|x(k)|2.

.!/0!"# ✽✳✶✳➘#- ➘CD !2/&#.- *+- &?&?E ..& (,! .+*!& C,(+ !,#-✱

, $) ..&✿  +#$ X = F [x]✱ Y = F [y]✱ *&

(x, y) = N−1 · (X,Y )

$✱ "," +# %+*!$ ✱ ! (.& (,! .+*!& C,(+ !,#-

‖X‖2 = N · ‖x‖2. (32)

➘&",0,* #4+*!&✳ ❰2!%$&") ➘ H y = F−1[Y ] ' <""!3.&%$&"5 @"!/)

?%(.#7'%)$#+ ' '.3)

✹✾



y(j) =
1

N

N−1
∑

k=0

Y (k)ωkj .

❰!"#$%&' ()*!+"(,-).) ,)!#'/"-&' !#)&01"2"-&' !"#"-),&3,' -$ ,)✲

*-)/&3"+&✱ !)63)*7

(x, y) =

N−1
∑

j=0

x(j)

(

1

N

N−1
∑

k=0

Y (k) ω−kj
)

=

=
1

N

N−1
∑

k=0

(

N−1
∑

j=0

x(j) ω−kj
)

Y (k) =
1

N

N−1
∑

k=0

X(k)Y (k) = N−1 · (X,Y ).

✽✳✷✳ #$%&'($)* +%, -./('&-(' ➘12

✃ !#)&01)+9-)*7 +&-":-)*7 )!"#$3)#7 A 1 "1(+&2)1)* !#),3#$-,31" ✭1
-$<"* ,+7=$" 1 C

N
✮ 11)2&3,'  !"#$%&''() !"&#*+!#A∗✱ 72)1+"31)#'?@&:

,))3-)<"-&? ✭2+' 1,"A x, y ∈ C
N
✮

(Ax, y) = (x,A∗y).

➶ ()-"=-)*"#-)* !#),3#$-,31" ,)!#'/"--C: )!"#$3)# 0$2$?3 *$3#&%":

A∗✱ !)+7="--): &0 *$3#&%C A ✭*$3#&%C )!"#$3)#$ A✮ 3#$-,!)-&#)1$-&"*
& ()*!+"(,-C* ,)!#'/"-&"* 1,"A 6+"*"-3)1✿

A∗ = A
T
.

❮"0-$=&3"+9-C* 1&2)&0*"-"-&"* )!"#$3)# ➘GHF !#"1#$@$"3,' 1 7-&✲
3$#-C: )!"#$3)# ✭,*✳ )!#"2"+"-&" ✻✳✶✮✱ ()3)#C: )L)0-$=&*P✳ ❒$3#&%$ 63)✲
.) )!"#$3)#$ P !)+7=$"3,' 7*-)/"-&"* -$

1√
N
*$3#&%C ✭✷✽✮✳ P$(): /"

()6QQ&%&"-3 L72"3 7 *$3#&%C )L#$3-).) )!"#$3)#$ P−1
✱ $ -"

1
N
✱ ($( 7

*$3#&%C ✭✷✾✮✳ P$( ($( *$3#&%C ✭✷✽✮ & ✭✷✾✮ ,&**"3#&=-C✱ 3) *$3#&%C P &
P−1

#$0+&=$?3,' +&<9 ()*!+"(,-C* ,)!#'/"-&"*✳

S$1"-,31) G$#,"1$+' ✭✸✷✮ ",39 ,1):,31) ,)A#$-"-&' -)#*C 7-&3$#-).)

)!"#$3)#$✿

‖P[x]‖ = ‖x‖.
❰-) 3$(/" 1C3"($"3 &0 ,+"27?@": 3")#"*C✳

 !"#!$% ✽✳✷✳ ❰"&#*+!# P -. /#&+'!0! "#&!1#*2!3*'.$ 45#6& 3 "#!✲

 +#*' +3& C
N

$38$&+ $ 5'.+*#'(9 !"&#*+!#!9 /#5:&'.$ :&+3&#+!0! "!✲

#$-/*✱ +✳ &✳ -8$ 8=1!0! x ∈ C
N

.9&&9

P4[x] = x.

>#! +#*' +3! C
N

#* /8*-(3*&+ $ '* "#$95=  5995  !1 +3&''(? 32*✲

.9'! !#+!0!'*86'(? "!-"#! +#*' +3

✺✵



C
N = R0 ⊕R1 ⊕R2 ⊕R3,

  !" #$%&&'() *) +,() ✶✱ ✐✱✕✶✱✕ ✐  !!#$%# #$%&&!✳ ❰3#!4!&,+5&'% 63!✲

%8#!3' Qk ✭k = 0, 1, 2, 3✮ &, ;#) 6!<63! #3,& #$, *%3%=  #%6%&) !6%3,#!3,

$'*) +>?# > 6! @!3(A+,(

Q0 =
1

4
(P0 + P1 + P2 + P3), Q1 =

1

4
(P0 − iP1 − P2 + iP3),

Q2 =
1

4
(P0 − P1 + P2 − P3), Q3 =

1

4
(P0 + iP1 − P2 − iP3).

➶!  #,&,$+)$,?# >  #%6%&) !6%3,#!3!$ 6! @!3(A+,(

P0 = Id = Q0 +Q1 +Q2 +Q3, P = Q0 + iQ1 −Q2 − iQ3,

P2 = Q0 −Q1 +Q2 −Q3, P3 = Q0 − iQ1 −Q2 + iQ3,

6%3$,> )= 8!#!3'C &,='$,%# > 3,=+!D%&)%( %<)&)E' ✭#,8 8,8  +AD)#

3,=+!D%&)%( #!D<% #$%&&!4! !6%3,#!3, ■❞✮✱ , ! #,+5&'% >$+>?# >  6%8✲

#3,+5&'( 3,=+!D%&)%( !6%3,#!3!$ P✱ P2
) P3

 !!#$%# #$%&&!✳

H3) ;#!( 3,=(%3&! #5  !" #$%&&!4! 6!<63! #3,& #$, Rk✱  !$6,<,?✲

I,>  83,#&! #5?  !" #$%&&!4! *) +, λk = ik <+> !6%3,#!3, P✱ 3,$&,

 +%<A (,#3)E' 63!%8#!3, Qk✳

➘!8,=,#%+5 #$!✳  !"## $%!&!'( )!*+,',-#"(# ➘/0 1 *(22#3)(4"56

2!3)(7!6 ✭✷✽✮ ( ✭✷✾✮✳ >,?'!*", '#22# ✽✳✶ +,'$4!#2✱ 43, %1!B)!3 2!3)(75

,+#)!3,)! P #*3C +#)#*3!",1,4"!D 2!3)(7! 1(B!

















1 0 . . . 0 0

0 0 . . . 0 1

0 0 . . . 1 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 1 . . . 0 0

















.

➴# %1!B)!3 #*3C #B("(4"!D 2!3)(7!✱ 3✳ #✳ P4 = Id✳

❰3*GB! 153#%!#3✱ 43, P3 = P−1 = P✳ H!% %!% ,*3!'C"5# B1# 2!3)(75
Id ( P2

1 I,)2$'!6 B'D 1#'(4(" Qk B#J*31(3#'C"5#✱ 3, ( 2!3)(75 Qk

+,'$4!G3*D B#J*31(3#'C"52(✳ H!% %!% %!-B!D (& 2!3)(7 Id✱ P✱ P2
( P3

*(22#3)(4"!D✱ 3, ( 2!3)(75 Qk *(22#3)(4"5#✳ ➶54(*'(2

Q2
0 =

1

16
(P0+P+P2+P3+P+P2+P3+P4+P2+P3+P4+P5+P3+P4+P5+P6) =

=
1

4
(P0 + P1 + P2 + P3) = Q0.

➚"!',?(4", +),1#)D#3*D *1,J*31,
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Q2
k = Qk,

 !"!#!$ %&'()&$"*+  !"#$%&"'&'%(&)*✱ -.+ !*"&./%(0 ✭k = 1, 2, 3✮ !3$✲

#&"!#!) Qk✳ ➮')$*"%!✱ 7"! -$8*")9"$./%&+ *9::$"#97%&+ 9-$:3!"$%"%&+

:&"#9;& *.<=9" :&"#9;$8 3#!$ "!#& %& 3!-3#!*"#&%*")!✳ ➶(79*.9:  !:✲

3!'9;9? !3$#&"!#& P *  &=-(: 9' 3#!$ "!#!)✿

P ·Qk =
1

4

3
∑

j=0

P(−i)jkPj = ik
1

4

3
∑

j=0

(−i)(j+1)kPj+1 = ikQk.

➘! &'&.9✱ 7"! Qk 3#!$ "9#<$" %& *!B*")$%%!$ 3!-3#!*"#&%*")!✱ !")$7&✲

?C$$ *!B*")$%%!:< 79*.< λk = ik✳ D!E.&*%! !BC$:< <")$#=-$%9? ! 3#!✲

$ "!#&0 #&':$#%!*"/ *!B*")$%%!E! 3!-3#!*"#&%*")& #&)%& *.$-< :&"#9;(

3#!$ "!#&✳

➘! &=$: !#"!E!%&./%!*"/ *!B*")$%%(0 3!-3#!*"#&%*")✱ )(79*.9) 3#!✲

9')$-$%9$ :&"#9; #&'.97%(0 3#!$ "!#!)✿

Qk ·Ql =
1

16

3
∑

j=0

Pj(−i)jk
3

∑

s=0

Ps(−i)sk =

=
1

16

(

3
∑

j+s=0

Pj+s · (. . .) +
6
∑

j+s=4

Pj+s · (. . .)
)

= 0.

➘.+ F"!E! ):$*"! *<::( 3! *"#! &:  )&-#&"& *.$-<$" )(79*.+"/ *<::<

3! $E! -9&E!%&.+: 9 &  <#&"%! #&*39*()&"/  !FGG9;9$%"( 3$#$- !-9%& !✲

)(:9 *"$3$%+:9 j + s !3$#&"!#& P✳
H!#:<.( -.+ %&B!#& 3#!$ "!#!) Qk $*"/ G!#:<.( !B#&"%!E! ➘IH ✭✷✾✮

3!#+- & ✹ 7$#$' *"$3$%9 !3$#&"!#&✱ 3!F"!:< *"$3$%9 !3$#&"!#& )!**"&%&)✲

.9)&?"*+ 3! G!#:<.$ ✭✷✽✮ 3#+:!E! ➘IH 3!#+- & ✹✳ �

❰B#&C&$: )%9:&%9$ %& "!✱ 7"! G!#:<.( 3#!$ "!#!) ) "$!#$:$ ✽✳✷ %$'%&✲

79"$./%! #&'.97&?"*+ * &%&.!E97%(:9 G!#:<.&:9 ) "$!#$:$ ✻✳✻✱ 7"! )(✲

')&%! .9P/ 3!#+- !: %<:$#&;99 3#!$ "!#!) Q1 9 Q3✳

✽✳✸✳ #$%&'$ ()'*+$,-./010 $,2-03'/%4 0)'$,+0$, ➘#6

Q&**:!"#9: *.<7&8 ➘IH 3!#+- & ✸ * :&"#9;$8

F3 =







1 1 1

1 q2 q

1 q q2






, E-$ q = −1

2
+

√
3

2
i, q2 = −1

2
−
√
3

2
i.

❮&8-$: *!B*")$%%($ 79*.& :&"#9;(✱ *!*"&)9) 0&#& "$#9*"97$* !$ <#&)✲

%$%9$ |F3 − λE| = 0✳ T&  & 
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∣

∣

∣

∣

∣

∣

∣

1− λ 1 1

1 q2 − λ q

1 q q2 − λ

∣

∣

∣

∣

∣

∣

∣

= (1− λ)(q2 − λ)2 + 2q − 2(q2 − λ)− q2(1− λ) =

= (1−λ)(q4−2q2λ+λ2−q2)+2(λ+q−q2) = (1−λ)(λ+1)(λ+
√
3i)+2(λ+

√
3i),

 ! "#$#% &$'( ')&(%!& *$#+,&,'&

(λ+
√
3i)(1− λ2 + 2) = 0

'-&& %!$,' λ0 =
√
3✱ λ1 = −

√
3i✱ λ2 = −

√
3✳

❰ (12# 234 *,' #$,!5 6!$-7 8 !9! !:&$# !$# P = 1√
3
F3 (:&% $ !:&$#✲

 !$# ✭:!3,75 ,#=!$ +(&" (!=( +&,,7" )'(&3 ( *)& !- %$# ,!( '✮ $#+&,

σ3 = {1,−i,−1}.

?!=( +&,,7& +&% !$7 -# $'@7 P -!A,!  #%A& ,#5 ' ( #,2#$ ,7-'

-& !2#-' 3',&5,!5 #39&=$7✳ B$&23!A'- 2$*9!5 -& !2 ,# =#C&  &!$&-7

:$&272*D&9! :#$#9$#6#✳ ❒# $'@# P 3
&( F %!-:3&%(,! (!:$4A&,,#4 % P ✳

➶7)'(3'-

P 2 =







1 0 0

0 0 1

0 1 0






,

#  #%A& ✭( *)& !- P 0 = E✮

E + P 2 =







2 0 0

0 1 1

0 1 1






, E − P 2 =







0 0 0

0 1 −1
0 −1 1






,

P + P 3 =
1√
3







2 2 2

2 −1 −1
2 −1 −1






, P − P 3 = i







0 0 0

0 −1 1

0 1 −1






.

H&$&C 8 ' C#9! !+%' 3&9%! +7)'(3' F :$!&% !$7

Q0 =
1

4

(

(E + P 2) + (P + P 3)
)

=
1

4
√
3







2
√
3 + 2 2 2

2
√
3− 1

√
3− 1

2
√
3− 1

√
3− 1






,

Q1 =
1

4

(

(E − P 2)− i(P − P 3)
)

=
1

2







0 0 0

0 1 −1
0 −1 1






,
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Q2 =
1

4

(

(E + P 2)− (P + P 3)
)

=
1

4
√
3







2
√
3− 2 −2 −2
−2

√
3 + 1

√
3 + 1

−2
√
3 + 1

√
3 + 1






,

Q3 =
1

4

(

(E − P 2) + i(P − P 3)
)

= 0.

 !"# ✭%&''( #)(*+,(!-,./ 0!"'",1+2 '(13)4. % &5"1+' ',+6)1"!7 8"✲

3"# '(13)4":✮ <(6#+: )= '(13)4 Q0, Q1, Q2 3(2", ✶✱ 8+01+'& 83+"<1+3.

+#,+'"3,."✳ ➶%" ,",&!"2." %1+!B4. 01)/ '(13)4 %!&6(1 )/ %+B%12",,.')

2"<1+3(')✳ ➶+=-'"' 8+ +#,+'& %1+!B4& )= <(6#+: '(13)4. ✭#!7 ,(*!7#,+✲

%1) <++3#),(1. +1#"!)!) =(871.')✮✿

f0 = (
√
3 + 1, 1, 1)T , f1 = (0, 1, −1)T , f3 = (

√
3− 1, −1, −1)T .

D1) %1+!B4. %+%1(2!7E1 +31+*+,(!-,.: B(=)% )= %+B%12",,./ 2"<1+✲

3+2✳ F"3"= +31+*+,(!-,.: B(=)% +#,+'"3,." +31+83+"<1+3. 8+!&5(E1%7

8+ G+3'&!(' ✭=#"%- k = 0, 1, 2✮ 83+)=2"#",)7 '(13)4✿

Qk =
fk · fTk
fTk · fk

,

*#" 2 =,('",(1"!" %<(!73,.: <2(#3(1 2"<1+3( (fk, fk) = ‖fk‖2✳
H+!&5)!) 1(<6" 3(=!+6",)" "#),)4.

E = Q0 +Q1 +Q2

) %8"<13(!-,+" 83"#%1(2!",)" '(13)4.

P = Q0 − iQ1 −Q2.

✽✳✹✳ #$%&'()*+,-% $(%./')0*%,1% 2,1')(,-3- -$%()'-()

➘56

H+ 1+: 6" %/"'"✱ ,+ "I" 83+I"✱ 2.5)%!7"1%7 %8"<13 +8"3(1+3(

1√
2
F2✱

3(2,.: σ2 = {1,−1}✳❮ (B+3. σ2 ) σ3 %5)1("' ,(5(!-,.') #(,,.') #!7

%!"#&EI ": 1"+3"'.✳

 !"#!$% ✽✳✸✳  !"#$% σ4n+k &'($)%'*+* *!"%)$*%) ➘-.
1√
N
FN ✱ +0"

N = 4n+ k✱ !*1&2)"$34 (5 3!"#$%) σ4n+k−1 6$*+* 7" *!"%)$*%) !%"080&✲

:"+* !*%40#) 0*;)<1"'("= '*<*+* 3*;3$<"''*+* 2(31)✱ %)<'*+* λk = ik✱ +0"

k = 0, 1, 2, 3✳

H + 01+: 1"+3"'" 8+!&5("'

σ4 = {1,−1 − i, 1}, σ5 = {1,−1 − i, 1, i}, σ6 = {1,−1 − i, 1, i, −1}, . . .

❰ #), )=%8+%+B+2#+<(=(1"!-%12(1"+3"'. ✽✳✸+8)3("1%7 ,(<!(%%)5"%<)"

%&''. ➹(&%%(

✺✹



SG(N) =

N−1
∑

k=0

ωk
2

,  !" ω = e
2πi
N ,

#"$"% &'('$)" '*$"!"+,"(-, -+"! ./($01) ➘34✿ Tr FN = SG(N)✳

 !"#!$% ✽✳✹✳ ➶!"#$#%&

SG(N)√
N

' (&'#)#*+),# +, +),&,-& ./# 0!"!%##

%& ✹ /&'%&✿ 1 + i ./# N = 4n✱ ✶ ./# N = 4n + 1✱ ✵ ./# N = 4n + 2✱ ✐ ./#

N = 4n+ 3✳

➮%8"-(9)" !'&/%/("+:-(8/ ;('< ("'$".) !'-(/('#9' -+'=9)✱ %/(' +" &'

8)#0-+0(: -+"! ./($01 E 0 P 2
✳ ❰(-@!/ *' ("'$"." ✽✳✷ $/--#0()8/@( -+"!

&/=!' ' 0% *$'"&('$'8 Qk✱ #(' 0 *$08'!0( & C'$.D+0$'8&" ("'$".) ✽✳✸✳

❒%*#+,-./ 0%#+%-* $!*"1% "#*"2"-%3+4%5++ ➹#%$%✲8$+1*%

➴-+0 -+"! 9"&'('$'< ./($01) *$'"&('$/ Q G'+:H" ✶✱ (' *$"=!" 8-"✲

 ' 8 &/#"-(8" 9/#/+:9' ' G/%0-9' ' 8"&('$/ f 8)G0$/@( +@G'< 9"9D+"8'<

-('+G"1 ;('< ./($01) 0 *' C'$.D+"

P1 =
f · fT
fT · f , (33)

8)#0-+,@( '!9'."$9)< *$'"&('$ 9/ 8)G$/99'" 9/*$/8+"90"✳ K' !/ ./(✲

$01/ Q − P1 "-(: ./($01/ *$'"&('$/ 9/ *'!*$'-($/9-(8' $/%."$9'-(0 9/

"!0901D ."9:H"✳ ➘+, ./($01) Q−P1 "L" $/% *'8('$,@( *$08"!"99)< /+✲

 '$0(.✳ M0-+' 0("$/10< $/89' -+"!D ./($01) Q✳

➘+%2"-%3+4%5+: ";!#%*"#%

➴-+0 !+, +09"<9' ' '*"$/('$/✱ %/!/99' ' &8/!$/(9'< ./($01"< A✱ *'✲

+D#"9 '$(' '9/+:9)< G/%0- 0% -'G-(8"99)N 8"&('$'8 {fj}Nj=1✱ (' " ' .'=9'

*$'9'$.0$'8/(: ej =
fj
‖fj‖ ✱ / 0% -('+G1'8 '$('9'$.0$'8/99' ' G/%0-/ -'-(/✲

80(: D90(/$9D@ ./($01D *'8'$'(/ U ✳ ➴-+0 U !"<-(80("+:9/,✱ (' U−1 = UT ✳

 !"#!$% ✽✳✺✳ ❒&,/#9&

D = UTAU

:'":!,): 0#&;+%&"<%+=✱ %& !! ;"&'%+= 0#&;+%&"# /&).+"+>!%? ')! !! )+@✲

),'!%%?! $#)"&✳

➘+-&(&,!"<),'+✳ O('+G1) ./($01) AU 0."@( 80! Aej = λjej ✳ O($'&0

./($01) UT "-(: eTj ✳ K/& &/& %/ -#"( '$('9'$.0$'8/99'-(0 eTj λjej = λj ✱

eTj λkek = 0 *$0 k 6= j✱ (' ./($01/ D !0/ '9/+:9/, - #0-+/.0 λj 9/  +/89'<

!0/ '9/+0✳

✺✺



✽✳✺✳ #$%&'()(*+

✽✳✶✳ ➶$%&'(&)* ➘,- .(/ '&012(34 x = (0 1 2 3) & z = (0 1 2 3 4 5)✳

,534*56)* '7524*.(&43')6 524*1')42 ,25'*42(/ .(/ 1&8✳

✽✳✷✳ ➶$%&'(&)* ➘,- .(/ '&012(2 x = (0 1 2 . . . N − 1) & '3')246)*

524*1')43 ,25'*42(/ .(/ 1*03✳

 !"#"$%&✳ ➶3'73(6:;<)*'6 5*=*1&*> :2.2%& ✷✳✹✱ 0.* 43:6>&)* t = ω−k

.(/ 4$%&'(*1&/ A335.&12)$ yk✳

✽✳✸✳ ❮2<.&)* '3D')4*11$* %&'(2 & '3D')4*11$* 4*A)35$ .(/ >2)5&E$

H = F2 =

(

1 1

1 −1

)

✳

,534*56)*✱ %)3 37*52)35 J = 1√
2
H *')6 37*52)35  !"#$%&  ✿ J2 = E✳

➘3A2G&)*✱ %)3 37*52)35$ Q+ = 1
2
(E+J) & Q− = 1

2
(E−J) *')6 35)30312(6✲

1$* 37*52)35$ 753*A)&53421&/ 12 '3D')4*11$* 73.753')521')42 ✭7534*56)*

.(/ 1&8 &.*>73)*1)13')6 & '&>>*)5&%13')6✮✳ ✃2A&> '3D')4*11$> %&'(2>

3)4*%2L) M)& '3D')4*11$* 73.753')521')42❄ ➶$%&'(&)* Q+ & Q−✳

✽✳✹✳ ❮2<.&)* '3D')4*11$* %&'(2 & '3D')4*11$* 4*A)35$ 37*52)352 ➘,-

%*)4*5)303 735/.A2 F4✳

✽✳✺✳ ➘(/ ;1&)251303 37*52)352 J = 1
2
F4 4$%&'(&)* 4'* 73(3G&)*(61$*

')*7*1& 37*52)352 J ✳ P2''%&)2<)* >2)5&E$ 753*A)3534 Q0✱ Q1✱ Q2✱ Q3 &

375*.*(&)* 52:>*513')6 '3D')4*11$8 73.753')521')4✱ )✳ *✳ 4$%&'(&)* σ4✳

,534*56)* .(/ 73(;%*11$8 >2)5&E 753*A)3534 &.*>73)*1)13')6✱ '&>✲

>*)5&%13')6 & 4:2&>1;L 35)30312(613')6✳

❮2<.&)* 35)30312(61$< D2:&' &: '3D')4*11$8 4*A)3534 37*52)352 J ✱

75&>*1// 4 3.13> &: '(;%2*4 >2)5&%1$< >*)3. 35)30312(&:2E&&✳ ,3')53<)*

;1&)251;L >2)5&E; U ✱ A3)352/ .&20312(&:&5;*) >2)5&E; J ✳

✽✳✻✳ ,34)35&)* 5*=*1&* ;752G1*1&/ ✽✳✺ .(/ ➘,- 735/.A2 ✻✳

✺✻



✾✳ ➪#$%&'( )&('*&+,'-+./( 01&2(

✾✳✶✳ ➘$%&'()*+( ,'(+-'./+0.*$( 1..'.

 !"#$%&'!( " &')*#"#( #+*,+#-.! /'01,$#" /2'-,!-/3 4#3"$!1'! +5/-✲

*57 ,$0#*'-8#" *!,$'9,&'' :'/.*!-1#0# 4*!#+*,9#",1'3 ;<*=!✱ .#-#*5!

4#$<2'$' 1,9",1'!  !"#$%& '$&% $()%*(+,& -.$/& ' ,++*!"',-<*< ❋❋❚ ✭❢❛DE

❋♦✉H✐❡H EH❛♥D❢♦H♠✮✳ ❮, 4*,.-'.! 1,'+#$!! P'*#.#! *,/4*#/-*,1!1'! 4#$<2'✲

$# +5/-*#! 4*!#+*,9#",1'! ;<*=! 4#*3:., N = 2n✳ ❮,21!8 / 4*#/-!(P!0#

/$<2,3 n = 1✱ .#0:, 1!#+7#:'8#/-' " +5/-*#8 4*!#+*,9#",1'' 1!-✳

❒,-*'&, ➘S; 4#*3:., ✷✱ U$!8!1-5 .#-#*#( "52'/$3!8 4# #+V!( )#*✲

8<$! ✭✷✽✮✱ '8!!- "':

H =

(

1 1

1 −1

)

.

➶8!/-# #+#91,2!1'3 F2 '/4#$=9#",$' #+#91,2!1'! H✱ -,. .,. $'1!(1#!

4*!#+*,9#",1'! / U-#( 8,-*'&!( /$<Y'- 1! -#$=.# 4*#/-!(P'8 ➘S;✱ 1# '

0,"1$&#+!2 '$&% $()%*(+,&2 3(($( ✭➘SZ✮ ✭#1# -,.Y! /$<Y'- 4*#/-!(P'8

/$<2,!8 :'/.*!-1#0# 4*!#+*,9#",1'3 [#$P,✱ 1# 9:!/= 85 !0# 1! *,//8,-✲

*'",!8✮✳ ➶ 8,-*'21#8 "':! :'/.*!-1#! 4*!#+*,9#",1'! Z,,*, 4*!:/-,"$3✲

!- /#+#( 4!*!7#: #- "7#:1#0# "!.-#*, x =

(

a

b

)

. "!.-#*< 1, "57#:!

y =

(

a+ b

a− b

)

4# )#*8<$! <81#Y!1'3 8,-*'& y = Hx✳ [/$#"1# ' +#$!!

.#*#-.# U-# 4*!#+*,9#",1'! 8#Y1# 9,4'/,-= " "':! 4!*!7#:,

(a, b)
H−→ (a+ b, a− b). (34)

✃*#8! ✭✸✹✮ " :,$=1!(P!8 +<:!8 -,.Y! '/4#$=9#",-= '%'$(*4&++%& 0,"✲

1$&#+%& '$&% $()%*(+,& 3(($(

(a, b)λ
H−→ (a+ λb, a− λb).

❰+*,-1,3 8,-*'&, . H #4*!:!$3!-/3 )#*8<$#( H−1 = 1
2
H✳ ➶ 4#:#+157

#+#91,2!1'37 8#Y1# 9,4'/,-= ' % $(#+%& 0,"1$&#+%& '$&% $()%*(+,& 3(($(

(a, b)
H/2−→

(

a+ b

2
,
a− b
2

)

.

`<V!/-"<!- ,$0#*'-8 +5/-*#0# 4*!#+*,9#",1'3 Z,,*, ✭➪SZ✮ :$3 '/✲

7#:1#0# 8,//'", *,98!*, N = 2n " "':! 4#/$!:#",-!$=1#0# 4*'8!1!1'3

)#*8<$5 ✭✸✹✮ ' "#//-,1#"$!1'3 '/7#:1#0# /'01,$, / 4#8#V=% #+*,-1#0#

➪SZ✳ ❒5 !0# *,//8,-*'",-= 1! +<:!8✳

✺✼



✾✳✷✳ #$%&'()*+) &,-./) 01&'$%2% 3$(%0$/4%5/6+7 8-$9(

➶ !"#$"%&' ✻✳✻ * ✽✳✷ -$*."/"01 2#$%34& .15*64"0*7 -$#"8!#$#. Qk

5"$"9 6!"-"0* #-"$&!#$& F ✭*0!";$&4<0#;#✮ *4* P ✭/*68$"!0#;#✮ -$"#>$&✲

9#.&0*@ A3$<"✱ & !&8C" #>$&!0&7 2#$%34& .#66!&0#.4"0*7✳ ❰/0& *9 E!*'

2#$%34 . %&!$*50#% .*/" /47 *6'#/0#;# 6*;0&4& x * .1'#/0#;# 6*;0&4& y

"6!< 64"/3FG&7 2#$%34& #>$&!0#;# ➘IA -#$7/8& ✹✿











y0

y1

y2

y3











=











1 1 1 1

1 i −1 −i
1 −1 1 −1
1 −i −1 i





















x0

x1

x2

x3











.

✃##$/*0&!1 .1'#/0#;# 6*;0&4& 9&-*M"% . 6;$3--*$#.&00#% .*/"✱ 64";8&

*9%"0*. -#$7/#8 64"/#.&0*7✿

y0 = (x0 + x2) + (x1 + x3),

y2 = (x0 + x2)− (x1 + x3),

y1 = (x0 − x2) + i(x1 − x3),
y3 = (x0 − x2)− i(x1 + x3).

N!* 2#$%341 9&-$#;$&%%*$3"% . .*/" 64"/3FG";#  !"#$%&' ✳

()$*+, - "✳

(x0, x2)
H−→ (x0 + x2, x0 − x2),

(x1, x3)
H−→ (x1 + x3, x1 − x3).

I$* E!#% $"934<!&!1 .15*64"0*7 -#%"G&"% . !" C" 75"@8*✱ #!83/& >$&✲

4* /&001" . .*/" /.3' #-"$&0/#.✳

➶&#$#, - "✳

(x0 + x2, x1 + x3)
H−→ ((x0 + x2) + (x1 + x3), (x0 + x2)− (x1 + x3))

(x0 − x2, x1 − x3)i H−→ ((x0 − x2) + i(x1 − x3), (x0 − x2)− i(x1 − x3)).
I$* E!#% $"934<!&!1 .15*64"0*7 -#%"G&"% . !" C" 75"@8*✱ #!83/& >$&✲

4* /&001" . .*/" /.3' #-"$&0/#.✳

0$)&%, - "✳

I#%"07"% %"6!&%* 6#/"$C*%#" 75""8 6 0#%"$&%* ✶ * ✷✱ 5!#>1 $"934<!&✲

!1 .15*64"0*@ 64"/#.&4* . -#$7/8" y0, y1, y2, y3✳

P!#>1 -#%"07!< -$"/4#C"001@ &4;#$*!% /47 #>$&!0#;# ➘IA 0& &4;#✲

$*!% /47 -$7%#;# ➘IA✱ .# .!#$#% -$"#>$&9#.&0** .!#$#;# M&;& . .*/"

-#-$&.4"00#;# ➘IQ %"07F! -#-$&.#501@ %0#C*!"4< i 0& −i✳ ➚0&4#;*50#
* . #>G"% 6435&" #! &4;#$*!%& #>$&!0#;# ➘IA 4";8# -"$"@!* 8 &4;#$*!%3

-$7%#;# ➘IA✱ *9%"0*. 90&8 . -#8&9&!"4" -#-$&.#501' %0#C*!"4"@✳ ➘47

#>$&!0#;# ➘IA >16!$1@ &4;#$*!% 6%#!$*!67 8$&6*.""✳

✺✽



✾✳✸✳ #$%&'$()*( +,%&'$-$ .'($+'/0$1/)*2 34'5(

❮! "#$%&#& '(#!)*'+' ➘-. "'#/01! ✽ "#'0&%'*3)#$#4&% "&#&5'0 ')

!6+'#$)%! (73)#'+' "#&'(#!8'9!*$/ .4#:& "#&0704;&+' "'#/01! 1 !*!6'✲

+$=*'%4 !6+'#$)%4 36&04>;&+' "'#/01!✳ @!33%')#$% %!)#$A4

8F−1
8 = {ωkj}7k,j=0,

+0& ω = exp 2πi
8

= 1√
2
(1 + i). ❰)%&)$%✱ =)'

ω8 = 1✱ 1 + ω4 = 0✱ 1 + ω2 + ω4 + ω6 = 1 + i− 1− i = 0✱

1 + ω + ω2 + ω3 + ω4 + ω5 + ω6 + ω7 = 0✳

✃!E04> 3)#'14 #&846:)!)! "#&'(#!8'9!*$/ y = 8F−1
8 ·x #!3"$F&%✱ "#$✲

%&*$9 3'')9&)3)94>;4> +#4""$#'914 36!+!&%75 $ 36&+1! $8%&*$9 "'#/0'1

36&0'9!*$/ 1''#0$*!)✿

y0 = (x0 + x4) + (x2 + x6) + (x1 + x5) + (x3 + x7),

y4 = (x0 + x4) + (x2 + x6)− ((x1 + x5) + (x3 + x7)) ,

y2 = (x0 + x4)− (x2 + x6) + i ((x1 + x5)− (x3 + x7)) ,

y6 = (x0 + x4)− (x2 + x6)− i ((x1 + x5)− (x3 + x7)) ,

y1 = (x0 − x4) + i(x2 − x6) + ω ((x1 − x5) + i(x3 − x7)) ,

y5 = (x0 − x4) + i(x2 − x6)− ω ((x1 − x5) + i(x3 − x7)) ,

y3 = (x0 − x4)− i(x2 − x6) + ω3 ((x1 − x5)− i(x3 − x7)) ,

y7 = (x0 − x4)− i(x2 − x6)− ω3 ((x1 − x5)− i(x3 − x7)) .

H'5#!*$% 09! "&#975 F!+!✱ *' 06/ 909'& ('6&& 06$**'+' %!33$9!✳ H6'✲

9&3*' '"$F&% $5 "'✲0#4+'%4✳

 !"#$% &'(✳

➮35'0*7J %!33$9 x 06$*7N = 8 #!8'(:&% *! 09! "'0%!33$9! 06$*7N/2

1!E07J ✭9&#5*$J $ *$E*$J✮✳ ➶7($#!&% "!#7 /=&&1 $8 $35'0*'+' %!33$9! x

3 F!+'%N/2 ✭)✳ &✳ "' '0*'%4 $8 9&#5*&+' $ *$E*&+' "'0%!33$9'9✮✱ 3'9&#F!&%

*!0 3'0&#E$%7% ➘-N $ #&846:)!) "'%&;!&% 9 )& E& /=&J1$✿

(x0, x4)
H−→ (x0 + x4, x0 − x4),

(x1, x5)
H−→ (x1 + x5, x1 − x5).

(x2, x6)
H−→ (x2 + x6, x2 − x6).

✺✾



(x3, x7)
H−→ (x3 + x7, x3 − x7).

➶!"#"$ %&'✳

➶ !"#$%& '%$&"(()*+ $,)-. N/2 %/$+,0-% '1%)2*%$3/(3 '1+%41"2%*"✲

-)3✿ * *+17-+& '%$&"(()*+ /+ #+ $+8(/*)3✱ :/% ) -" '+1*%& ;"<+ ✕ (%*+1✲

;"+& ➘?@✱ *.4)1"3 $"--.+ ( ;"<%& N/4❀ * -)#-+& '%$&"(()*+ (%*+1;"+&

'%'1"*,+--%+ ➘?@ ( ;"<%& N/4 ( '%'1"*%:-.& !%BCC)D)+-/%& i✳

)#*!+$ %&'✳

❒"(()* $+,)& -" :+/.1+ '%$&"(()*" $,)-. N/4 !"#$.8✳ ➶-G/1) !"#✲

$%<% (%*+1;"+& (*%+ ➘?@✿ %4.:-%+✱ ( '%'1"*!%8 i✱ ( '%'1"*!%8 ω ) ( '%✲

'1"*!%8 ω3
(%%/*+/(/*+--%✳

,*!-*#!.$ %&'✳

H%*+1;"+& 1+*+1(-GI '+1+(/"-%*!G B,+&+-/%* &"(()*"✿

(

0 1 2 3 4 5 6 7

0 4 2 6 1 5 3 7

)

.

?%3(-)& %4J)8 (,G:"8 #*-*#/0"$ 1*#*/!&0"-2+ (,+$GIJ+<% &-%#+(/*"

{0, 1, 2, . . . , 2n − 1}✳ K)(," B/%<% &-%#+(/*" 2"');+& * $*%):-%8 ()(/+&+

(:)(,+-)3 -" n 1"213$"7✳ ➴(,) B/) n✲1"213$-.+ :)(," '1%:+(/0 ✭) G'%✲

13$%:)/0✮ * %41"/-%& '%13$!+✱ /% &. ) '%,G:)& 1+*+1(-GI '+1+(/"-%*!G

G!"2"--%<% &-%#+(/*"✳ ❮"'1)&+1✱ 1+*+1(-"3 '+1+(/"-%*!" -" :+/.1+7B,+✲

&+-/-%& &-%#+(/*+✿

(

0 1 2 3

0 2 1 3

)

.

❮" /1+/0+& ;"<+ * (%%/*+/(/*)) ( B/%8 1+*+1(-%8 '+1+(/"-%*!%8 ) 41",)

'%'1"*%:-.+ &-%#)/+,) $,3 ➘?@✿ ω0 = 1✱ ω2 = i✱ ω1
✱ ω3

✳

➶ %4J+& (,G:"+ %')("--%<% 4.(/1%<% ",<%1)/&"✱ -":)-"3 ( /1+/0+<%

;"<"✱ '%'1"*%:-.+ &-%#)/+,) 4+1G/(3 * *)$+ '%(,+$%*"/+,0-.7 (/+'+-+8

%41"2GIJ+<% :)(," ω * (%%/*+/(/*)) ( 1+*+1(-%8 '+1+(/"-%*!%8✳

❰4.:-% $"--.8 4.(/1.8 ",<%1)/& ),,I(/1)1G+/(3 $)"<1"&&%8 %')✲

("--.7 ;"<%*✱ <$+ (7+&" !"#$%<% ;"<" G(,%*-% -"2.*"+/(3 ➽4"4%:!%8➾✳

✃1%&+ %')("--%<% *"1)"-/" 1+",)2"D)) 4.(/1%<% ",<%1)/&" (GJ+(/*G✲

I/ ) $1G<)+✱ %/,):"IJ)+(3 '%13$!%& *.'%,-+-)3 $+8(/*)8✳

?1+)&GJ+(/*% 4.(/1%<% ",<%1)/&" '+1+$ -+'%(1+$(/*+--.& *.:)(,+✲

-)+& (%(/%)/ * (GJ+(/*+--%& G&+-0;+-)) :)(," %'+1"D)8✳ ❮"2%*+& "1*#&✲

4+*$ G&-%#+-)+ ',I( (,%#+-)+✳ ?1) -+'%(1+$(/*+--%& *.:)(,+-)) :)(,%

%'+1"D)8 N2
✳ ?1) )('%,02%*"-))) 4.(/1%<% ",<%1)/&" :)(,% %'+1"D)8Nn✳
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✾✳✹✳ ❒$%&'()$* +,&-$ ./0%&,1, 2&3,.&$4,5$)'* 67&83

❰!"#$%"& '(#)*+,+ $-,+*").$ !*&/-+0"-" %$ /123 !*".&*$3✿ /-5 N ✱

*$1%+,+ ✹ " ✽✳ ✃*+.& /"$,*$..( '(#)*+,+ $-,+*").$ %$,-5/%(. #!+#+✲

'+. &,+ !*&/#)$1-&%"5 #-20") .$)*"<%$5 =+*.$✳ ➘-5 N = 4 !*"1&/&%%(?

'(#)*(? $-,+*"). 1(,-5/") )$@✿











y0

y2

y1

y3











=











1 1 0 0

1 −1 0 0

0 0 1 i

0 0 1 −i





















1 0 1 0

0 1 0 1

1 0 −1 0

0 1 0 −1





















x0

x1

x2

x3











.

A-&1$ #-&/2&) &B& /+'$1")C 2.%+0&%"& %$ !&*&#)$%+1+<%2D .$)*"E2

L =











1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1











,

<)+'( !+*5/+@ #-&/+1$%"5 @++*/"%$) 1(3+/%+,+ #",%$-$ y '(- 1&*%(?✳

A+@*$B&%%+ F)+) $-,+*"). .+0%+ G$!"#$)C 1 1"/&

y = LS2S1x,

,/& S1✱ S2 ✕ #-$'+G$!+-%&%%(& .$)*"E( #!&E"$-C%+,+ 1"/$✱ /-5 G$!"#" @+✲

)+*(3 2/+'%+ "#!+-CG+1$)C #".1+- @*+%&@&*+1$ !*+"G1&/&%"5 .$)*"E✳

❰!"#$#%#&'# ✾✳✶✳ ✃!"#$%$!"&'( )!"*+&$,$#*$( /123 (-.!*/

A = (ajk)
n,m
j,k=1✱ B = (bjk)

n1,m1

j,k=1 %$G+1&. .$)*"E2 *$G.&*$ [n · n1 × m · m1]✱

@+)+*2D .+0%+ !*&/#)$1")C @$@ '-+<%2D .$)*"E2 1"/$

A⊗B = (ajk ·B)n,mj,k=1.

➶ F)+. +!*&/&-&%"" 1*&.&%%+ +)#)2!"-" +) %2.&*$E"" F-&.&%)+1 .$)✲

*"E # %2-5✳ J*+"--D#)*"*2&. +!*&/&-&%"&✱ %$!*".&*✱ /-5

A =

(

2 3

4 5

)

, B =

(

a b

c d

)

.

J+-2<".

A⊗B =











2a 2b 3a 3b

2c 2d 3c 3d

4a 4b 5a 5b

4c 4d 5c 5d











.

➘$-&& "#!+-CG2&. +'+G%$<&%"&✿ E /-5 &/"%"<%+? .$)*"E( 1)+*+,+ !+✲

*5/@$✱ H /-5 .$)*"E( ➘JK✱ 11&/&%%+? 1 %$<$-& *$G/&-$✳ L+,/$

✻✶



S1 = H ⊗ E, S2 = (E ⊗H)T2,

 !" T2 = diag(1, 1, 1, i) ✕ !$% &'%()'%* +%,-$.% /-%0"'$1 23".$%()'& & /$✲

!%✳ ➮'!"72 ✷ 9 +%,-$.: T &;'%<%", ,&✱ <,& >,& +%,-$.% /,&-& & 9-&/'*✱ %

$'!"72: 9 +%,-$. S &;'%<%?, '&+"- +%,-$.: / 3&-*!7" /:3&('"'$* !"1✲

2,/$1✳

➶ 2(9<%" A:2,-& & %( &-$,+% !(* &A-%,'& & ➘CD 3&-*!7% N = 8 ✭,✳ "✳

9-&/'* ✸✮ 2&7-%0"''%* +%,-$<'%* ;%3$2) 2("!9?0%*✿

y = LS3S2S1x,

 !" L ✕ 3"-"2,%'&/&<'%* +%,-$.% !(* -"/"-2'&1 3"-"2,%'&/7$✱

S1 = H ⊗ E ⊗ E, S2 = (E ⊗H ⊗ E)T2, S3 = (E ⊗ E ⊗H)T3,

T2 = diag(1, 1, 1, 1, 1, 1, i, i), T3 = diag(1, 1, 1, i, 1, ω, 1, ω3), ω = e
2πi
8 .

➴2($ 9 +%,-$.: /-%0"'$1 97%J"+ "0" $ 9-&/"') /2"1 +%,-$.: /"-K'$+

$'!"72&+✱ ,& 3&(9<$+ 2&&,'&L"'$"

T
(3)
2 = T

(2)
2 ⊗ E,

97%;:/%?0"" '% !/97-%,'&" 3&/,&-"'$" >("+"',&/ / +%,-$." 2("!9?0" &

9-&/'*✳

❒%,-$<'%* ;%3$2) >,& & A:2,-& & %( &-$,+% ➘CD 3&-*!7% N = 2n /:✲

 (*!$, ,%7✿

y = L · Sn · Sn−1 · . . . · S2 · S1 · x,

 !" L ✕ 3"-"2,%'&/&<'%* +%,-$.% -"/"-2'&1 3"-"2,%'&/7$ 9-&/'* n ✭,✳ "✳

3&-*!7% 2n✮✱

Sk = (E(k−1)⊗ ⊗H ⊗ E(n−k)⊗)T
(n)
k ,

 !" !$% &'%()'%* +%,-$.% /-%0"'$1 23".$%()'& & /$!% T
(k)
k 2,-&$,2* 3&

2("!9?0"+9 3-%/$(9✳ C&(&J$+M = 2k✱M1 = 2k−1
✱M2 = 2k−2

✳ N("!9?0$1

'%A&- 7&-'"1 $; "!$'$.:

ω0
M , ω

1
M , ω

2
M , . . . , ω

M1−1
M

-%23&(&J$+ / -"/"-2'&+ 3&-*!7"

ω0
M = 1, ωM2

M = i, ω
M2

2

M = ω, ω
3M2

2

M = ω3, . . . , ωM1−1
M

$ 3&+"2,$+ '% '"<",':" '&+"-% !$% &'%($✱ % '% <",':K 3&2,%/$+ "!$'$.:

✭'9+"-%.$* '%<$'%",2* 2 <",'& & '&+"-% ✕ '9(*✮✳ ➘%("" T
(s+1)
k = T

(s)
k ⊗ E✳

✻✷



✾✳✺✳ ➪$%&'$( )*+,'-&. ✃0*-✲2345-

❮!"#$%&& '!('&)%!*"'$+!,,-. + *"'& +!'"!,/ #-0/'$1$ !%1$'"/*! '&!✲

%"(!3"" ➘56 ✕ 8/$ !%1$'"/* ✃:%"✲;<=)"✳ ➶ 0%:@!& N = 2n 8/$/ !%1$'"/*

%&1)$ A$%:@!&/0B "( A'"+&C&,,$1$ +-D& !%1$'"/*!✱ &0%" ,!@!/< 0 '&+&'0✲

,$. A&'&0/!,$+)"✳ ➶ 8/$* +!'"!,/& A$'BC$) +-A$%,&,"B D!1$+ "(*&,"/0B

,! A'$/"+$A$%$F,-.✱ ! C"!1$,!%<,-& *!/'"3- +'!G&,". #:C:/ +-1%BC&/<

A'$G&✳

5'"+&C&* 8/$/ !%1$'"/* $#'!/,$1$ ➘56 C%B N = 16 + *!/'"@,$* +"C&

" + +"C& #%$)✲0H&*- ✭0*$/'" '"0:,$)✮✳ ❰#$(,!@"* ω = ωN = exp 2πi
16
✱

q = ω8 = exp 2πi
8
✳ ❮! '"0:,)& +*&0/$ q = ω2

A'",B/$ $#$(,!@&,"& u✳ ;$1C!

y = S4S3S2S1Lx,

1C& L ✕ A&'&0/!,$+$@,!B *!/'"3! C%B '&+&'0,$. A&'&0/!,$+)"✱

S1 = E ⊗ E ⊗ E ⊗H, S2 = (E ⊗ E ⊗H ⊗ E)T2,

S3 = (E ⊗H ⊗ E ⊗ E)T3, S4 = (H ⊗ E ⊗ E ⊗ E)T4,

T2 = diag(1, 1, 1, i, 1, 1, 1, i, 1, 1, 1, i, 1, 1, 1, i),

T3 = diag(1, 1, 1, 1, 1, q, q2, q3, 1, 1, 1, 1, 1, q, q2, q3),

T4 = diag(1, 1, 1, 1, 1, 1, 1, 1, 1, ω, ω2, ω3, ω4, ω5, ω6, ω7).

5$ !,!%$1"" (!A"0-+!=/ 8/$/ !%1$'"/* " + $#G&* 0%:@!& A'" N = 2n✱

)$1C! @"0%$ 0$*,$F "/&%&. + *!/'"3!H Sk '!+,$ n ✭! ,& ✹✱)!) (C&0<✮ "

C"!1$,!%<,-&*!/'"3- +'!G &,". 0/'$B/0B A$ A'",3"A:✿+ T2 ,! C"!1$,!%"

$0,$+,-&✹ @"0%! 1, 1, 1, i A$+/$'B=/0BN/4 '!(✱+ T3 ,! C"!1$,!%" $0,$+,-&

✽ @"0&% A$+/$'B=/0B N/8 '!(✱+ T4 ,! C"!1$,!%" $0,$+,-& ✶✻ @"0&% A$+/$✲

'B=/0B N/16 '!( " /✳C✳❮ !@!%<,!B A$%$+",! 8/"H $0,$+,-H @"0&% 0$0/$"/

"( &C","3✱! +/$'!B A$%$+",! &0/< A$0%&C$+!/&%<,$0/< 0/&A&,&. ✭+ A$'BC)&

✵✱✶✱✷✱✸ " /✳C✳✮$0,$+,$1$ $#'!(:=G &1$ @"0%! ✭ω4✱ω8✱ω16 " /✳C✳✮✳

 !"#!$% ✾✳✶✳ ➘!"#$%&'(% )$%(*$+,(-+'!% ./$0% ✭*%$%2 )$32(% ➘4.

)$! ω = exp −2πi
N

!5! (*$+&'(% )$! ω = exp 2πi
N
✮ )($37#+ N = 2n ✭&✳ %✳

/$(-'3 n✮ -!7+

yj =

N−1
∑

k=0

xkω
kj

2(9'( )$(-(7!&0 )( "5%7/:;!2 $%#/$$%'&'<2 =($2/5+2✱ -%$'<2 )$!

0 ≤ j < N1 = 2n−1
✱ ?7% q = ω2

✿

✻✸



yj =

N1−1
∑

k=0

x2kq
kj+ωj

N1−1
∑

k=0

x2k+1q
kj , yN1+j =

N1−1
∑

k=0

x2kq
kj−ωj

N1−1
∑

k=0

x2k+1q
kj .

➘!"#$#%&'()%*!✳ ❰!"#$"%& '#()%*% +(, 0 ≤ j < N +-(-+,.-)✱ #01-✲

*,$ 3-0"4- !*565-)4- #0 "-3-0"47✿

yj =

N1−1
∑

k=0

x2kω
2kj +

N1−1
∑

k=0

x2k+1ω
(2k+1)j .

➘5*-- +#*565-) 0 ≤ j < N1 , #01-*:"# 5"5*,;,(%-) $-(7"&& +#*#$,"%

$47#1"#6# )5!!,$5

yj =

N1−1
∑

k=0

x2kq
kj + ωj

N1−1
∑

k=0

x2k+1q
kj

, ",<"&& -6# +#*#$,"%✿

yN1+j =

N1−1
∑

k=0

x2kω
(N1+j)2k +

N1−1
∑

k=0

x2k+1ω
(N1+j)(2k+1) =

=

N1−1
∑

k=0

x2kq
kj + ωN1ωj

N1−1
∑

k=0

x2k+1q
kj . �

➮05>✱ '#()%*4 1#>5;5""#? 0-#(-)4 ✾✳✶ 1-)#"!0(,(%&0✱ 30# )#<"# "51

)5!!,$#) ,; 3-0"47 >##(1,"50 ,!7#1"#6# $->0#(5 #01-*:"# , )5!!,$#) ,;

"-3-0"47 >##(1,"50 ,!7#1"#6# $->0#(5 #01-*:"# +(#$-!0, ➘CD +#(E1>5

N1 ✭0✳ -✳ +(-141%G-6# %(#$"E✮ , 1#I5$,0: $ ;5>*&3-",, +#+(5$*-""#- 1,!✲

>(-0"#- +(-#I(5;#$5",- J55(5 ! +#+(5$>5), $,15 ωj $ +#(E1>- !*-1#$5",E

#0!3-0#$ $47#1"#6# !,6"5*5 yj , yN1+j ✳

➶ )50(,3"#? ;5+,!, 5*6#(,0)5 , $ I*#>✲!7-)- "5 (,!%">- +#>5;5"#✱ 30#

+#16#0#$,0-*:"4? ✭"%*-$#?✮ .56 5*6#(,0)5 !#!0#,0 $ (-$-(!"#? +-(-!05✲

"#$>- L*-)-"0#$ ,!7#1"#6# )5!!,$5 x = (x0 x1 x2 . . . x15)
T
✱ $ (-;%*:050-

>#0#(#? $-(7"EE +#*#$,"5 I%1-0 !#!0#E0: ,; 3-0"47 L*-)-"0#$ $ (-$-(!"#)

+#(E1>-✱ 5 ",<"EE ✕ ,; "-3-0"47 L*-)-"0#$ $ (-$-(!"#) +#(E1>-✳ ➘5*-- "5

(,!%">- +#>5;5"4 3-04(- #!"#$"47 .565 5*6#(,0)5✱ "5 >5<1#) ,; >#0#(47

$4+#*"E-0!E $#!-): ➘CJ✱ 35!0: ,; >#0#(47 ✕ ! +#+(5$>#?✳ N#6*5!"# (-;%*:✲

0505) 0-#(-)4 ✾✳✶ 0(, +-($47 .565 )#<"# (5;I,0: "5 $-(7"&& , ",<"&&

+#*#$,"4✱ 61- $4+#*"E-)4- 1-?!0$,E ,1-"0,3"4✳ ➘*E !#>(5G-",E ;5+,!,

(-;%*:050 >5<1#6# #!"#$"#6# .565 $43,!*-",E #I#;"535-) $ $,1- )5!!,$5

a = (a0 a1 . . . a15)
T
✱ 30# $ !*%35- +-($#6# .565 "5 (,!%">- !+-O,5*:"# #0)-✲

3-"#✳ P-;%*:050 +#!*-1"-6# .565 -!0: $47#1"#? !,6"5* y = (y0 y1 . . . y15)
T
✳

❮5+#)",)✱ 30# i = ω4 = exp 2πi
4
✱ u = ω8 = exp 2πi

8
✱ ω = ω16 = exp 2πi

16
✳

✻✹
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РȖȟȡțȜȘг БșȜȘ-ȟȣȓȚȎ ȏȩȟȠȞȜȑȜ ȎșȑȜȞȖȠȚȎ КȡșȖ-ТȪȬȘȖ ȞȓȎșȖȕȎȤȖȖ ȒȖȟȘȞȓȠțȜȑȜ  
ȝȞȓȜȏȞȎȕȜȐȎțȖȭ ФȡȞȪȓ ȝȜȞȭȒȘȎ 1л ȐȖȒȎ ݕ = �̅16 ∙  ݔ



 !" #$"%&'"" ()#*✲%,-./ '& !"%0'*- #1.-1")" 2&3'#- %2#4%12# !-2-!%✲

'#4 $-!-%1&'#2*" ✕  !" # $%&"%' (%'!)%  '*(%') + +%,-!.. # / +0!1

$"**0+" 0 ,"*# /"2"%' 0- + ,%+%,*! $ # ,345%✱ " !%(%'!)% ✖ + !08!..

# / +0!1 '"58% + ,%+%,*! $ # ,345%✳ ➘&''/4 !-80)91&1 :#*&8&' 2 %)-:0✲

;<-4 )-..-✳

❐!""# ✾✳✶✳ 91*': revn : {0, 1, 2, . . . , N − 1} → {0, 1, . . . , N − 1}
0 revn−1 : {0, 1, 2, . . . , N1 − 1} → {0, 1, 2, . . . , N1 − 1} ✕  ' <,"8%!03✱

*  '+%'*'+1.&0% ,%+%,*! = #%,%*'"! +5% !" $! 8%*'+"- 0> N = 2n 0

N1 = 2n−1
?/%$%!' + *  '+%'*'+%!! ✳ A 24" #,0 0 ≤ j < N1 0$%%$

revnj = 2 revn−1j, revn(j +N1) = 2 revn−1j + 1.

➘ 5">"'%/:*'+ ✳ ="%)# j "8 :"&$&8#'& 0 ≤ j < N1 = 2n−1
$!-:%1&✲

2".# *&* (n − 1)✲!&8!>:'#- :2#"?'#- ?"%)# j = (jn−1 jn−2 . . . j1)2✳ ❮& n

!&8!>:&, A1# 3- ?"%)# $!-:%1&2)>-1%> :#(&2)-'"-. '0)> 2 %1&!B"4 !&8!>:

j = (jn jn−1 jn−2 . . . j1)2✱ jn = 0✳  !" $!#?1-'"" ?"%)& 2 #(!&1'#. $#!>:*-

A1# $!-#(!&8#2&'"- %##12-1%120-1 0:2#-'"; ?"%)&✳

➚'&)#E"?'# :2#"?'#- $!-:%1&2)-'"- ?"%)& j+N1 '& n !&8!>:&, "8 :2#✲

"?'#E# (n − 1)✲!&8!>:'#E# $!-:%1&2)-'"> ?"%)& j $#)0?&-1%> :#(&2)-'"-.

-:"'"F/ 2 %1&!B"4 !&8!>: j = (jn jn−1 jn−2 . . . j1)2✱ jn = 1✳  !" $!#?1-✲

'"" ?"%)& 2 #(!&1'#. $#!>:*- A1# $!-#(!&8#2&'"- %##12-1%120-1 0:2#-'";

?"%)& % :#(&2)-'"-. -:"'"F/✳

✾✳✻✳ #$%&'()(*+

✾✳✶✳ ➬&$"B"1- 2 2":- ()#*✲%,-./ &)E#!"1. "8 21#!#E# $&!&E!&J&✳

✾✳✷✳ L#%1&291- #(!&1'/4 &)E#!"1. 2/?"%)-'"> x = 1
4
F4y * $!"2-:-''#.0

2# 21#!#. $&!&E!&J- (/%1!#.0 &)E#!"1.0 !-&)"8&F"" y = F4x✳ ➬&$"B"1-

-E# ()#*✲%,-.0✳

✾✳✸✳ ➘)> $!#"82#)9'#E# "%,#:'#E# .&%%"2& x % ?-1/!9.> *##!:"'&1&."

✭'&$!".-!✱ F"J!&." E#:& 2&B-E# !#3:-'">✮ ?"%)-''# $!#*!01"19 &)E#!"1.

$✳ ✾✳✷ " #(!&1'/4 &)E#!"1. 2#%%1&'#2)-'">✳

✾✳✹✳ ➘)> $!#"82#)9'#E# "%,#:'#E# .&%%"2& x % 2#%9.9; *##!:"'&1&."

✭'&$!".-!✱ F"J!&." :&1/ 2&B-E# !#3:-'"> 2 J#!.&1- ?"%)#✲.-%>F✲E#:✮

?"%)-''# $!#*!01"19 (/%1!/4 &)E#!"1. $✳ ✾✳✸✳

✾✳✺✳ ➘)> $!"2-:-''/, 2 $✳ ✾✳✹ .&1!"F 2/?"%)"1- *!#'-*-!#2/ $!#"82-✲

:-'"> B ⊗A, A⊗A✳ ➶/?"%)"1- H ⊗H :)> H "8 $✳ ✾✳✶✳

✾✳✻✳ L#%1&291- !-2-!%'0; $-!-%1&'#2*0 '& ✶✻ A)-.-'1&, #1 ✵ :# ✶✺✳

✾✳✼✳ L#%1&291- (/%1!/4 &)E#!"1. !-&)"8&F"" ➘ V :)> .&%%"2& "8 ✸✷

?"%-)✳

✻✻



✶✵✳ ➘$%&'()*+( ,('$-.$/(%&$( 01*&2$$ ➪('*144$

✶✵✳✶✳ #$%&'$ ()*%+,'-%. /%+0$'1-232 4$'25$672(6-%.

89$:'

 !"#$%$& '!"&$! #()"*+$,"- %"*.!$/,010 '!$02!340#3,"- 56!7$ # 02✲

9$& #"%$✱ /✳ $✳ '!0"4#0+7,010 '0!-%.3 N %+- *"1,3+3 "4 '!0*/!3,*/#3 C
N
✳

➴*/$*/#$,,0 # .3)$*/#$ /3.010 *"1,3+3 '!$%+0="/7 *"1,3+ x * .00!%",3/3&"

x(k) = k✳

 0 >0!&6+$ ✭✸✵✮ #()"*+"& .00!%",3/( #(C0%,010 *"1,3+3✿

y(s) =

N−1
∑

k=0

kω−sk.

➶ )3*/,0*/"✱ '0 >0!&6+$ *6&&( )+$,0# 3!">&$/")$*.0F '!01!$**""

y(0) =

N−1
∑

k=0

k =
N(N − 1)

2
. (35)

➘+- #()"*+$,"- 0*/3+7,(C .00!%",3/ '!"&$,"& >0!&6+(

N−1
∑

k=0

zk =
1− zN

1− z
,

N−1
∑

k=0

kzk−1 =

(

1− zN

1− z

)′

=
1 + (N − 1)zN −NzN−1

(1− z)2
.

➴*+" #('0+,-$/*- *00/,0H$,"$ zN = 1✱ /0 '0+6)"& >0!&6+6

N−1
∑

k=0

kzk =
zN(1− z−1)

(1− z)2
=

N

z − 1
.

I3. .3. 6 ,3* "&$,,0 J/0/ *+6)3F (ω−s)N = 1✱ /0

y(s) =

N−1
∑

k=0

kω−sk =
N

ω−s − 1

'!" s = 1, 2, . . . , N − 1✳  !"#$%$,,(F '!"&$! #()"*+$,"- ➘ 5 '04#0+-$/

#(#$*/" ",/$!$*,6K /!"10,0&$/!")$*.6K >0!&6+6✳

➶()"*+"& ,0!&( #C0%,010 x " #(C0%,010 y *"1,3+0#✿

‖x‖2 =

N−1
∑

k=0

k2 =
(N − 1)N(2N − 1)

6
,

‖y‖2 =
N2(N − 1)2

4
+N2

N−1
∑

s=1

1

|ω−s − 1|2 = N2

(

(N − 1)2

4
+

N−1
∑

s=1

1

|ω−s/2 − ωs/2|2

)

.

✻✼



 ! "#$%&'()* +!,*-./* 01.%,/

ωs/2 = e
πsi
N = cos

πs

N
+ i sin

πs

N
, ω−s/2 = cos

πs

N
− i sin

πs

N

$)2"&.3%*

|ω−s/2 − ωs/2|2 = 4 sin2 πs

N
.

 ,"*%("* ,/$%(&'$!  /,&%$/.3 ✭✸✷✮ 8.3 9'": &";(/.!$✿

N
(N − 1)N(2N − 1)

6
= N2

(

(N − 1)2

4
+

N−1
∑

k=1

1

4 sin2 πk
N

)

.

❰'&>8/ ?!.-2/%*

4(N − 1)(2N − 1)

6
= (N − 1)2 +

N−1
∑

k=1

1

sin2 πk
N

.

 !&.% ?,!&'): ?,%!@,/#!$/("1 ?,":!8"* A "('%,%&(!1 +!,*-.%

N−1
∑

k=1

1

sin2 πk
N

=
N2 − 1

3
. (36)

B.%8->C"1 ?,"*%, ?,!&'!;! &";(/./✱ ?!#$!.3>C%;! ?!.-2"'E /(/.!✲

;"2(-> +!,*-.-✱ ✕ 9'! &";(/. & !'&2%'/*" x(k) = k2
✳  ,/$8/✱ ?," 9'!*

$)2"&."'%.E()% &.!I(!&'" &-C%&'$%((! $!#,/&'-'✳ J?,!C%("% 8!&'";/%'✲

&3 ?%,%:!8!* !' A./&&/ &";(/.!$ C
N
A A./&&- C

N
0 ✳

➶ ?,"$%8%((!* ?,"*%,% $*%&'! &";(/./ & !'&2%'/*" x(k) = k &.%8-%'

,/&&*!',%'E &";(/. & !'&2%'/*"

b1(k) = k − N − 1

2
,

A!'!,)1 &!;./&(! +!,*-.% ✭✸✺✮ ?,"(/8.%I"' ?,!&',/(&'$- C
N
0 ✳

 ! +!,*-.% ✭✸✵✮ 8.3 (%;! ?!.-2"*

F [b1](0) = 0, F [b1](s) = y(s), s− 1, 2, . . . , N − 1.

B!;./&(! ,/$%(&'$-  /,&%$/.3 ✭✸✷✮

N‖b1‖2 =

N−1
∑

s=1

|y(s)|2 =

N−1
∑

k=1

1

4 sin2 πk
N

,

2'! ?,"$!8"' A '!*- I% ,/$%(&'$- ✭✸✻✮✳

✻✽



✶✵✳✷✳ $%&'()* ➪,-'.))%

 !"#$%&"''%" ()*" %+%,'-."'/" b1 '" 0$1.-2'%✳ 4/5'-$ b1 6($6"706

#/08!"7'%2 9"!/%#/."08%2 :1'8;/"2 ➪"!'1$$/ 9"!(%5% 9%!6#8-✳

❰!"#$#%#&'# ✶✵✳✶✳➘!"#$%&'() *%$!(+!,%"#() -.'#/!%) ➪%$'.11! *(✲

$3+#4 s '-,)(-"706 0/5'-$✱ 8%%!#/'-7) 8%7%!%5% %9!"#"$6>706 !-("'07(%?

bs(j) =
1

N

N−1
∑

k=1

(ωk − 1)−s · ωkj , 5#" ω = e
2πi
N , s, j ∈ Z. (37)

➪1#"? '-,)(-7@ /A 8%!%." ✕ "!5'416 ➪%$'.11! 9%!6#8- s ✭9"!/%#- N✮✳

E-8 8-8 9%$-5-"?✱ .7% 9"!/%#N :/80/!%(-'✱ 7% ( %+%,'-."'/6A "5% '" %7?"✲

.-"?✳ ➶ .-07'%07/✱ 9% :%!?1$" ✭✸✶✮ $"58% ()./0$/7@✱ .7% '-.-$@')2 0/5'-$

➪"!'1$$/

b0 = δ − 1

N
6 ‖.

❐#,,- ✶✵✳✶✳ ➶8%+%''6% -($9.1() ✭✸✼✮ "!5'416 ➪%$'.11! *$!'4+1%✲

>4& *$("&$4'"&8. C
N
0 ✳

➘(#4@4&%1A"&8(✳  "!/%#/.'%07@ 0/5'-$- bs ()7"8-"7 /, 9"!/%#/.'%07/

./0$- ω 9% 9%8-,-7"$> 07"9"'/✿ ωk+N = ωk
✳ K0$%(/" '%!?/!%(8/ ✭✷✼✮ #$6

(0"A 0/5'-$%( ➪"!'1$$/ 9!%("!6"706 9% :%!?1$" ✭✸✶✮✳ �

➶("#"? %9"!-;/> #('%,'() $4@'("&!✱ ∆ %9!"#"$"''1> '- x ∈ C
N
✿

∆[x](j) = x(j + 1)− x(j).

N7- %9"!-;/6 $/'"2'-✿ ∆[x+ y] = ∆[x] + ∆[y], ∆[αx] = α∆[x].

❐#,,- ✶✵✳✷✳ ➴"1! x ∈ C
N
0 ✱ &( ∆[x] ∈ C

N
0 ✳

➘(#4@4&%1A"&8(✳ "!/%#/.'%07@ 0/5'-$-∆[x] %."(/#'-✳  !%("!/? 10$%✲

(/" '%!?/!%(8/

N−1
∑

k=0

∆[x](k) =

N−1
∑

k=0

x(k + 1)−
N−1
∑

k=0

x(k) = 0.

❐#,,- ✶✵✳✸✳ ➴"1! b ∈ C
N
0 ✱ &( $%D%'!% x ∈ C

N
0 $4@'("&'(5( .$48'%'!3

∆[x] = b %+!'"&8%''(✳

➘(#4@4&%1A"&8(✳  !"#$%&/? -$5%!/7? ()./0$"'/6 x ∈ C
N
0 ✳

 %$-5-"? x(0) = C / 9!/0(-/(-"? s := x(0)✱ '" %9!"#"$66 9%8- C✳

➘$6 j %7 ✶ #% N − 1 ✭.7% %+%,'-.-"? j ∈ 1 : N − 1✮ ()./0$6"?

✻✾



x(j) := x(j − 1) + b(j − 1), s := s+ x(j).

➶!"#$%&'( C✱ *'+,& -*,./'/#' ✭12/1$#2'%3/1 /'#4.'$2/15 C✮✿ s = 0✳

921"/&'( 4/,"'/#& 12$"'21. x(j)✱ :1;$2,.%&& /,5;'//1' 4/,"'/#' C✳ �

<%';1.,2'%3/1✱ . =%,$$' $#>/,%1. C
N
0 1:*';'%'/, 1?*,2/,& 1:'*,@#&

∆−1 : CN
0 → C

N
0 = 1:'*,@## =1/'"/15 *,4/1$2#✳ A2, 1:'*,@#& 2,=B' %#/'5✲

/,& /, =%,$$' C
N
0 ✿

∆−1[x+ y] = ∆−1[x] + ∆−1[y], ∆−1[αx] = α∆−1[x], x, y ∈ C
N
0 , α ∈ C.

❐!""# ✶✵✳✹✳ ➘!" #$%&'!() ➪+,&-!!$ bs = ∆[bs+1] $ bs+1 = ∆−1[bs]✳

➘(.'/'0+!1#0)(✳ ➶!"#$%#( =11*;#/,2! $#>/,%,

∆[bs+1](j) =
1

N

N−1
∑

k=1

(ωk − 1)−(s+1) · ωk(j+1) − 1

N

N−1
∑

k=1

(ωk − 1)−(s+1) · ωkj =

=
1

N

N−1
∑

k=1

(ωk − 1)−(s+1) · ωkj(ωk − 1) = bs(j).

D1 %'((' ✶✵✳✸ :1%-",'( .21*1' -2.'*B;'/#' %'((! ✶✵✳✹✳

()!*+,-.! ✶✵✳✶✳ ➘!" #3)$%' #$%&'!' ➪+,&-!!$✿ b←s = bs + bs−1✳

➘(.'/'0+!1#0)(✳ ➶ =11*;#/,2,I ;1=,4,//,& J1*(-%, bs−1 = ∆[bs] .!✲

>%&;#2 2,=✿

bs−1(j) = bs(j + 1)− bs(j), #%# bs(j + 1) = bs(j) + bs−1(j).

/0!*)12!3.! ✶✵✳✶✳ 5)&67 )$3 &'8'!1&69 #$%&'!() ➪+,&-!!$ (0,$✲

;'0+!1&(%( <(,"3.'

b−k =
k
∑

j=0

(−1)jCj
kδ

(k−j)←
<,$ 1 ≤ k < N. (38)

❰0#8+06 )#+9 #$%&'!() ➪+,&-!!$ )+>+#0)+&&6+✳ ➪(!++ 0(%(✱ (0#8+06

)#+9 #$%&'!() ➪+,&-!!$ (0,$;'0+!1&(%( <(,"3.' $ .((,3$&'06 )+.0(,()

Nk+1 · bk <,$ &+(0,$;'0+!1&69 k +#01 ;+!6+ 8$#!'✳

➘(.'/'0+!1#0)(✳ D1 %'((' ✶✵✳✹ #(''( ?,4- #/;-=@## ;%& ✭✸✽✮✿

b−1 = b←0 − b0 = δ← − δ − 1

N
( 6 ‖←− 6 ‖) = δ← − δ = (−1 0 0 . . . 0 0 1),

b−2 = b←−1 − b−1 = δ2← − 2δ← + δ = (1 0 0 . . . 0 0 1 − 2).

➮/;-=2#./!5 :'*'I1; ✭.1 .21*15 $-((' 4,('/&'( s = j + 1✮

✼✵



b−k = b←−k+1 − b−k+1 =

k−1
∑

j=0

(−1)jCj
k−1δ

(k−j)← −
k−1
∑

j=0

(−1)jCj
k−1δ

(k−1−j)← =

= δk← +

k−1
∑

j=1

(−1)j(Cj
k−1 + Cj−1

k−1)δ
(k−j)← + (−1)kδ =

k
∑

j=0

(−1)jCj
kδ

(k−j)←.

 !"#$%"&" "'($)*%+$ )(+,)*(+ -"%+#".&/%01 2+344"5"$%*+(

Cj−1
k−1 + Cj

k−1 = Cj
k. (39)

6.2 2.2 +*)7$*0 b−1 5$&0$✱ *+ " 9.&$$ +*)7$*0 ()$1 )":%.&+( ➪$!%<&&"

+*!"5.*$&/%+:+ =+!>92. =+&<7.$# 5$&0$✳

✃++!9"%.*0 ($2*+!. N · b0 = Nδ− 6 ‖ )<*/ 5$&0$ 7")&.✳ ➘&> )":%.&+(
➪$!%<&&" )&$9<BC"1 ✭-+&/E"1✮ =+!>92+( )+:&.)%+ 4+!#<&$ bs+1 = ∆−1[bs]

(07")&>$# 2++!9"%.*0 =+ .&:+!"*#< &$##0 ✶✵✳✸✳ ➬%.7$%"$ )<##.*+!. =+

+2+%7.%"B 5"2&. !.(%+

s =

N−1
∑

j=0

x(j) = NC +

N−2
∑

j=0

(N − j − 1)b(j).

➴)&" +*)7$*0 b(j) -0&" 5$&0$✱ *+✱ !$E.> <!.(%$%"$ s = 0✱ =+&<7.$#

!.5"+%.&/%+$ '%.7$%"$ C )+ '%.#$%.*$&$# N ✳ �

❐!""# ✶✵✳✺✳  !"#$% ➪'(#)%%! *+(,-.$ ✵ 0%)1!2 #'32($%4#56 7%'✲

6'#2+6 -%, +*'($9!! .()"+:+3 0:'(2.! : *(+02($#02:' C
N
0 ✳

➘+.$=$2'%402:+✳ ❰*#$7.&+)/ (0E$ " &$:2+ =!+($!>$*)> *+✱ 7*+ )":%.&

δ )&<M"* %$,*!.&/%0# 3&$#$%*+# 9&> +=$!.5"" 2!<:+(+, )($!*2" ( =!+✲

)*!.%)*($ C
N
✿ x ∗ δ = x✳ 6.2M$ =+ +=!$9$&$%"B ✭✷✻✮ #+M%+ (07")&"*/✱

7*+

x∗ 6 ‖ = M 6 ‖, :9$ M =

N−1
∑

k=0

x(k),

=+3*+#< x∗ 6 ‖ = 0 9&> &B-+:+ x ∈ C
N
0 ✳ ❰*)B9. =+ )(+,)*(< &"%$,%+)*"

2!<:+(+, )($!*2"

x ∗ b0 = x ∗ δ − 1

N
x∗ 6 ‖ = x− 0 = x.

❐!""# ✶✵✳✻✳✃()"+:$, 0:'(2.$ 0!"#$%+: ➪'(#)%%! ($:#$ 0++2:'202:)✲

?@'6) 0!"#$%) ➪'(#)%%!✱ $ !6'##+

bn ∗ bm = bn+m.

 !"#$%5 ➪'(#)%%! '024 02'*'#! +2#+0!2'%4#+ +*'($9!! 0:'(2.! #$✲

B$%4#+"+ 0!"#$%$ bn = bn∗✱ "-' b = b1✱ n ∈ Z✳

✼✶



➘!"#$#%&'()%*!✳ ➶!"#$%&%# b−1 = (−1 0 0 . . . 0 0 1)✱ ()*+),-

b−1 ∗ x = ∆[x] (40)

.%& %/0)1) x ∈ C
N
23()$43.$+5322!, 5!"#$%32#3,✳ 7) %3,,3 ✶✵✳✹ ()%-";✲

3, .%& 5$3= $#12;%)5 ➪342-%%# )+4#?;+3%@2)1) ()4&.A;

b−k = ∆[b−k+1] = b−1 ∗ b−k+1 = (b−1)
k∗.

7) %3,,3 ✶✵✳✹ # B)4,-%3 ✭✹✵✮✿

b−1 ∗ b1 = ∆[b1] = b0, b−k ∗ bk = b0.

❰+$/.; 5!+3A;3+ B)4,-%; bn = bn∗✱ 1.3 b = b1✳ G)4,-%; bn ∗ bm = bn+m

&5%&3+$& 33 $%3.$+5#3,✳

 !"#$%&'" ✶✵✳✷✳ ❐-.!/ )012#' x ∈ C
N
0 34&5)%#*06 * *05& "471!*!/

)*&4%"0 "!2&82!/ 4#$2!)%0 *9.4#22!1! 3!4:5"# ;%!1! )012#'# ) )!!%*&%✲

)%*7-=06 )012#'!6 ➪&427''0

x = ∆m[x] ∗ bm.

✶✵✳✸✳ ➶%&'( )*+,'-'./)*+0/12+3 14.. 0/*/5 1+,-67%

➪/*-477+

H (),)I@/ $#12;%)5 ➪342-%%# 5!5).&+$& #J53$+2!3 ✭5 $%-";3 $#12;%)5

➪342-%%# )+4#?;+3%@2)1) ()4&.A;✮ # 2)5!3 ✭5 $%-";3 $#12;%)5 ➪342-%%#

()%)K#+3%@2)1) ()4&.A;✮ +4#1)2),3+4#"3$A#3 B)4,-%! .%& $+3(323L $#✲

2-$)5 5 4;52))+$+)&I#= -J%;=✳

,"-."/0 ✶✵✳✶✳ ❰%)8&%9 )3&"%4# @74(& )012#'# ➪&427''0✿

F [bs](0) = 0, F [bs](k) = (ωk − 1)−s
340 1 ≤ k < N.

✃*#54#% 2!469 )3&"%4# @74(& )012#'# ➪&427''0 ✭(4# s > 0✮✿

‖F [bs]‖2 =
1

4s

N−1
∑

k=1

1

sin2s πk
N

,

‖F [b−s]‖2 = 4s
N−1
∑

k=1

sin2s πk

N
.

➘ !"#$#% &'()% *!✳M$%)5#3F [bs](0) = 0 4;52)$#%@2) (4)534322),- 4;233

-$%)5#/ 2)4,#4)5A# $#12;%; ➪342-%%#✳

➘ %& )$+;%@2!= A))4.#2;+ () B )4,-%3 ✭✸✵✮

✼✷



F [bs](l) =

N−1
∑

j=0

1

N

N−1
∑

k=1

(ωk − 1)−sωkjω−lj =
1

N

N−1
∑

k=1

(ωk − 1)−s
N−1
∑

j=0

ωj(k−l).

 !" "!" #$ %$&'()* ✭✸✶✮ /0(1&*0022 3(''! 0* 0()*/!2 1$)4"$ #&5 k = l✱

1$ #$)(7!*'

F [bs](l) = (ωl − 1)−s.

❰139:! "/!:&!1 0$&'; ✭#$ %$&'()* <=)*&! eiϕ = cosϕ+ i sinϕ✮

‖F [bs]‖2 =

N−1
∑

k=1

|ωk−1|−2s =

N−1
∑

k=1

|ω k
2 −ω−

k
2 |−2s · |ω|−sk =

N−1
∑

k=1

∣

∣

∣

∣

2 sin
πk

N

∣

∣

∣

∣

−2s

.�

>&5'*0*05*' &!/*031/! >!&3*/!)2 #$)(7!*132 3)*:31/5* ✶✵✳✸✳

 !"#$%&'" ✶✵✳✸✳  !""# $%&'#( )&%*%'%+ ),'!)-. . /0.'--&)&-12,(

!340( .#/0506&)1 $%/%3 '-/"# ),7'04-. ➪%/'!44, ✭s > 0✮

N−1
∑

k=1

sin2s πk

N
=

N

4s
‖b−s‖2,

N−1
∑

k=1

1

sin2s πk
N

= 4sN‖bs‖2.

❮$&'; 35B0!)$/ ➪*&0())5 $1&5D!1*)40$B$ #$&2:"! )*B"$ /;753)514✳

,"-."/0 ✶✵✳✷✳ ➴)4, 0 < s < N ✱ &- ‖b−s‖2 = 4s(2s−1)!!
(2s)!!

✳

>/, N ≥ s+ 1
N−1
∑

k=1

sin2s πk

N
= N

(2s− 1)!!

(2s)!!
.

➘-@030&%4A)&.-✳ E$B)!30$ #&*:)$F*059 ✶✵✳✶ #&5 0 < s < N 5'**'

‖b−s‖2 =

s
∑

j=0

(

Cj
s

)2

.

E&!/05/!2 / 1$F:*31/* (1 + x)s(1 + x)s = (1 + x)2s "$G%%5D5*01; #&5

xs
✱ #$)(7!*' &-5B%)&.- ➶0'B%/"-'B0

s
∑

j=0

(

Cj
s

)2

= Cs
2s. (41)

➮3I$:2 5J G1$B$

‖b−s‖2 =
(2s)!

(s!)2
=

(2s)!!(2s− 1)!!

(s!)(s!)
=

2s(2s− 1)!!

s!
=

4s(2s− 1)!!

(2s)!!
.

❰31!)$34 #$:31!/514 G1$1 &*J()41!1 / #*&/(9 %$&'()( 3)*:31/52 ✶✵✳✸✳ �

✼✸



➶ !"#$%&#$'✱

N−1
∑

k=1

sin2 πk

N
=

N

2
)*' N ≥ 2,

N−1
∑

k=1

sin4 πk

N
=

3N

8
)*' N ≥ 3,

N−1
∑

k=1

sin6 πk

N
=

5N

16
)*' N ≥ 4,

N−1
∑

k=1

sin8 πk

N
=

35N

128
)*' N ≥ 5.

➶+!'#,-%'- %&*. #'/%",&0 ➪-*%2,,' )&,&3'$-,4%&/& )&*567" #28-✲

#$0-%%& #,&3%--✳ ➴#,' 26"#$#5 <$& )*&6-,"$4✱ $& #&/,"#%& =&*.2,- #,-6✲

#$0'5 ✶✵✳✸ .&3%& )&,2!'$4✱ %")*'.-*✱ #,-62A8'- =&*.2,+✿

N−1
∑

k=1

1

sin4 πk
N

=
(N2 − 1)(N2 + 11)

45
,

N−1
∑

k=1

1

sin6 πk
N

=
(N2 − 1)(2N4 + 23N2 + 191)

945
,

N−1
∑

k=1

1

sin8 πk
N

=
(N2 − 1)(3N6 + 43N4 + 337N2 + 2497)

14175
.

✶✵✳✹✳ $%&'()*)+,

✶✵✳✶✳ ➶+!'#,'$- &C8'D 0'6 0#-E #'/%",&0 ➪-*%2,,' )-*'&6" 2✳

✶✵✳✷✳ ➘,5 )-*'&6" N = 3 0+!'#,'$- #'/%",+ ➪-*%2,,' b1✱ b0✱ b−1✱ b−2✱

b−3✱ b−4✳ H& 0%-I%-.2 0'62 <$'E #'/%",&0 #=&*.2,'*2D$- )*-6)&,&3-%'-

&C &C8-. 0'6- #'/%",&0 b2n ' b2n−1 ✭$✳ -✳ &$6-,4%& !-$%&/& ' %-!-$%&/& )&✲

*567&0✮✳ ❒-$&6&. ."$-."$'!-#7&D '%627M'' 6&7"3'$- <$& )*-6)&,&3-%'-✳

 !"#"$%&✳ ➶ =&*.2,'*&07- '#)&,4N2D$- #60'/' #'/%",&0 (2 − 1 − 1) '

(−1 0 1)✳

✶✵✳✸✳ ➘,5 )-*'&6" N = 4 0+!'#,'$- #'/%",+ ➪-*%2,,' )&*567&0 &$ ✕✹

6& ✹✳ ➶+*"N'$- #'/%", b−4 0 0'6- ,'%-D%&D 7&.C'%"M'' #'/%",&0 b−3✱ b−2✱

b−1❀ " #'/%", b0 ✕ 0 0'6- ,'%-D%&D 7&.C'%"M'' b1✱ b2✱ b3✳

✶✵✳✹✳ ➘,5 )-*'&6" N = 5 0+!'#,'$- #'/%",+ ➪-*%2,,' )&*567&0 &$

✕✺ 6& ✺✳ ➶+!'#,'$- # )&.&84A #,-6#$0'5 ✶✵✳✸ #2..+

∑4
k=1 sin

2n πk
5
)*'

n = 1, 2, 3, 4, 5✱ " $"73- )*' n = −1,−2,−3,−4,−5✳ H*-6,&3'$- 0 ,AC&D 'N
."$-."$'!-#7'E )*&/*".. 0+!'#,'$4 #2..2

∑4
k=1

1

sin10 πk
5

%-)&#*-6#$0-%%&✳

S*"0%'$- )&,2!-%%+- *-N2,4$"$+✳

✶✵✳✺✳ ➘,5 )-*'&6" N = 5 0+!'#,'$- 7*2/&02A #0-*$72 #'/%",&0 ➪-*%2,✲

,' b1 ∗ b3 ' b−3 ∗ b3 %-)&#*-6#$0-%%&✳ S*"0%'$- # *-N2,4$"$&. ,-..+ ✶✵✳✻✳

✼✹



❰!➶➴!$

✶✳✶✳ ϕξ(x) = (xp+ q)n✱ M [ξ] = np✱ D [ξ] = npq✱ M
[

ξ[k]
]

= n[k]pk✳

✶✳✷✳ ϕ(x) = eλ(x−1)
✱ M [ξ] = λ✱ D [ξ] = λ✳ ✶✳✸✳ ϕ(x) = px

1−qx
✱ M [η] = 1

p
✱

D [η] = q
p2
. ✶✳✹✳ ϕ(x) =

(

px
1−qx

)3

✱ M [η3] =
3
p
✱ D [η3] =

3q
p2
. ✶✳✺✳ ➬#$%& '(#))%✲

&# ) +#,#-./,%- λ = 5✳ ✶✳✻✳ ϕην (x) =
3(x+1)4

160−7(x+1)4
✱ M [ην ] =

20
3

✱ D [ην ] =
310
9
.

ϕην (x) =
6(x+1)6

640−4(x+1)6
✱ M [ην ] = 5✱ D [ην ] =

65
2
.

✶✳✼✳ ϕξ2(x) =
(x2+3x+2)2

36
✱ M [ξ2] =

5
3
✱ D [ξ2] =

17
18

✱

① ✵ ✶ ✷ ✸ ✹

♣

1
9

1
3

13
36

1
6

1
36

✳

✷✳✶✳ An(t) = (t+ 1)n❀ Φn ∗ Φ1 = Φn+1✱ An+1(t) = (t+ 1)n+1
✳

✷✳✹✳ A(t) = tN−1
t−1

✱ B(t) = tA′(t) = (N−1)tN+1−NtN+t

(t−1)2
✳

✷✳✺✳ 1001001101000110101011000000110000101100010011001000110010101

101000011010010110101001✳ ✷✳✻✳ f9 + f7 + f4 + f0 = 1010010001✳

✷✳✼✳ ✷✽✱ ✸✱ ✵✱ ✶❀ 28 + 3 + 0 + 1 ∼ 101010001✳ ✷✳✶✵✳ ✷✵✾❀ 8f7 + 5f8✱

✶✵✵✵✵✵✶✶✵✵✵✵✶✶✵✶✵✵✶❀ ✶✵✶✵✵✵✶✵✵✶✵✵✶✳ ✷✳✶✶✳ 14f12 ∼ 1000010111010101✳

✸✳✶✳ (peit + q)n✱ eλ(e
it−1)

✭)-✳ (+,✳ ✶✳✶ ; ✶✳✷✮✳ ✸✳✷✳ f(t) = λ
λ−it

✱ M [ξ] = 1
λ

✱

D [ξ] = 1
λ2 . ✸✳✸✳ f(t) =

λ2

λ2+t2
✱ M [ξ] = 0✱ D [ξ] = 2

λ2 . ✸✳✹✳ f(t) =
sin t
t

✱ M [ξ] = 0✱

D [ξ] = 1
3
❀ f2ξ(t) = sin 2t

2t
✱ f2ξ(t) = f2(t)✳ ✸✳✺✳ fξ+ξ1(t) = sin2 t

t2
✱ pξ+ξ1(x) ,#=&#

x+2
4

+,; x ∈ [−2, 0]✱ 2−x
4

+,; x ∈ [0, 2]✱ ✵ +,; x /∈ [−2, 2]✳

✸✳✻✳

① ✕✶ ✶

♣

1
2

1
2

✳ ✸✳✼✳

① ✕✷ ✵ ✷

♣

1
4

1
2

1
4

❀

① ✕✸ ✕✶ ✶ ✸

♣

1
8

3
8

3
8

1
8

✳

✸✳✽✳ fζ(t) = fξ(t) ·fη(t) = sin t
t
·cos t = sin 2t

2t
✭)-✳ (+,✳ ✸✳✹✮✳ ✸✳✶✵✳ fη(t) = |f(t)|2✳

✹✳✶✳ f(t) = exp(ita − t2σ2

2
)✳ ✹✳✷✳ f(t) = eit(a1+a2) · exp(− t2(σ2

1+σ2
2)

2
)✱ ?#$%&

,#)+,.@.A.&;B ξ ∈ N(a1 + a2,
√

σ2
1 + σ2

2)✳

✺✳✶✳ F (t) = 2(1−cos t)√
2π·t2 ✳ ✺✳✷✳ F1(t) =

1√
2π
· 1
λ+it

❀

1√
2π
· 1
λ−it

❀

√

2
π
· λ
λ2+t2

✳

✺✳✸✳

√

π
2
·e−|t|✳ ✺✳✹✳ i

√

π
2
·e−|t|·sign t✳ ✺✳✺✳ (f1∗f1)(t) = 1√

2π
·tf1(t)❀ 1

2π(λ+it)2
❀

1√
2π(λ+it)2

✳ ✺✳✻✳

√

2
π
· 2
4+t2

· e2it✳ ✺✳✼✳
√

π
8
(|t|+ 1)e−|t|✱ −i

√

π
8
te−|t|✳

✻✳✶✳ e−t2/2
✳ ✻✳✷✳ −ite−t2/2

✳ ✻✳✸✳ (1 − t2)e−t2/2
❀ a = 1/2❀ λ = −1✳ ✻✳✹✳

➘AB -&%D%EA.&%= F,-;/# )% )/#,G;- $%HII;J;.&/%- ✶✿ H3(x) = x3 − 3
2
x✱

H4(x) = x4 − 3x2
❀ )%L)/=.&&M. E;)A# i✱ ✶✳ ✻✳✼✳ f1 ∈ R0✱ f2 ∈ R2✳ ✻✳✽✳ π✳

✼✳✷✳ ➘FN ✕ (1 1 1 1)✱ (1 i− 1− i)✱ (1− 1 1− 1)✱ (1 − i − 1 i)❀

)@=;D; %)&%=&%O ➘FN ✕ (i− 1− i 1)✱ (−1− i 1 i)✱ (−i 1 i− 1)✳

✼✺



✼✳✻✳



















1 1 1 1 1 1

1 ω−1 ω−2 ω−3 ω−4 ω−5

1 ω−2 ω−4 ω−6 ω−8 ω−10

1 ω−3 ω−6 ω−9 ω−12 ω−15

1 ω−4 ω−8 ω−12 ω−16 ω−20

1 ω−5 ω−10 ω−15 ω−20 ω−25



















,



















1 1 1 1 1 1

1 ω5 ω4 ω3 ω2 ω

1 ω4 ω2 1 ω4 ω2

1 ω3 1 ω3 1 ω3

1 ω2 ω4 1 ω2 ω4

1 ω ω2 ω3 ω4 ω5



















,





















1 1 1 1 1 1

1 1
2
−
√
3

2
i − 1

2
−
√
3

2
i −1 − 1

2
+
√
3

2
i 1

2
+
√

3
2
i

1 − 1
2
−
√

3
2
i − 1

2
+
√
3

2
i 1 − 1

2
−
√
3

2
i − 1

2
+
√

3
2
i

1 −1 1 −1 1 −1
1 − 1

2
+
√

3
2
i − 1

2
−
√
3

2
i 1 − 1

2
+
√
3

2
i − 1

2
−
√

3
2
i

1 1
2
+
√
3

2
i − 1

2
+
√
3

2
i −1 − 1

2
−
√
3

2
i 1

2
−
√

3
2
i





















.

✼✳✼✳ ✶✮ (x0 x1 x2 x3) · F4✱

2)











1 1 1 1

1 −i −1 i

1 −1 1 −1
1 i −1 −i





















x0

x1

x2

x3











, 3)

x0 + x1 + x2 + x3

x0 − ix1 − x2 + ix3

x0 − x1 + x2 − x3

x0 + ix1 − x2 − ix3

;

(6,−2 + 2i,−2,−2− 2i) # #$%&'()'* +'(,$ -./010 ✭1 -./3&4,0✮✳

✼✳✽✳(6,−2− 2i, 2,−2 + 2i)✱ (10,−2 + 2i,−2,−2− 2i)✳ ✼✳✾✳(10, 12, 10, 4)✱

(36,−8i, 4, 8i)✳ ✼✳✶✵✳(0, 1, 4, 9)✱ (14,−4 + 8i,−6,−4− 8i)✳

✼✳✶✶✳ 6 ‖, r−1•, r−2•, r−3•, . . . r(−N+1)•. ✼✳✶✷✳Nδ,Nδ→, Nδ2→, . . . , NδN−1→.

✽✳✶✳X = (6,−2 + 2i,−2,−2− 2i)✱ ‖X‖2 = 56 = 4 · ‖x‖2 = 4 · 14❀
Z = (15,−3 + 3

√
3 i,−3 +

√
3 i,−3,−3−

√
3 i,−3− 3

√
3 i)✱

‖Z‖2 = 330 = 6 · ‖z‖2✳ ✽✳✷✳ y0 = N(N−1)
2

✱ yk = N
ω−k−1

= N ωk/2

ω−k/2−ωk/2 ✱

N (N−1)N(2N−1)
6

= N2(N−1)2

4
+N2∑N−1

k=1
1

4 sin2 πk
N

✳ ✽✳✸✳λ1,2 = ±
√
2✱

(
√
2 + 1, 1)✱ (1−

√
2, 1)❀ 1'71&#$))4$ 8019. :93 /':/('1&(.)1&#✿ ✶ 0 ✕✶✳

Q+ =
1

2
√
2

( √
2 + 1 1

1
√
2− 1

)

, Q− =
1

2
√
2

( √
2− 1 −1
−1

√
2 + 1

)

.

✽✳✹✳λ1 = 2✱ λ2 = −2i✱ λ3 = −2✳ f0 = (1 1− 1 1)✱ f1 = (1 0 1 0)✱ f2 = (−1 1 1 1)✱

f3 = (0 1 0− 1)✳

✽✳✺✳

J2 =











1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0











, J3 =
1

2











1 1 1 1

1 i −1 −i
1 −1 1 −1
1 −i −1 i











;

✼✻



Q0 =
1

4











3 1 1 1

1 1 −1 1

1 −1 3 −1
1 1 −1 1











, Q1 = 0 Q2 =
1

4











1 −1 −1 −1
−1 1 1 1

−1 1 1 1

−1 1 1 1











,

Q3 =
1

2











0 0 0 0

0 1 0 −1
0 0 0 0

0 −1 0 1











; U =
1

2











1
√
2 −1 0

1 0 1
√
2

−1
√
2 1 0

1 0 1 −
√
2











;

 !"#$%& '(!)*%& U  " !(+#,-! ")!".")'*)"+(..&/ $(0* *0  "$ !+1..&2

+13!")"+✱ 51)+&1 6+( *0 3"!")&2 .(2"6,! , .1"6."0.(7."❀

dim R0 = 2, dim R1 = 0, dim R2 = dim R3 = 1✳

✽✳✻✳ J  '✳ '(!)*%: *0 :5)(;.1.*, ✼✳✻✱ ."  3">??*%*1.!"'

1√
6
✳

J2 =

























1 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

0 1 0 0 0 0

























, J3 =
1√
6



















1 1 1 1 1 1

1 ω1 ω2 ω3 ω4 ω5

1 ω2 ω4 1 ω2 ω4

1 −1 1 −1 1 −1
1 ω4 ω2 1 ω4 ω2

1 ω5 ω4 −1 ω2 ω



















.

Q0 =
1

4
√
6



















2 + 2
√
6 2 2 2 2 2

2 1 +
√
6 −1 −2 −1 1 +

√
6

2 −1 −1 +
√
6 2 −1 +

√
6 −1

2 −2 2 −2 + 2
√
6 2 −2

2 −1 −1 +
√
6 2 −1 +

√
6 −1

2 1 +
√
6 −1 −2 −1 1 +

√
6



















,

Q1 =
1

4
√
2



















0 0 0 0 0 0

0 −1 +
√
2 −1 0 1 1−

√
2

0 −1 1 +
√
2 0 −1−

√
2 1

0 0 0 0 0 0

0 1 −1−
√
2 0 1 +

√
2 −1

0 1−
√
2 1 0 −1 −1 +

√
2



















,

Q2 =
1

4
√
6



















−2 + 2
√
6 −2 −2 −2 −2 −2

−2 −1 +
√
6 1 2 1 −1 +

√
6

−2 1 1 +
√
6 −2 1 +

√
6 1

−2 2 −2 2 + 2
√
6 −2 2

−2 1 1 +
√
6 −2 1 +

√
6 1

−2 −1 +
√
6 1 2 1 −1 +

√
6



















,

✼✼



Q3 =
1

4
√
2



















0 0 0 0 0 0

0 1 +
√
2 1 0 −1 −1−

√
2

0 1 −1 +
√
2 0 1−

√
2 −1

0 0 0 0 0 0

0 −1 1−
√
2 0 −1 +

√
2 1

0 −1−
√
2 −1 0 1 1 +

√
2



















.

dim R0 = dim R2 = 2, dim R1 = dim R3 = 1✳ ❰"#$%$&'()&*+ ,'-./ .- /$,✲

/#12&&*3 124#$"$1 . 5&.#'"&'6 7'#".8' U 1*9./(6:#/6 /($;&$ . &2$<&$✲

-&'9&$✳

◗
◗
◗
◗

◗
◗
◗
◗

✑
✑
✑
✑

✑
✑
✑
✑

❛
❛

❛❛✦
✦

✦✦

❛
❛

❛❛✦
✦

✦✦

✐

❍

❍

❍

❍

✾✳✶✳

x0

x1

x2

x3

x0 + x2

x1 + x3

x0 − x2

x1 − x3

y0

y2

y1

y3

y0

y1

y2

y3

◗
◗
◗
◗

◗
◗
◗
◗

✑
✑
✑
✑

✑
✑
✑
✑

❛
❛
❛❛✦

✦
✦✦

❛
❛
❛❛✦

✦
✦✦

✲✐

H
2
H
2

❍✴✷

❍✴✷

✾✳✷✳

y0

y1

y2

y3

1
2
(y0 + y2)

1
2
(y1 + y3)

1
2
(y0 − y2)

1
2
(y1 − y3)

x0

x2

x1

x3

x0

x1

x2

x3

◗
◗

◗
◗

◗
◗

◗
◗

✑
✑

✑
✑

✑
✑

✑
✑

❛
❛

❛❛✦
✦

✦✦

❛
❛

❛❛✦
✦

✦✦

✐

❍

❍

❍

❍

✾✳✸✳

✶

✾

✶

✼

✷

✶✻

✵

✷

✶✽

✕✶✹

2i

−2i

✶✽

2i

✕✶✹

−2i

◗
◗
◗
◗

◗
◗
◗
◗

✑
✑
✑
✑

✑
✑
✑
✑

❛
❛

❛❛✦
✦

✦✦

❛
❛

❛❛✦
✦

✦✦

✲✐

H
2
H
2

❍✴✷

❍✴✷

✶✽

2i

✕✶✹

−2i

✷

✵

✶✻

2i

✶

✶

✾

✼

✶

✾

✶

✼

✾✳✹✳ I$/#"$9&'6 -'J./) /.%&'($1 ✭J2"1'6 /#"$94' ✕ 7'//.1 x✮

✵ ✼ ✶ ✶ ✶ ✾ ✶ ✼

✶ ✶✻ ✷ ✽ ✕✶ ✕✷ ✵ ✕✻

✸ ✷✹ ✕✶ ✽ ✲✶ −2− 6i = a ✲✶ ✕✷✰✻✐❂❛

✷✼ ✕✷✶ ✕✶✰✽✐ ✕✶✲✽✐ −1 + ωa −1− ωa −1 + ω3a −1− ω3a

y = (27,−1− 2ω − 6ω3,−1 + 8i,−1− 2ω3 + 6ω5,−21,−1 + 2ω + 6ω3,−1− 8i,

− 1 + 2ω3 − 6ω5)✱ %<2 ω = 1+i√
2

✱ ω3 = −1+i√
2

✱ ω5 = −ω✳
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9.5. B ⊗A =











2a 3a 2b 3b

4a 5a 4b 5b

2c 3c 2d 3d

4c 5c 4d 5d











, A⊗A =











4 6 6 9

8 10 12 15

8 12 10 15

16 20 20 25











,

H ⊗H =











1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1











.

9.6.

(

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 8 4 12 2 10 6 14 1 9 5 13 3 11 7 15

)

.

✾✳✼✳  !"#!$!%&$'()*+, -.# .(#!/&$0. 1!1$!&$ % /'%'/1*!, 2'/'1$.*!%3'

4('0'*$!% &15!"*!#! 0.11&%. x = (x0 x1 x2 . . . x32)
T
✳ ➶ /'89()$.$' 4$!,

2'/'1$.*!%3& 1!#(.1*! ('00' ✾✳✶ %'/5*<< 2!(!%&*. 0.11&%. =9"'$ 1!1$!<$)

&8 >'$*+5 4('0'*$!% % /'%'/1*!0 2!/<"3'✱ . *&@*<< ✕ &8 *'>'$*+5 4('✲

0'*$!% % /'%'/1*!0 2!/<"3'✳ ➘.('' !$"'()*! "(< %'/5*', & !$"'()*! "(<

*&@*', 2!(!%&*+ 0.11&%. 2!%$!/<D$1< !1*!%*+' >'$+/' -.#. =+1$/!#!

.(#!/&$0.✱ 2!3.8.**+' *. =(!3✲15'0' /&19*3. *. 1✳ ✻✺✳ ➘!=.%(<'$1< 2<$+,

!1*!%*!, -.#✳ ➴1(& /'89()$.$ 2! !3!*>.*&& 4$&5 >'$+/'5 -.#!% !=!8*.>&0

z = (z0 z1 z2 . . . z15)
T
"(< %'/5*', 2!(!%&*+ & t = (t0 t1 t2 . . . t15)

T
"(<

*&@*', 2!(!%&*+✱ $! 1!#(.1*! $'!/'0' ✾✳✶ 3!!/"&*.$+ %+5!"*!#! 0.11&%. y

%+>&1(<D$1< 2! H!/09(.0 yk = zk + ωk
32tk✳ I!#(.1*! H!/09(' (ω32)

16 = −1
*. =(!3✲15'0' 4$!$ 8.3(D>&$'()*+, -.# !H!/0(<D$ % %&"' .*.(!#&>*!,

✭10✳ /&19*!3✮ ➽=.=!>3&➾ "(< *.=!/. 2!2/.%('**+5 ➘ N 1 %+=!/!0 4('0'*✲

$!% 1 -.#!0 ✶✻ & 2!2/.%3.0& ω0, ω, ω2, ω3, . . . , ω15
1!!$%'$1$%'**!✳

✶✵✳✶✳ bn = 2−n−1(−1)n(1,−1)✳ ✶✵✳✷✳ b1 = 1
3
(−1, 1, 0)✱ b0 = 1

3
(2,−1,−1)✱

b−1 = (−1, 0, 1)✱ b−2 = (1, 1,−2)✱ b−3 = (0,−3, 3)✱ b−4 = (−3, 6,−3)✳
b2n = 3−n−1(−1)n(2,−1,−1)n→✱ b2n−1 = 3−n(−1)n(−1, 0, 1)n→✳
✶✵✳✸✳ b−4=(2,−4, 6,−4)✱ b−3=(−1, 1,−3, 3)✱ b−2=(1, 0, 1,−2)✱ b−1=(−1, 0, 0, 1)✱
b0=

1
4
(3,−1,−1,−1)✱ b1= 1

8
(−3, 3, 1,−1)✱ b2= 1

16
(1,−5, 1, 3)✱ b3= 1

32
(3, 5,−5,−3)✱

b4 = 1
64
(−7,−1, 9,−1)✳ b−4 = −4b−3 − 6b−2 − 4b−1✱ b0 = −4b1 − 6b2 − 4b3✳

✶✵✳✹✳ b−5 = (0,−5, 10,−10, 5)✱ b−4 = (1, 1,−4, 6,−4)✱ b−3 = (−1, 0, 1,−3, 3)✱
b−2 = (1, 0, 0, 1,−2)✱ b−1 = (−1, 0, 0, 0, 1)✱ b0 = 1

5
(4,−1,−1,−1,−1)✱

b1 = 1
5
(−2, 2, 1, 0,−1)✱ b2 = 1

5
(0,−2, 0, 1, 1)✱ b3 = 1

5
(1, 1,−1,−1, 0)✱

b4 = 1
25
(−4, 1, 6, 1,−4)✱ b5 = 1

25
(0,−4,−3, 3, 4)✳  91$) TS(n) =

∑4
k=1 sin

2n πk
5
✳

O!#". TS(1) = 5
2
✱ TS(2) = 15

8
✱ TS(3) = 25

16
✱ TS(4) = 175

128
✱ TS(5) = 625

512

TS(−1) = 8✱ TS(−2) = 96
5
✱ TS(−3) = 256

5
✱ TS(−4) = 3584

25
✱ TS(−5) = 2048

5
✳

✶✵✳✺✳ b1 ∗ b3 = 1
25
(−4, 1, 6, 1,−4)✱ b−3 ∗ b3 = 1

5
(4,−1,−1,−1,−1)✳
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