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ÏÐÅÄÈÑËÎÂÈÅ

Ïðåäëàãàåòñÿ ñáîðíèê èíäèâèäóàëüíûõ çàäàíèé ïî òåîðèè ôóíêöèé êîìïëåêñíî-
ãî ïåðåìåííîãî (ÒÔÊÏ), ïðåäíàçíà÷åííûé äëÿ ñòóäåíòîâ ñïåöèàëüíîñòåé "Ìàòåìàòèêà
è êîìïüþòåðíûå íàóêè" , "Ïðèêëàäíàÿ ìàòåìàòèêà è èíôîðìàòèêà" è äðóãèõ òåõíè÷å-
ñêèõ è ôèçèêî-ìàòåìàòè÷åñêèõ ñïåöèàëüíîñòåé âóçîâ.

Íàñòîÿùèé ñáîðíèê ñîñòàâëåí íà îñíîâå Ñáîðíèêà çàäàíèé 2001 ãîäà (Â.È. è
Ä.ß. Äàí÷åíêî, Ñ.À.Ãîëîïóç) è çíà÷èòåëüíî äîïîëíÿåò è ìîäèôèöèðóåò åãî. Çàäà÷íèê
âêëþ÷àåò â ñåáÿ êðàòêèé ñïðàâî÷íûé ìàòåðèàë è çàäà÷è ïî âñåì íàèáîëåå âàæíûì
ðàçäåëàì ó÷åáíîãî êóðñà ÒÔÊÏ. Äëÿ èíäèâèäóàëèçàöèè ðàáîòû ñòóäåíòîâ ïðåäëàãàåòñÿ
30 âàðèàíòîâ äëÿ êàæäîãî òèïà çàäà÷. Ðàçáèðàþòñÿ ïðèìåðû ðåøåíèé íàèáîëåå òðóäíûõ
çàäà÷.

Äëÿ ïðàêòè÷åñêîãî îñâîåíèÿ êóðñà ÒÔÊÏ âîâñå íå îáÿçàòåëüíî âûïîëíåíèå âñåõ
çàäàíèé. Ïðåïîäàâàòåëü ìîæåò èç ïðåäëàãàåìîãî ìàòåðèàëà ïðåäëîæèòü ïåðå÷åíü íàè-
áîëåå ïîäõîäÿùèõ çàäà÷ ñ ó÷åòîì ïðîãðàììû è ñïåöèôèêè èçó÷àåìîãî êóðñà.

Â ïîñëåäíåì ðàçäåëå ñáîðíèêà ïðåäëàãàþòñÿ çàäà÷è ïîâûøåííîé ñëîæíîñòè. Íåêî-
òîðûå èç âêëþ÷åííûõ ñþäà çàäà÷ ìîãóò ñëóæèòü îñíîâîé äëÿ äàëüíåéøèõ ñàìîñòîÿòåëü-
íûõ íàó÷íûõ èññëåäîâàíèé ñòóäåíòîâ ïî ÒÔÊÏ.
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ÃËÀÂÀ 1. Êîìïëåêñíûå âåëè÷èíû è ôóíêöèè
� 1.1. Îïåðàöèè íàä êîìïëåêñíûìè âåëè÷èíàìè è ôóíêöèÿìè

Êîìïëåêñíûå ÷èñëà z (Ê×) ýòî âåêòîðû ñ äåéñòâèòåëüíûìè êîîðäèíàòàìè (x, y),
íàäåëåííûå îïðåäåëåííîé àðèôìåòè÷åñêîé ñòðóêòóðîé (ñì. íèæå). Ê× ïðèíÿòî çàïè-
ñûâàòü â âèäå z = x+ iy. Ñèìâîë i çäåñü èãðàåò ðîëü ðàçäåëèòåëüíîãî çíàêà. Îäíàêî â
àðèôìåòè÷åñêèõ îïåðàöèÿõ íàä Ê× îí èñïîëüçóåòñÿ è êàê îïðåäåëåííûé àðèôìåòè÷å-
ñêèé îáúåêò è íàçûâàåòñÿ ìíèìîé åäèíèöåé. Ê× z èçîáðàæàåòñÿ â äåêàðòîâîé ñèñòåìå
êîîðäèíàò èëè êàê ñâîáîäíûé âåêòîð ñ êîîðäèíàòàìè (x, y), èëè êàê òî÷êà ñ òåìè æå
êîîðäèíàòàìè.

1. Àðèôìåòè÷åñêèå îïåðàöèè íàä Ê× z1 = x1 + iy1, z2 = x2 + iy2:
� ñëîæåíèå è âû÷èòàíèå: z1 ± z2 = (x1 + iy1)± (x2 + iy2) = (x1 ± x2) + i(y1 ± y2);

� óìíîæåíèå: z1 · z2 = (x1 + iy1) · (x2 + iy2) = (x1 · x2 − y1 · y2) + i(y1x2 + x1y2).

Ôîðìóëó çàïîìèíàòü íå íóæíî: ðåçóëüòàò ïîëó÷àåòñÿ êàê óìíîæåíèå îáû÷íûõ
àëãåáðàè÷åñêèõ äâó÷ëåíîâ, íî ïðè ýòîì âûðàæåíèå i2, ïîëó÷àþùååñÿ â ïðîèçâåäåíèè,
çàìåíÿåòñÿ íà −1, ò.å. i2 = −1 (îòñþäà è íàçâàíèå ¾ìíèìàÿ åäèíèöà¿).

� äåëåíèå:
z1

z2

=
x1 + iy1

x2 + iy2

=
(x1x2 + y1y2) + i(x2y1 − x1y2)

x2
2 + y2

2

.

Çäåñü ðåçóëüòàò ïîëó÷àåòñÿ ïîñëå óìíîæåíèå ÷èñëèòåëÿ è çíàìåíàòåëÿ íà ñîïðÿ-
æåííîå ê çíàìåíàòåëþ Ê× x2−iy2 è ïîñëåäóþùåãî ïðèìåíåíèÿ ôîðìóëû äëÿ óìíîæåíèé
â ïîëó÷åííûõ ÷èñëèòåëå è çíàìåíàòåëå.

� ðàâåíñòâî Ê×: z1 = z2, åñëè x1 = x2 è y1 = y2.
Ïîä÷åðêíåì, ÷òî ñðàâíåíèé òèïà ¾áîëüøå, ìåíüøå¿ äëÿ Ê× íå ñóùåñòâóåò.
Ìíîæåñòâî Ê×, íàäåëåííûõ óêàçàííîé àðèôìåòè÷åñêîé ñòðóêòóðîé, îáîçíà÷àåò-

ñÿ ÷åðåç C. Èç îïðåäåëåíèÿ îïåðàöèé ñëåäóåò, ÷òî ÷èñëà âèäà x + i · 0 ∈ C âåäóò ñåáÿ
êàê îáû÷íûå äåéñòâèòåëüíûå ÷èñëà x. Íàïðèìåð, åñëè z1 = x1 + i · 0 è z2 = x2 + i · 0, òî

z1 + z2 = (x1 + x2) + i · 0, z1z2 = x1x2 + i · 0, z1/z2 = x1/x2 + i · 0.

Ïîýòîìó òàêèå Ê× îòîæäåñòâëÿþò ñ äåéñòâèòåëüíûìè ÷èñëàìè è îáîçíà÷àþò êðàòêî:
x = x+ i · 0. Â ýòîì ñìûñëå ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë ÿâëÿåòñÿ ïîäìíîæåñòâîì
â C. ×èñëà âèäà 0 + iy íàçûâàþò ÷èñòî ìíèìûìè, èõ îáîçíà÷àþò êðàòêî: iy = 0 + iy.
Çàìåòèì, ÷òî ñîãëàñíî ïðàâèëó óìíîæåíèÿ è ýòèì îáîçíà÷åíèÿì èìååì

i2 = (0 + i · 1)2 = (02 − 12) + i · 0 = −1 + i · 0 = −1,

ò.å. ôîðìàëüíîå ïðàâèëî çàìåíû i2 íà −1 ïðè óìíîæåíèè ïîëó÷àåòñÿ è êàê ðåçóëüòàò
óìíîæåíèÿ.
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2. Îñíîâíûå îáîçíà÷åíèÿ äëÿ Ê× z = x+ iy:

1. x = Re z � äåéñòâèòåëüíàÿ ÷àñòü Ê× z, y = Im z � ìíèìàÿ ÷àñòü Ê× z;
2. z̄ = x− iy � ñîïðÿæåííîå Ê× ê ÷èñëó z;
3. r =| z |=

√
x2 + y2 � äëèíà (ìîäóëü) Ê× z.

4. ϕ = Arg z � óãîë ïîâîðîòà âåêòîðà z; ϕ íàçûâàåòñÿ àðãóìåíòîì Ê× z. Ââèäó
íåîäíîçíà÷íîñòè àðãóìåíòà ðàññìàòðèâàåòñÿ òàêæå arg z � ãëàâíîå çíà÷åíèå àðãóìåíòà
ñ óñëîâèåì : −π < arg z ≤ π. Òàê ÷òî Arg z = arg z + 2πk, k ∈ Z.

Ïðèìåð. Ñîãëàñíî ýòèì îáîçíà÷åíèÿì èìååì:

z · z̄ = |z|2, x =
z + z̄

2
, y =

z − z̄
2i

, |i| =
∣∣∣∣
1

i

∣∣∣∣ = 1, arg i =
π

2
, arg

1

i
= −π

2
.

3. Çàïèñü Ê× â ïîëÿðíûõ êîîðäèíàòàõ. Â ðÿäå çàäà÷ óäîáíî èñïîëüçîâàòü
íå äåêàðòîâû êîîðäèíàòû (x, y) êîìïëåêñíîãî ÷èñëà z = x + iy, à ïîëÿðíûå (r, ϕ), ãäå
r =| z |=

√
x2 + y2 � (äëèíà) ìîäóëü âåêòîðà z, à ϕ = Arg z � óãîë åãî ïîâîðîòà

(àðãóìåíò). Èìååò ìåñòî ñâÿçü ìåæäó äåêàðòîâûìè è ïîëÿðíûìè êîîðäèíàòàìè:

x = r cosϕ, y = r sinϕ;

r =
√
x2 + y2, tgϕ =

y

x
.

Ïîñëåäíåå ðàâåíñòâî îïðåäåëÿåò àðãóìåíò ñ òî÷íîñòüþ äî πk. Äëÿ îïðåäåëåííîñòè, íà-
ïðèìåð, ìîæíî âçÿòü ϕ = arctg y

x
ïðè x > 0 è ϕ = arctg y

x
± π ïðè x < 0.

Òðèãîíîìåòðè÷åñêàÿ ôîðìà çàïèñè Ê×. Ñ ó÷åòîì àðèôìåòè÷åñêèõ ïðàâèë
èç ï. 1 ïðåîáðàçóåì çàïèñü z = x+ iy ê âèäó

z = x+ iy = |z|
(
x

|z| + i
y

|z|
)

= |z|(cosϕ+ i sinϕ).

Ïîêàçàòåëüíàÿ ôîðìà çàïèñè Ê×. Ââåäåì îäíî âàæíîå îáîçíà÷åíèå

cosϕ+ i sinϕ = eiϕ.

Ýòî ðàâåíñòâî íàçûâàåòñÿ ôîðìóëîé Ýéëåðà. Òîãäà ïîëó÷èì ïîêàçàòåëüíóþ (ýêñïîíåí-
öèàëüíóþ) ôîðìó çàïèñè:

z = |z|eiϕ.
Âûðàæåíèå eiϕ áóäåì íàçûâàòü ýêñïîíåíòîé Ýéëåðà.

4. Îñíîâíûå ñâîéñòâà ýêñïîíåíòû Ýéëåðà.
∣∣eiϕ
∣∣ = 1, eiϕ = e−iϕ, ei(ϕ+2πk) = eiϕ.
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Ïî îòíîøåíèþ ê îïåðàöèÿì óìíîæåíèÿ è äåëåíèÿ îíà âåäåò ñåáÿ êàê îáû÷íàÿ ýêñïî-
íåíòà:

eiϕ1eiϕ2 = ei(ϕ1+ϕ2),
eiϕ1

eiϕ2
= ei(ϕ1−ϕ2),

(
eiϕ
)n

= einϕ.

5. Àðèôìåòè÷åñêèå îïåðàöèè â ïîëÿðíûõ êîîðäèíàòàõ. Ó÷èòûâàÿ ñâîé-
ñòâà ýêñïîíåíòû Ýéëåðà è ïîêàçàòåëüíóþ ôîðìó çàïèñè Ê×, ïîëó÷èì ñëåäóþùèå ôîð-
ìóëû. Ïóñòü z1 = r1e

iϕ1 , z2 = r2e
iϕ2 , òîãäà

z1z2 = r1r2e
i(ϕ1+ϕ2);

z1

z2

=
r1

r2

ei(ϕ1−ϕ2), zn1 = z1 · z1 · · · z1 = |z1|neinϕ1 ,

ò.å. ïðè óìíîæåíèè ìîäóëè ïåðåìíîæàþòñÿ, à àðãóìåíòû ñêëàäûâàþòñÿ, ïðè äåëåíèè
ìîäóëè äåëÿòñÿ, à àðãóìåíòû âû÷èòàþòñÿ. Äàëåå, ó÷èòûâàÿ ïîñëåäíåå ðàâåíñòâî, ïîëó-
÷àåì ôîðìóëó äëÿ èçâëå÷åíèÿ êîðíåé èç êîìïëåêñíûõ ÷èñåë z = reiϕ, ò.å. ôîðìóëó äëÿ
íàõîæäåíèÿ êîðíåé óðàâíåíèÿ wn = z:

w = n
√
z = n
√
rei

ϕ+2πk
n , k = 0, · · · , n− 1.

Äåéñòâèòåëüíî, åñëè âîçâåñòè ïðàâóþ ÷àñòü â ñòåïåíü n, òî ïîëó÷èì rei(ϕ+2πk) = reiϕ = z.
Ìîæíî ïîêàçàòü, ÷òî äðóãèõ êîðíåé íåò. Ãåîìåòðè÷åñêèå îáðàçû ýòèõ çíà÷åíèé äåëÿò
îêðóæíîñòü |z| = n

√
r íà n ðàâíîâåëèêèõ äóã.

6. Ñâîéñòâà ìîäóëÿ è îïåðàöèè ñîïðÿæåíèÿ.

|z| = 0⇔ z = 0, |z1 + z2| ≤ |z1|+ |z2|, |z1z2| = |z1||z2|,
∣∣∣∣
z1

z2

∣∣∣∣ =
|z1|
|z2| .

reiϕ = re−iϕ, z1 ± z2 = z1 ± z2, z1 z2 = z1 z2,

(
z1

z2

)
=
z1

z2

.

7. Ãåîìåòðè÷åñêàÿ èëëþñòðàöèÿ àëãåáðàè÷åñêèõ îïåðàöèé. Â çàâèñèìî-
ñòè îò ðàññìàòðèâàåìûõ çàäà÷ Ê× z = x + iy èçîáðàæàþòñÿ â äåêàðòîâîé ñèñòåìå
êîîðäèíàò XOY êàê âåêòîðû èëè êàê òî÷êè ñ êîîðäèíàòàìè (x, y).

Ïåðâûé âàðèàíò óäîáåí äëÿ èëëþñòðàöèè ñëîæåíèÿ è âû÷èòàíèÿ Ê× êàê ñâî-
áîäíûõ âåêòîðîâ ïî ïðàâèëó ïàðàëëåëîãðàììà. Â ýòîì ñëó÷àå ìîäóëü |z| =

√
x2 + y2

âûðàæàåò äëèíó âåêòîðà (x, y), èçîáðàæàþùåãî Ê×. Ïðè ýòîì íåðàâåíñòâî òðåóãîëüíè-
êà |z1± z2| ≤ |z1|+ |z2| èìååò ïðèâû÷íûé ãåîìåòðè÷åñêèé ñìûñë (äëèíà ñòîðîíû z1± z2

òðåóãîëüíèêà ìåíüøå ñóììû äëèí äâóõ äðóãèõ åãî ñòðîí z1 è z2).
Âî âòîðîì âàðèàíòå çíà÷åíèå |z| ðàâíî ðàññòîÿíèþ îò òî÷êè (x, y), èçîáðàæàþ-

ùåé z, äî íà÷àëà êîîðäèíàò. Âåëè÷èíà |z1 − z2| =
√

(x1 − x2)2 + (y2
1 − y2

2) ðàâíà ðàññòî-
ÿíèþ ìåæäó òî÷êàìè (x1, y1), (x2, y2), èçîáðàæàþùèìè z1 = x1 + iy1 è z2 = x2 + iy2.

Â òàêîé èíòåðïðåòàöèè óðàâíåíèå |z| = R çàäàåò îêðóæíîñòü ðàäèóñàR ñ öåíòðîì
â íà÷àëå êîîðäèíàò, à óðàâíåíèå |z− z1| = R çàäàåò îêðóæíîñòü ðàäèóñà R ñ öåíòðîì â
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òî÷êå z1. Íåðàâåíñòâî |z − z1| < R çàäàåò îòêðûòûé êðóã ðàäèóñà R ñ öåíòðîì â òî÷êå
z1 è ò.ï.

8. Ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî. Îäíîçíà÷íûå ôóíêöèè w = f(z) â
ÒÔÊÏ îïðåäåëÿþòñÿ îáû÷íûì îáðàçîì êàê îïðåäåëåííîå ïðàâèëî ñîîòâåòñòâèÿ z → w,
ïðè êîòîðîì êàæäîìó z èç íåêîòîðîãî ìíîæåñòâà G ⊂ C ñòàâèòñÿ â ñîîòâåòñòâèå ðîâíî
îäíî çíà÷åíèå w. Êàæäàÿ ôóíêöèÿ êîìïëåêñíîãî ïåðåìåííîãî ïðåäñòàâëÿåòñÿ â âèäå
f(z) = u(x, y)+ iv(x, y), ãäå z = z+ iy, à u, v � äåéñòâèòåëüíîçíà÷íûå ôóíêöèè, êîòîðûå
íàçûâàþòñÿ äåéñòâèòåëüíîé è ìíèìîé ÷àñòüþ ñîîòâåòñòâåííî. Ïðèíÿòû îáîçíà÷åíèÿ

u(x, y) = Re f(z), v(x, y) = Im f(z).

Ïðèâåäåì ïðèìåðû ýëåìåíòàðíûõ òðàíñöåíäåíòíûõ ôóíêöèé.
ez = ex(cos y + i sin y),
sin z = (eiz − e−iz)/(2i), cos z = (eiz + e−iz)/2,
shz = −i sin iz, chz = cos iz,
tg z = sin z/ cos z, ctg z = cos z/ sin z

Ïðèâåäåì íåêîòîðûå ïîëåçíûå ôîðìóëû.
|ez| = ex, |eiϕ| = 1 (ϕ âåùåñòâåííîå),
sin z = sin x chy + i cosx shy, cos z = cos x chy − i sinx shy,
shz = shx cos y + i chx sin y, chz = chx cos y + i shx sin y,
|sin z|2 = ch2y − cos2 x, |cos z|2 = ch2y − sin2 x,
|shz|2 = ch2x− cos2 y, |chz|2 = ch2x− sin2 y.
9. Ïðîñòåéøèå çàäà÷è. Ïðåæäå ÷åì ïåðåõîäèòü ê ðåøåíèþ çàäà÷ òèïîâîãî

ðàñ÷åòà, ðåêîìåíäóåòñÿ ïðîðåøàòü ñëåäóþùèå ïðîñòåéøèå çàäà÷è íà àðèôìåòè÷åñêèå
è ãåîìåòðè÷åñêèå îïåðàöèè íàä êîìïëåêñíûìè âåëè÷èíàìè.

Çàäà÷à 1. Ïóñòü z1 = 2 + 2i, z2 =
√

3− i. Âû÷èñëèòü

Re z1, Im z2, i z1 + 2 z2, z1z2, z1/z2, |z1|, | − z2|, arg z1, Arg z2

Çàäà÷à 2. Çàïèñàòü ÷èñëà z1, z2 èç ïðèìåðà 1 â òðèãîíîìåòðè÷åñêîé è ýêñïîíåí-
öèàëüíîé ôîðìàõ. Âû÷èñëèòü çàòåì

z10
1 , 1/z10

1 , z10
1 /z

8
2 ,

2
√
z1, 3

√
z2,

2
√
i z2.

Çàäà÷à 3. Äàíû ÷èñëà z1, z2 èç ïðèìåðà 1. Èçîáðàçèòü ñëåäóþùèå ìíîæåñòâà:

|z1 + z2|, |z − z1| = 2, |2iz − z1| = 2, Re z = Re z1, |z − z2| ≤ 2, |3z + 4i| ≥ 3.
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ÇÀÄÀ×È ÒÈÏÎÂÎÃÎ ÐÀÑ×ÅÒÀ

Çàäà÷à 1. Äàíû äâà êîìïëåêñíûõ ÷èñëà. Íàéòè èõ ìîäóëè, àðãóìåíòû, èçîá-
ðàçèòü íà ïëîñêîñòè. Çàïèñàòü èõ â òðèãîíîìåòðè÷åñêîì è ýêñïîíåíöèàëüíîì âèäå è
âû÷èñëèòü z4

1 , 1/z3
2 , z8

1/z
4
2 ,

√
z1, 3

√
z2.

1.1. z1 = 1 + i, z2 = −√3 + i; 1.2. z1 = 1 + i, z2 =
√

3− i;
1.3. z1 = 1 + i, z2 = −√3− i; 1.4. z1 = −1 + i, z2 = −√3− i;
1.5. z1 = −1 + i, z2 = 1 + i

√
3; 1.6. z1 = −1 + i, z2 = −1 + i

√
3;

1.7. z1 = 1 + i, z2 = 1− i√3; 1.8. z1 = −1 + i, z2 = −2
√

3 + 2 i;

1.9. z1 = 1 + i, z2 = −2
√

3 + 2 i; 1.10. z1 = −1 + i, z2 = 2
√

3 + 2 i;

1.11. z1 = −1 + i, z2 = −2
√

3 + 2 i; 1.12. z1 = 1 + i, z2 = 2
√

3− 2 i;

1.13. z1 = 1 + i, z2 = −2
√

3− 2 i; 1.14. z1 = 1 + i, z2 = 2
√

3 + 2 i;

1.15. z1 = −1 + i, z2 = −2 + 2 i
√

3; 1.16. z1 = 2− 2 i, z2 = 2
√

3− 2 i;

1.17. z1 = −2− 2 i, z2 = 2
√

3− 2 i; 1.18. z1 = 2− 2 i, z2 = 2 + 2 i
√

3;

1.19. z1 = −2− 2 i, z2 = 2 + 2 i
√

3; 1.20. z1 = −2− 2 i, z2 = −2 + 2 i
√

3;

1.21. z1 = −2− 2 i, z2 = −2− 2 i
√

3; 1.22. z1 = 2− 2 i, z2 =
√

3 + i;

1.23. z1 = −2− 2 i, z2 =
√

3 + i; 1.24. z1 = 2− 2 i, z2 =
√

3− i;
1.25. z1 = 2− 2 i, z2 = 1− i√3; 1.26. z1 = −2− 2 i, z2 = 1− i√3;

1.27. z1 = 2− 2 i, z2 = 2
√

3− 2 i; 1.28. z1 = −2− 2 i, z2 = 2
√

3− 2 i;

1.29. z1 = 2− 2 i, z2 = −2 + 2 i
√

3; 1.30. z1 = −2− 2 i, z2 = 2− 2 i
√

3.

Çàäà÷à 2. Äëÿ çàäàííûõ êîìïëåêñíûõ ÷èñåë z1 è z2

z1 = (a+ bi)eA+Bi, z2 =
a+ bi

cosA+ i cosB
.

Çàïèñàòü èõ â òðèãîíîìåòðè÷åñêîì è ýêñïîíåíöèàëüíîì âèäå.
2.1. A = π, B = 1/2π, a = −3, b = 4; 2.2. A = −π, B = 3/2 π, a = −15, b = 8;

2.3. A = −13
4
π, B = 15

4
π, a = −3, b = −4; 2.4. A = 1/4π, B = 1/4 π, a = −12, b = 16;

2.5. A = −1/4π, B = 3/4π, a = 8, b = −6; 2.6. A = 10 π, B = 19/2 π, a = 12, b = −9;

2.7. A = −10 π, B = 21
2
π, a = −12, b = 5; 2.8. A = −11 π, B = 23

2
π, a = −9, b = 12;

2.9. A = 13/2π, B = 6 π, a = −3, b = 4; 2.10. A = −13
2
π, B = 7 π, a = 16, b = −12;

2.11. A = −15/2π, B = 8 π, a = 3, b = 4; 2.12. A = 19/2 π, B = 9 π, a = 15, b = −8;

2.13. A = −2π, B = 5
2
π, a = −5, b = −12; 2.14. A = 21/2 π, B = 10 π, a = 3, b = 4;

2.15. A = −21/2π, B = 11 π, a = 12, b = 5; 2.16. A = 3/2π, B = π, a = 12, b = 16;

2.17. A = −3/2π, B = 2 π, a = 12, b = −9; 2.18. A = 4 π, B = 7/2π, a = 12, b = 9;

2.19. A = −4 π, B = 9/2 π, a = 6, b = 8; 2.20. A = −5
4
π, B = 7

4
π, a = 12, b = −16;

2.22. A = 6 π, B = 11/2π, a = −8, b = 15; 2.22. A = −6 π, B = 13
2
π, a = −6, b = −8;

2.23. A = 7/2π, B = 3 π, a = 8, b = −15; 2.24. A = 7/4π, B = 5/4 π, a = −3, b = 4;

8



2.25. A = −1
4
π, B = 9

4
π, a = −15, b = −8; 2.26. A = 8 π, B = 15/2π, a = 12, b = 16;

2.27. A = −8π, B = 17
2
π, a = 12, b = −16; 2.28. A = 9/2π, B = 4 π, a = 15, b = −8;

2.29. A = −9
2
π, B = 5 π, a = −8, b = −6; 2.30. A = −9

4
π, B = 11

4
π, a = 15, b = −8.

Çàäà÷à 3. Èçîáðàçèòü íà ïëîñêîñòè ìíîæåñòâà, çàäàâàåìûå ñëåäóþùèìè ñîîò-
íîøåíèÿìè:
1) |z2z − z1| = 1; 2) Re (z2z − z1) > 1;

3) Im (z2z − z1) > Re z; 4) |z − z1| = |z − z2|;

5) arg(z − z1) = arg(z − z2); 6) arg z−z1
z−z2 = π

2
;

7) |z−z1|
|z−z2| = 1; 8) |z−z1|

|z−z2| = 2;

9) |z − z1|+ |z − z2| = 2|z1 − z2|; 10) |z − z1| − |z − z2| = |z1 − z2|/2.
3.1. z1 = −1 + 2 i, z2 = −2 i; 3.2. z1 = 1 + 3 i, z2 = 1 + 2 i;

3.3. z1 = −1 + 3 i, z2 = 1− 5 i; 3.4. z1 = −1 + 4 i, z2 = 2− 3 i;

3.5. z1 = 1 + 4 i, z2 = 2− 6 i; 3.6. z1 = −1 + 5 i, z2 = 3− i;
3.7. z1 = −1− 2 i, z2 = 2− 6 i; 3.8. z1 = −1− 3 i, z2 = 1 + 2 i;

3.9. z1 = −1− 3 i, z2 = 1− 4 i; 3.10. z1 = 1− 4 i, z2 = −3 i;

3.11. z1 = 1− 5 i, z2 = −4 i; 3.12. z1 = −2 + 2 i, z2 = 2;

3.13. z1 = 2 + 3 i, z2 = 3− i; 3.14. z1 = −2 + 4 i, z2 = 3 i;

3.15. z1 = −2 + 5 i, z2 = 3− 2 i; 3.16. z1 = −2 + 5 i, z2 = 3− i;
3.17. z1 = 2− i, z2 = −2 i; 3.18. z1 = 3 i, z2 = 3− 4 i;

3.19. z1 = −3 + 2 i, z2 = 1− 4 i; 3.20. z1 = −3 + 2 i, z2 = 2 + i;

3.21. z1 = 3 + 3 i, z2 = 1 + i; 3.22. z1 = −3 + 4 i, z2 = 2;

3.23. z1 = 3− 2 i, z2 = 2; 3.24. z1 = 3− 3 i, z2 = 3− i;
3.25. z1 = 3− 4 i, z2 = 3− 2 i; 3.26. z1 = 4 + 2 i, z2 = 2− i;
3.27. z1 = −4 + 2 i, z2 = −3 i; 3.28. z1 = −4 + i, z2 = 1− 4 i;

3.29. z1 = 4− i, z2 = −3 i; 3.30. z1 = 5 + 5 i, z2 = 1− 5 i.

Çàäà÷à 4. Ñîñòàâèòü êîìïëåêñíûå óðàâíåíèÿ
a) ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êè z1 è z2 (ñì. çàäà÷ó 3);
b) îòêðûòîé ïîëóïëîñêîñòè, ëåæàùåé íàä ýòîé ïðÿìîé;
c) îêðóæíîñòè, ïðîõîäÿùåé ÷åðåç 3 òî÷êè z1, z2 (ñì. çàäà÷ó 3) è z3 = 0;
d) çàìêíóòîãî êðóãà, îãðàíè÷åííîãî ýòîé îêðóæíîñòüþ.

Çàäà÷à 5. Ðåøèòü óðàâíåíèå â êîìïëåêñíûõ ÷èñëàõ

cos z = 2; a cos z + b sin z = c.
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5.1. a = 12, b = −16, c = −25; 5.2. a = −12, b = 16, c = 25;

5.3. a = −12, b = 16, c = −25; 5.4. a = 12, b = 16, c = −29;

5.5. a = −12, b = −16, c = 29; 5.6. a = 12, b = 9, c = 17;

5.7. a = 12, b = −9, c = 17; 5.8. a = −12, b = 9, c = −17;

5.9. a = −12, b = −9, c = 25; 5.10. a = −12, b = −9, c = −25;

5.11. a = 16, b = 12, c = −25; 5.12. a = 16, b = −12, c = −25;

5.13. a = 16, b = 12, c = −29; 5.14. a = 16, b = −12, c = 29;

5.15. a = 16, b = −12, c = −29; 5.16. a = −16, b = −12, c = −29;

5.17. a = 3, b = 4, c = 13; 5.18. a = 3, b = 4, c = −13;

5.19. a = 3, b = −4, c = −13; 5.20. a = −3, b = 4, c = 13;

5.21. a = 6, b = 8, c = 26; 5.22. a = 6, b = −8, c = 26;

5.23. a = 6, b = −8, c = −26; 5.24. a = −6, b = −8, c = 26;

5.25. a = 8, b = −6, c = 26; 5.26. a = 8, b = −6, c = −26;

5.27. a = −8, b = 6, c = 26; 5.28. a = −8, b = 6, c = −26;

5.29. a = −9, b = 12, c = 17; 5.30. a = 9, b = −12, c = 25.

Çàäà÷à 6. Íàéòè âñå ÷èñëà zk = xk + i yk òàêèå, ÷òî

|zk| = 1,

∣∣∣∣
zk − A
b zk −B

∣∣∣∣ = 1,

6.1. A = 1, B = −2, b = 2; 6.2. A = −1, B = 9, b = 9;

6.3. A = −11, B = −22, b = −32; 6.4. A = 11, B = −31, b = 29;

6.5. A = −12, B = −33, b = 34; 6.6. A = −13, B = 13, b = 1;

6.7. A = −13, B = 23, b = 19; 6.8. A = −15, B = −21, b = −35;

6.9. A = 17, B = 18, b = −34; 6.10. A = −17, B = 29, b = 27;

6.11. A = −19, B = 23, b = −13; 6.12. A = 20, B = 8, b = −23;

6.13. A = −21, B = −18, b = 8; 6.14. A = 21, B = 27, b = −7;

6.15. A = −21, B = −28, b = −48; 6.16. A = −22, B = −31, b = −18;

6.17. A = −24, B = −25, b = 20; 6.18. A = −27, B = 19, b = −33;

6.19. A = 27, B = −21, b = −17; 6.20. A = 29, B = 17, b = 43;

6.21. A = 32, B = −29, b = −28; 6.22. A = −33, B = 35, b = 5;

6.23. A = −34, B = −17, b = −18; 6.24. A = −34, B = 17, b = 22;

6.25. A = −34, B = 34, b = 33; 6.26. A = 38, B = −11, b = 32;

6.27. A = 41, B = 19, b = −41; 6.28. A = 43, B = −41, b = 37;

6.29. A = −44, B = 1, b = 44; 6.30. A = 44, B = 27, b = −30.

Çàäà÷à 7. Ðåøèòü óðàâíåíèå
∣∣∣∣

ez

Aez −Bex
∣∣∣∣ = S, z = x+ i y.
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7.1. A = −3, B = 3, S = 1; 7.2. A = −4, B = −4, S = 1;

7.3. A = −1, B = −1, S = 2; 7.4. A = −1, B = −1, S = 1;

7.5. A = −1, B = 1, S = 2; 7.6. A = 1, B = 1, S = 1;

7.7. A = 2, B = −2, S = 2; 7.8. A = −1, B = 1, S = 4;

7.9. A = −4, B = 4, S = 1; 7.10. A = −3, B = 3, S = 1;

7.11. A = −2, B = 2, S = 1; 7.12. A = −1, B = −1, S = 1;

7.13. A = 1, B = −1, S = 3; 7.14. A = 3, B = −3, S = 1;

7.15. A = −2, B = −2, S = 1; 7.16. A = −2, B = 2, S = 2;

7.17. A = −2, B = −2, S = 2; 7.18. A = 2, B = −2, S = 1;

7.19. A = 1, B = −1, S = 1; 7.20. A = 3, B = 3, S = 1;

7.21. A = 1, B = −1, S = 1; 7.22. A = −4, B = 4, S = 1;

7.23. A = −2, B = −2, S = 1; 7.24. A = 3, B = −3, S = 1;

7.25. A = 1, B = −1, S = 3; 7.26. A = −3, B = 3, S = 1;

7.27. A = −1, B = −1, S = 2; 7.28. A = 2, B = 2, S = 2;

7.29. A = −1, B = −1, S = 3; 7.30. A = 1, B = −1, S = 3.

Çàäà÷à 8. Ðàçíûå çàäà÷è
8.1. Äîêàçàòü, ÷òî Imtg(x+iy)

Retg(x+iy)
= shy chy

sinx cosx
.

8.2. Ðåøèòü óðàâíåíèå sin(x+ i ln y) = sin x.

8.3. Ðåøèòü óðàâíåíèå cos z = 10i.

8.4. Ðåøèòü àëãåáðàè÷åñêîå óðàâíåíèå (1 − i)(i − z)5 = (1 + i)(i + z)5 è ñäåëàòü
ïðîâåðêó.

8.5. Íàéòè êîðíè ñèñòåìû óðàâíåíèé





z1 + z2 + z3 = 0

z−1
1 + z−1

2 + z−1
3 = 1/3

z1z2z3 = 3/2.

8.6. Ïóñòü z4 + w4 = 0. Äîêàçàòü, ÷òî äëÿ äâóõ çíà÷åíèé z èìååì
| z − w/√2 |=| w/√2 | .

8.7. Ïóñòü z1, z2, z3, z4 � êîðíè óðàâíåíèÿ z4 = −1, çàíóìåðîâàííûå â
ïîðÿäêå âîçðàñòàíèÿ àðãóìåíòà â ïðîìåæóòêå (0, 2π]. Âû÷èñëèòü
(z1 − z2)4 + (z2 − z3)4 + (z3 − z4)4.

8.8. Ïóñòü ÷èñëà z1, z2, z3 óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé{
z1 + z2 + z3 = 0

z−1
1 + z−1

2 + z−1
3 = 0.

Äîêàçàòü, ÷òî zj (j = 1, 2, 3) ÿâëÿþòñÿ êóáè÷å-
ñêèìè êîðíÿìè èç íåêîòîðîãî ÷èñëà v.
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8.9. Ðåøèòü íåðàâåíñòâî Re sin z > Im cos z; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà
êîìïëåêñíîé ïëîñêîñòè.

8.10. Ðåøèòü óðàâíåíèå
∣∣∣ez2
∣∣∣ = 1; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà êîìïëåêñíîé

ïëîñêîñòè.
8.11. Ðåøèòü íåðàâåíñòâî Im sin z > 0; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà êîìïëåêñ-

íîé ïëîñêîñòè.
8.12. Ðåøèòü óðàâíåíèå

∣∣∣e 1
z

∣∣∣ = 1
2
; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà êîìïëåêñíîé

ïëîñêîñòè.
8.13. Ðåøèòü íåðàâåíñòâî Re cos(x+ iy) > cosx; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà

êîìïëåêñíîé ïëîñêîñòè.
8.14. Ðåøèòü óðàâíåíèå

∣∣eez
∣∣ = 1; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà êîìïëåêñíîé

ïëîñêîñòè.
8.15. Ïóñòü z1/z2 = z2/z3 = z3/z4, z1 = −z4 è ÷èñëà zk ïîïàðíî ðàçëè÷íû. Äîêàçàòü,

÷òî z2 = z4 e
±4π/3.

8.16. Äîêàçàòü, ÷òî | sin(x+ iy)| ≥ | sinx|.

8.17. Íàéòè êîðíè ñèñòåìû





z1 + z2 + z3 = 0

z−1
1 + z−1

2 + z−1
3 = 1/2

z1z2z3 = 2.

8.18. Äîêàçàòü, ÷òî Re(cos(x+ iy) cos(x− iy)) = ch2y − sin2 x.
8.19. Ïóñòü z1, z2, z3 � êîðíè óðàâíåíèÿ z3 = 1. Âû÷èñëèòü çíà÷åíèå âûðàæåíèÿ

(z1 − z2)2 + (z2 − z3)2 + (z3 − z1)2.

8.20. Äîêàçàòü, ÷òî Re(cos2(3π/4− i)) = 1/2.

8.21. Ðåøèòü óðàâíåíèå cos z = cos z; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà êîìïëåêñ-
íîé ïëîñêîñòè.

8.22. Ðåøèòü óðàâíåíèå sin z = sin z; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà êîìïëåêñ-
íîé ïëîñêîñòè.

8.23. Ðåøèòü íåðàâåíñòâî |Im tg z| > |Re tg z|.
8.24. Ðàâíîñèëüíû ëè óðàâíåíèÿ |tg z| = 0 è |ch y| = | cos x|?
8.25. Ïîêàçàòü, ÷òî 17tg (π

4
+ i ln 2) = 8 + 15i.

8.26. Ðåøèòü íåðàâåíñòâî Re tg z > 0.
8.27. Äîêàçàòü, ÷òî sin(x+ iy) sin x− cos(x+ iy) cos x = − cos 2x chy.
8.28. Ðåøèòü íåðàâåíñòâî Re cos z > Re sin z; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà

êîìïëåêñíîé ïëîñêîñòè.
8.29. Äîêàçàòü íåðàâåíñòâî |sin z cos x− cos z sinx| ≥ sin y ïðè z = x+ iy.
8.30. Ðåøèòü íåðàâåíñòâî

∣∣esin z
∣∣ > 1; èçîáðàçèòü ìíîæåñòâî ðåøåíèé íà êîìïëåêñ-

íîé ïëîñêîñòè.
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� 1.2. Ôóíêöèîíàëüíûå ðÿäû îáùåãî âèäà

Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë zk = xk + iyk èìååò ïðåäå-
ëîì ÷èñëî a = α+ iβ (èëè ñõîäèòñÿ ê ÷èñëó a), åñëè limn→∞ | zk − a |= 0. Ñóùåñòâîâàíèå
ïðåäåëà çàïèñûâàåòñÿ â âèäå a = limn→∞ zk è ðàâíîñèëüíî òîìó, ÷òî α = limn→∞ xk è
β = limn→∞ yk. Åñëè â ïîëÿðíûõ êîîðäèíàòàõ zk = rke

iϕk , a = ρeiθ 6= 0, òî ñóùåñòâî-
âàíèå ïðåäåëà a = limn→∞ zk ðàâíîñèëüíî òîìó, ÷òî ρ = limk→∞ rk è θ = limk→∞ ϕk (ñ
òî÷íîñòüþ äî 2πk).

Ãîâîðÿò, ÷òî ÷èñëîâîé ðÿä
∑∞

n=1 ζn ñõîäèòñÿ, åñëè ïîñëåäîâàòåëüíîñòü åãî ÷à-
ñòè÷íûõ ñóìì zk =

∑k
n=1 ζn èìååò ïðåäåë a = α + iβ. Òàêèì îáðàçîì, èññëåäîâàíèå

íà ñõîäèìîñòü âñåãäà ìîæíî ñâåñòè ê ñëó÷àþ äåéñòâèòåëüíûõ ïîñëåäîâàòåëüíîñòåé è
ðÿäîâ. Îäíàêî íà ïðàêòèêå ýòî îáû÷íî íå îáëåã÷àåò èññëåäîâàíèÿ è îïåðèðóþò íåïî-
ñðåäñòâåííî ñ êîìïëåêñíûìè âåëè÷èíàìè.

Ïðè ðåøåíèè çàäà÷ ýòîãî ðàçäåëà ïîëåçíî èìåòü â âèäó ñëåäóþùèå ôàêòû, èç-
âåñòíûå èç òåîðèè ÷èñëîâûõ ðÿäîâ:

à) ðÿä
∑∞

n=0 z
n ñõîäèòñÿ ïðè |z| < 1 ê ñóììå (1− z)−1 è ðàñõîäèòñÿ ïðè |z| ≥ 1;

á) ðÿä
∑∞

n=1
1
np

ñõîäèòñÿ ïðè p > 1 è ðàñõîäèòñÿ ïðè p ≤ 1.
Çàäà÷à 9. Èññëåäîâàòü íà ñõîäèìîñòü ñëåäóþùèå ÷èñëîâûå ðÿäû. Ïîäñòàíîâêè

âçÿòü èç çàäà÷è � 3, ñóììèðîâàíèå âåäåòñÿ ïî òåì íîìåðàì, ïðè êîòîðûõ çíàìåíàòåëü
íå îáðàùàåòñÿ â íóëü.

1)
∑

k

(
z1−z2
z1+z2

)k
; 2)

∑
k

(−1)(k+1)k/2

z1+k z2
;

3)
∑∞

k=1 e
k z1 ; 4)

∑∞
k=1 e

−k sin (π kz2);

5)
∑

k argk
(
z1
z2

)
; 6)

∑∞
k=1 arg(k − z1);

7)
∑∞

k=1 arg2(k − z1); 8)
∑∞

k=1 e
−k argk z2.

Çàäà÷à 10.Íàéòè îáëàñòü ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà. Ïîäñòàíîâêè âçÿòü
èç çàäà÷è � 3
1)
∑∞

k=1 e
z·k z1 ; 2)

∑∞
k=1 e

k·z2 z1 ;

3)
∑∞

k=1 e
√
k·z1 sin(z+z̄) 4)

∑∞
k=1 (z cos z1)k ;

5)
∑∞

k=1(Im(z cos z1))k; 6)
∑∞

k=1(Re(z z2 cos z1))k

Çàäà÷à 11. Ïîäîáðàòü (êàêèå-íèáóäü) ÷èñëîâûå ïîñëåäîâàòåëüíîñòè zk = xk +

i yk, óäîâëåòâîðÿþùèå óêàçàííûì ñâîéñòâàì. Ïðèìåíÿþòÿ ñîêðàùåíèÿ: ñõ. � ñõîäèòñÿ,
ðàñõ. � ðàñõîäèòñÿ, & � çíàê êîíúþíêöèè (è).
11.1.

∑∞
k=1 e

sin zk ñõ. &
∑∞

k=1 e
i cos zk ñõ.

11.2.
∑∞

k=1(zkk + z̄kk) ñõ. & zk →∞ ïðè k →∞.
11.3.

∑∞
k=1

1
cos zk

ñõ. &
∑∞

k=1
yk
xk

ñõ.
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11.4.
∑∞

k=1
1

sin zk
ñõ. &

∑∞
k=1 sinxk ñõ.

11.5.
∑∞

k=1
1

sin zk
ñõ. &

∑∞
k=1

1
sin 2zk

ðàñõ.
11.6.

∑∞
k=1

1
cos zk

ñõ. &
∑∞

k=1
1

| cos zk| ðàñõ.
11.7.

∑∞
k=1

1
sin zk

ñõ. &
∑∞

k=1
1

sin(izk)
ñõ.

11.8.
∑∞

k=1
1

sin zk
ñõ. &

∑∞
k=1

1
cos zk

ðàñõ.
11.9.

∑∞
k=1

1
cos zk

ñõ. &
∑∞

k=1
1

chzk
ñõ.

11.10.
∑∞

k=1
1

cos zk
ñõ. &

∑∞
k=1

1
chzk

ðàñõ.
11.11.

∑∞
k=1

1
sin zk

ñõ. &
∑∞

k=1(arg zk − π) ñõ.
11.12.

∑∞
k=1

1
cos zk

ñõ. &
∑∞

k=1
1

cos 2zk
ðàñõ.

11.13.
∑∞

k=1 cos zke
−zk ñõ. &

∑∞
k=1

1
cos zk

ñõ.
11.14.

∑∞
k=1 e

sin zk ðàñõ. &
∑∞

k=1 e
i cos zk ñõ.

11.15.
∑∞

k=1
1

sin zk
ñõ. &

∑∞
k=1

yk
xk

ñõ.
11.16.

∑∞
k=1

1
cos zk

ñõ. &
∑∞

k=1 sinxk ñõ.
11.17.

∑∞
k=1

zk
cos zk

ñõ. &
∑∞

k=1 sinxk ñõ.
11.18.

∑∞
k=1

1
sin zk

ñõ. &
∑∞

k=1
1

| sin zk| ðàñõ.
11.19.

∑∞
k=1

1
cos zk

ñõ. &
∑∞

k=1
1

chzk
ñõ.

11.20.
∑∞

k=1
1

cos zk
ñõ. &

∑∞
k=1

1
sin zk

ðàñõ.
11.21.

∑∞
k=1

1
sin zk

ñõ. &
∑∞

k=1
1

shzk
ñõ.

11.22.
∑∞

k=1
1

cos zk
ñõ. &

∑∞
k=1

yk
zk

ñõ.
11.23.

∑∞
k=1

1
sin zk

ñõ. &
∑∞

k=1

y2
k

zk
ñõ.

11.24.
∑∞

k=1
1

cos zk
ñõ. &

∑∞
k=1

1
cos 4zk

ðàñõ.
11.25.

∑∞
k=1 sin zke

−zk ñõ. &
∑∞

k=1
1

sin zk
ñõ.

11.26.
∑∞

k=1 e
i sin zk ñõ. &

∑∞
k=1 e

i sin z̄k ðàñõ.
11.27.

∑∞
k=1 e

i cos zk ñõ. &
∑∞

k=1 e
i cos z̄k ðàñõ.

11.28.
∑∞

k=1 e
cos zk ñõ. &

∑∞
k=1 cosxk ñõ.

11.29.
∑∞

k=1 e
izk ñõ. &

∑∞
k=1

y2
k

xk
ñõ.

11.30.
∑∞

k=1 e
i sin 2zk ñõ. &

∑∞
k=1 cos yk ñõ.

Ïðèìåð. Ïîäîáðàòü ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü zk = xk + iyk, äëÿ êîòîðîé
ðÿäû

∑∞
k=1 e

i sin zk è
∑∞

k=1 cosxk ñõîäÿòñÿ.
Ðåøåíèå. Çàäà÷à ñâîäèòñÿ ê òîìó, ÷òîáû ïîäîáðàòü âåùåñòâåííûå xk è yk òàê,

÷òîáû îáùèå ÷ëåíû óêàçàííûõ ðÿäîâ äîñòàòî÷íî áûñòðî ñòðåìèëèñü ê íóëþ.
Ñõîäèìîñòü âòîðîãî ðÿäà áóäåò îáåñïå÷åíà, åñëè ïîëîæèòü xk = π

2
− 1

k2 . Äåéñòâè-
òåëüíî, â ýòîì ñëó÷àå

cosxk = sin
1

k2
∼ 1

k2
(k →∞).

Òàê êàê
|ei sin zk | = eRe(i sin zk) = e−Im sin zk = e− cosxkshyk ,
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òî äëÿ ñõîäèìîñòè ïåðâîãî ðÿäà äîñòàòî÷íî, ÷òîáû ïðîèçâåäåíèå cosxkshyk ñòðåìèëîñü
ê +∞ ñî ñêîðîñòüþ ïîðÿäêà k, òî åñòü shyk → +∞ êàê k3. Ïîñêîëüêó â ýòîì ñëó÷àå
shyk = (eyk − e−yk)/2, òî ìîæíî ïîëîæèòü yk = ln k3 = 3 ln k. Òîãäà ïðè k →∞

|ei sin zk | = exp

(
− sin

1

k2

k3 − k−3

2

)
= exp

(
(−k−2 +O(k−6))

k3 − k−3

2

)
=

= e−
k
2

+O(k−3) ∼ (1/
√
e)k,

à ðÿä ñ òàêèì îáùèì ÷ëåíîì ñõîäèòñÿ.
Îòâåò. Óêàçàííûå ðÿäû áóäóò ñõîäèòüñÿ, åñëè ïîëîæèòü zk = π

2
− 1

k2 + 3i ln k.

� 1.3. Äèôôåðåíöèðîâàíèå êîìïëåêñíîçíà÷íîé ôóíêöèè ïî âåùåñòâåííûì
ïàðàìåòðàì

Åñëè ñ÷èòàòü êîìïëåêñíîçíà÷íóþ ôóíêöèþ f(z) = u(x, y) + iv(x, y) (z = x +

iy) ôóíêöèåé äâóõ íåçàâèñèìûõ âåùåñòâåííûõ ïåðåìåííûõ x, y, òî îïåðàöèÿ ÷àñòíîãî
äèôôåðåíöèðîâàíèÿ âûïîëíÿåòñÿ ïîêîìïîíåíòíî:

∂f

∂x
=
∂u

∂x
+ i

∂v

∂x
,

∂f

∂y
=
∂u

∂y
+ i

∂v

∂y
.

Åñëè z = z(t) = x(t) + iy(t) � ôóíêöèÿ îò äåéñòâèòåëüíîãî ïàðàìåòðà t, òî, ïîëîæèâ
F (t) = f(z(t)), U(t) = u(x(t), y(t)), V (t) = v(x(t), y(t)), ïîëó÷èì

dF

d t
=
dU

d t
+ i

d V

d t
=
d u

d x

d x

d t
+
d u

d y

d y

d t
+ i

(
d v

d x

d x

d t
+
d v

d y

d y

d t

)

Àíàëîãè÷íî âû÷èñëÿþòñÿ ïðîèçâîäíûå áîëåå âûñîêèõ ïîðÿêîâ. Ïðîèçâîäíûå (F (t))′,
(F (t))′′ èìåþò ïðîñòîé ôèçè÷åñêèé ñìûñë, îíè ðàâíû ñîîòâåòñòâåííî âåêòîðàì ñêîðîñòè
è óñêîðåíèÿ òî÷êè F (t).

Ïðèìåð. Ïóñòü f(z) = ez̄. Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå ïî x, y. Èìååì f(z) =

ex−iy = ex(cos y − i sin y), ïîýòîìó

∂f

∂x
= ex(cos y − i sin y) = f(z),

∂f

∂y
= −ex(sin y + i cos y) = −if(z)

Ïðèìåð.Ïóñòü F (t) = e5it. Âû÷èñëèì ïðîèçâîäíóþ ïî âåùåñòâåííîìó ïàðàìåòðó
t. Èìååì F (t) = cos 5t+ i sin 5t = U(t) + iV (t), ïîýòîìó

(
e5it
)′

=
dF

d t
=
dU

d t
+ i

d V

d t
= −5 sin 5t+ 5i cos 5t = 5ie5it, F ′(t) = 5iF (t).

Íåñëîæíî ïðîâåðèòü, ÷òî ïðàâèëà ïàðàìåòðè÷åñêîãî äèôôåðåíöèðîâàíèÿ äëÿ ñóììû,
ïðîèçâåäåíèÿ, îòíîøåíèÿ ôóíêöèé òå æå, ÷òî è äëÿ äåéñòâèòåëüíûõ ôóíêöèé. Âîîáùå,
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âñå óêàçàííûå ïðàâèëà äèôôåðåíöèðîâàíèÿ íè÷åì íå îòëè÷àþòñÿ îò îáû÷íûõ ïðàâèë
äèôôåðåíöèðîâàíèÿ âåêòîðíûõ ôóíêöèé ïî äåéñòâèòåëüíûì ïàðàìåòðàì, è i â íèõ
âûïîëíÿåò ëèøü ðîëü ðàçäåëèòåëüíîãî ñèìâîëà. Äðóãîå äåëî � äèôôåðåíöèðîâàíèå ïî
âñåé êîìïëåêñíîé ïåðåìåííîé z = x+ iy. Îá ýòîì áóäåì ïîäðîáíî ãîâîðèòü â ãëàâå II.

Çàäà÷à 12. Äàíî ïàðàìåòðè÷åñêîå óðàâíåíèå äâèæåíèÿ òî÷êè íà êîìïëåêñíîé
ïëîñêîñòè â âèäå (çíà÷åíèÿ a, b âçÿòü èç çàäà÷è 6)

z = cos(at) ebt i, 0 ≤ t ≤ 2π.

Íàéòè
1) âåêòîðû ñêîðîñòè v(t) = z′(t) è óñêîðåíèÿ a(t) = v′(t) òî÷êè;
2) àáñîëþòíîå çíà÷åíèå |v(t)| ñêîðîñòè è óñêîðåíèÿ |a(t)| ïðè t = 0;
3) ìîìåíòû t, ïðè êîòîðûõ v(t) ⊥ a(t).

Çàäà÷à 13. Äàíû ôóíêöèè f(z) (z = x+ i y) â âèäå

zz + ax+ b iy, ea z,
1

az − bz .

Âû÷èñëèòü
∂f

∂x
+
∂f

∂y
,

∂2f

∂x2
+
∂2f

∂y2
.

� 1.4. Êðèâîëèíåéíûå èíòåãðàëû îò êîìïëåêñíîçíà÷íîé ôóíêöèè

Êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà I =
∫

Γ
f(z) dz îò ôóíêöèè f(z) = u(x, y)+

iv(x, y), z = x+iy, âäîëü êóñî÷íî ãëàäêîé îðèåíòèðîâàííîé êðèâîé Γ îïðåäåëÿåòñÿ ñòàí-
äàðòíî êàê ïðåäåë èíòåãðàëüíûõ ñóìì

∑n
k=1 f(ζk)(zk − zk−1), ãäå zk � òî÷êè ðàçáèåíèÿ

êðèâîé Γ, âçÿòûå â ïîðÿäêå îáõîäà, ïðè÷åì z0 è zn ñîâïàäàþò ñ íà÷àëîì è êîíöîì êðèâîé
Γ ñîîòâåòñòâåííî, à ζk � ïðîèâîëüíûå òî÷êè íà äóãàõ [zk−1, zk] ýòîé êðèâîé. Íà ïðàêòèêå
ìîæíî èñïîëüçîâàòü ôîðìóëó

I =

∫

Γ

udx− vdy + i

∫

Γ

udy + vdx,

ò.å. âû÷èñëåíèå èíòåãðàëà îò ÔÊÏ ñâîäèòñÿ ê âû÷èñëåíèþ ÷åòûðåõ êðèâîëèíåéíûõ
èíòåãðàëîâ îò äåéñòâèòåëüíûõ ôóíêöèé u è v. Åñëè z = z(t) = x(t) + iy(t) � ïàðàìåòðè-
÷åñêîå óðàâíåíèå êðèâîé Γ, ïðè÷åì ïàðàìåòð t â ñîîòâåòñòâèè ñ îðèåíòàöèåé èçìåíÿåòñÿ
îò çíà÷åíèÿ t0 ê çíà÷åíèþ t1, òî èç ïîñëåäíåé ôîðìóëû íàõîäèì

I =

∫ t1

t0

[u(x(t), y(t)) + iv(x(t), y(t))][x′(t) + iy′(t)]dt =

∫ t1

t0

f(z(t))z′(t)dt,
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ãäå z′(t) = x′(t) + iy′(t) âû÷èñëÿåòñÿ â òî÷êàõ ãëàäêîñòè êðèâîé Γ, à â óãëîâûõ òî÷êàõ
äîîïðåäåëÿåòñÿ ïðîèçâîëüíûìè êîíå÷íûìè çíà÷åíèÿìè.

Â ñëó÷àå ãðàôè÷åñêîãî çàäàíèÿ y = y(x) êðèâîé Γ ìîæíî ââåñòè ïàðàìåòð t,
ïîëîæèâ x = t, y = y(t).

Ïðèìåð. Ïóñòü

f(z) =
−i+ z + z̄

(−8 + z + 3z̄)2(z + z̄ + 2i)
,

ãäå γ = {z = x+ iy; y = lnx, 1 ≤ x ≤ 2}.
Ïîëàãàÿ z = x+ iy, z̄ = x− iy, dz = dx+ idy, ïîëó÷àåì

∫

γ

f(z)dz =

∫

γ

−i+ 2x

(−8 + 4x− 2iy)2(2x+ 2i)
(dx+ idy) =

=
1

2

∫ 2

1

(2x− i)(1 + i/x)dx

(4x− 2ilnx− 8)2(x+ i)
=

1

8

∫ 2

1

(2− i/x)dx

(2x− ilnx− 4)2
=

=
1

8

∫ 2

1

d(2x− ilnx− 4)

(2x− ilnx− 4)2
= − 1

8(2x− ilnx− 4)

∣∣∣∣
2

1

=

=
1

8

(
1

iln2
− 1

2

)
= −1

8

(
i

ln2
+

1

2

)
= − 1

16
− i

8ln2
.

Ïðèìåð. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà îò ôóíêöèè f(z) =

e− z z ïî êðèâîé γ = {z : z = 2 t+ i}, t ∈ [0, 2].

Ðåøåíèå. Èìååì z = 2 t+ i, òîãäà z = 2 t− i, z′(t) = 2. Ïîëó÷àåì

I =

∫ t1

t0

f(z(t))z′(t)dt =

∫ 2

0

e−2 t+i (2 t+ i) 2dt.

Èñïîëüçóÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, âû÷èñëèì

I = 2 (2 t+ i) (−1

2
e−2 t+i)

∣∣∣∣
2

0

− 2

2

1

2
e−2 t+i

∣∣∣∣
2

0

=

= −(4 + i)e−4+i + iei − e−4+i + ei = ei i((5 i+ 1)e−4 + 1− i).
Ïðèìåð. Âû÷èñëèòü âåùåñòâåííóþ ÷àñòü êîíòóðíîãî èíòåãðàë îò ôóíêöèè f(z) =

1/(z + 7 z) ïî êðèâîé γ = {z : z = cos t+ i sin t}, t ∈ [0, π/2].

Ðåøåíèå. Èìååì z = cos t− i sin t, z′(t) = − sin t+ i cos t. Òîãäà

I =

∫ t1

t0

f(z(t))z′(t)dt =

∫ π/2

0

− sin t+ i cos t

cos t+ i sin t+ 7 cos t− 7 i sin t
dt.
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Íàéäåì âåùåñòâåííóþ ÷àñòü ïîäûíòåãðàëüíîé ôóíêöèè

f(z(t)) =
− sin t+ i cos t

8 cos t− 6 i sin t
=

(− sin t+ i cos t)(8 cos t+ 6 i sin t)

(8 cos t− 6 i sin t)(8 cos t+ 6 i sin t)
=

=
−14 sin t cos t

64 cos2 t+ 36 sin2 t
+ i

8 cos2 t− 6 sin2 t

64 cos2 t+ 36 sin2 t
.

Òîãäà âåùåñòâåííàÿ ÷àñòü èíòåãðàëà I åñòü

Re I = −14

∫ π/2

0

sin t cos t

64 cos2 t+ 36 sin2 t
dt = −14

∫ π/2

0

sin t d(sin t)

64 (1− sin2 t) + 36 sin2 t
=

= −7

∫ π/2

0

d(sin2 t)

64− 28 sin2 t
=

1

4

∫ π/2

0

d(64− 28 sin2 t)

64− 28 sin2 t
=

1

4
ln|64− 28 sin2 t|

∣∣∣∣
π/2

0

=

1

4
(ln 36− ln 64) =

1

2
ln

3

4
.

Çàäà÷à 14. Âû÷èñëèòü
∫
γ
f dz âäîëü êðèâîé γ : y = y(x) îò òî÷êè ñ àáñöèññîé α

äî òî÷êè ñ àáñöèññîé β. Â ïåðâîì ñòîëáöå ïðèâîäèìîé íèæå òàáëèöû çàïèñàíà ôóíêöèÿ
f(z).
14.1. 2+iz+iz̄

(1+iz̄)2(z+z̄+2 i)
; y = ln x, α = 1, β = 2.

14.2. z−z̄+8
(4+5 iz+3 iz̄)2(2+z−z̄) ; y = ex, α = 0, β = 1.

14.3. 8 i+z2−2 zz̄+z̄2−4
(2+3 z+z̄)2(−4−4 i+iz2−2 izz̄+iz̄2)

; y = tg x, α = 0, β = π
4 .

14.4. −4+z2−2 zz̄+z̄2

(4 i+z−z̄)2(−4−4 i+iz2−2 izz̄+iz̄2)
; y = tg x, α = 0, β = π

4 .

14.5. i+z+z̄
(8 i+3 z+z̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.6. −4+z2−2 zz̄+z̄2

(4+z−z̄)2(−4−4 i+iz2−2 izz̄+iz̄2)
; y = tg x, α = 0, β = π

4 .

14.7. z−z̄−2
(1+2 z̄)2(2+z−z̄) ; y = ex, α = 0, β = 1.

14.8. −2 i+z+z̄
(−1+z̄)2(z+z̄+2 i)

; y = ln x, α = 2, β = 4.

14.9. z−z̄+4
(4+3 iz+iz̄)2(2+z−z̄) ; y = ex, α = 0, β = 1.

14.10. 2 z+2 z̄−i
(3 iz−iz̄−2)2(1+iz+iz̄)

; y = x2, α = 0, β = 1.

14.11. 2 z−2 z̄+1
(4+5 iz−3 iz̄)2(2+z−z̄) ; y = ex, α = 0, β = 1.

14.12. 2 z+2 z̄−i
(3 z−z̄−2)2(1+iz+iz̄)

; y = x2, α = 0, β = 1.

14.13. 3 i+z+z̄
(8 i+5 z−z̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.14. z−z̄−2
(−4−4 i+iz2−2 izz̄+iz̄2)(2+z−z̄) ; y = tg x, α = 0, β = π

4 .
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14.15. z−z̄−2
(1+z̄)2(2+z−z̄) ; y = ex, α = 0, β = 1.

14.16. 1+iz+iz̄
(2+iz+3 iz̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.17. 1+z+z̄
(−2+z−z̄+2 iz+2 iz̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.18. z+z̄−2
(2 z+2 z̄−1+iz−iz̄)2(1+iz+iz̄)

; y = x2, α = 0, β = 1.

14.19. z+z̄−2 i
(3 iz+iz̄−1)2(1+iz+iz̄)

; y = x2, α = 0, β = 1.

14.20. −1+z+z̄
(2−z+z̄+2 iz+2 iz̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.21. z−z̄−4
(2+z+3 z̄)2(2+z−z̄) ; y = ex, α = 0, β = 1.

14.22. z+z̄−i
(2 z−1)2(1+iz+iz̄)

; y = x2, α = 0, β = 1.

14.23. i
(2+z−z̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.24. 1
(4 i+z−z̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.25. 1
(8 i+z−z̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.26. z+z̄+i
(iz̄+1)2(1+iz+iz̄)

; y = x2, α = 0, β = 1.

14.27. −4 i+z2−2 zz̄+z̄2−4
(1+iz̄)2(−4−4 i+iz2−2 izz̄+iz̄2)

; y = tg x, α = 0, β = π
4 .

14.28. i
(−1+2 iz)2 ; y = ex, α = 0, β = 1.

14.29. −1+z+z̄
(−4−z+z̄+2 iz+2 iz̄)2(z+z̄+2 i)

; y = ln x, α = 1, β = 2.

14.30. −i+z+z̄
(−4+z+3 z̄)2(z+z̄+2 i)

; y = ln x, α = 2, β = 3.

Çàäà÷à 15. Âû÷èñëèòü êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà îò ôóíêöèè

f(z) = eS z(1 + i b z)

ïî êðèâîé
γ = {z : z = t+ i (1−N t)}, t ∈ [0, α].

15.1. N = 0, S = −i, b = 2, α = 1; 15.2. N = 0, S = −i, b = 2, α = 1;

15.3. N = 0, S = −i, b = 2, α = 2; 15.4. N = 0, S = −i, b = 2, α = 2;

15.5. N = 0, S = −i, b = 2, α = 2; 15.6. N = 0, S = −i, b = 2, α = 3;

15.7. N = 0, S = −i, b = 2, α = 3; 15.8. N = 1, S = −1, b = 3, α = 1;

15.9. N = 1, S = −1, b = 3, α = 1; 15.10. N = 1, S = −1, b = 3, α = 2;

15.11. N = 1, S = −1, b = 3, α = 2; 15.12. N = 1, S = −1, b = 3, α = 2;

15.13. N = 1, S = −1, b = 3, α = 3; 15.14. N = 1, S = −1, b = 3, α = 3;

15.15. N = 1, S = −1, b = 3, α = 3; 15.16. N = 2, S = −4
5

+ 3
5
i, b = 4, α = 1;

15.17. N = 2, S = −4
5

+ 3
5
i, b = 4, α = 1; 15.18. N = 2, S = −4

5
+ 3

5
i, b = 4, α = 1;

15.19. N = 2, S = −4
5

+ 3
5
i, b = 4, α = 2; 15.20. N = 2, S = −4

5
+ 3

5
i, b = 4, α = 2;
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15.21. N = 2, S = −4
5

+ 3
5
i, b = 4, α = 3; 15.22. N = 2, S = −4

5
+ 3

5
i, b = 4, α = 3;

15.23. N = 2, S = −4
5

+ 3
5
i, b = 4, α = 3; 15.24. N = 3, S = −3

5
+ 4

5
i, b = 5, α = 1;

15.25. N = 3, S = −3
5

+ 4
5
i, b = 5, α = 1; 15.26. N = 3, S = −3

5
+ 4

5
i, b = 5, α = 1;

15.27. N = 3, S = −3
5

+ 4
5
i, b = 5, α = 2; 15.28. N = 3, S = −3

5
+ 4

5
i, b = 5, α = 2;

15.29. N = 3, S = −3
5

+ 4
5
i, b = 5, α = 3; 15.30. N = 3, S = −3

5
+ 4

5
i, b = 5, α = 3.

Çàäà÷à 16. Âû÷èñëèòü âåùåñòâåííóþ ÷àñòü êîíòóðíîãî èíòåãðàë îò ôóíêöèè f
ïî êðèâîé γ:

f(z) =
1

a z + b z
, γ := {z : z = cos t+ iN sin t}, t ∈ [0, π/2]

16.1. N = 1, a = −7, b = 1; 16.16. N = 5, a = −2, b = −1;
16.2. N = −1, a = 1, b = 3; 16.17. N = 2, a = 5, b = 1;
16.3. N = 2, a = 2, b = 1; 16.18. N = −1, a = 1, b = −5;
16.4. N = 2, a = 4, b = 1; 16.19. N = −3, a = −1, b = −3;
16.5. N = 6, a = −3, b = −2; 16.20. N = −1, a = −2, b = 1;
16.6. N = 2, a = −1, b = −4; 16.21. N = −4, a = 1, b = 2;
16.7. N = −1, a = 1, b = −5; 16.22. N = −1, a = 3, b = 1;
16.8. N = −1, a = 3, b = −2; 16.23. N = 1, a = 1, b = 5;
16.9. N = 1, a = 7, b = −1; 16.24. N = 1, a = −2, b = 1;
16.10. N = −3, a = 3, b = 2; 16.25. N = 1, a = 5, b = 1;
16.11. N = −3, a = 3, b = 1; 16.26. N = −6, a = 2, b = 3;
16.12. N = 1, a = −2, b = −1; 16.27. N = −2, a = −1, b = −4;
16.13. N = −1, a = 1, b = −5; 16.28. N = 2, a = −1, b = −5;
16.14. N = −3, a = −3, b = −5; 16.29. N = −1, a = −4, b = −1;
16.15. N = −5, a = −1, b = −2; 16.30. N = −1, a = −1, b = 5.
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ÃËÀÂÀ 2. Àíàëèòè÷åñêèå ôóíêöèè
� 2.1. Ïðîèçâîäíàÿ ïî êîìïëåêñíîé ïåðåìåííîé, óñëîâèÿ Êîøè-Ðèìàíà

Ïóñòü ôóíêöèÿ w = f(z) = u(x, y) + iv(x, y) (z = x + iy) îïðåäåëåíà â íåêîòîðîé
îêðåñòíîñòè òî÷êè z0 = x0 + iy0. Ãîâîðÿò, ÷òî ôóíêöèÿ f(z) äèôôåðåíöèðóåìà â òî÷êå
z0 â êîìïëåêñíîì ñìûñëå (ìîíîãåííà â òî÷êå z0), åñëè ñóùåñòâóåò ïðåäåë

f ′(z0) = lim
dz→0

f(z0 + dz)− f(z0)

dz
, dz = z − z0.

Ýòîò ïðåäåë íàçûâàåòñÿ ïðîèçâîäíîé ôóíêöèè f(z) â òî÷êå z0. Ïîä÷åðêíåì, ÷òî ïðåäåë
äîëæåí ñóùåñòâîâàòü íåçàâèñèìî îò ñïîñîáà (òðàåêòîðèè) ïðèáëèæåíèÿ òî÷êè z ê z0.
Ïîýòîìó êîìïëåêñíàÿ ïðîèçâîäíàÿ ñóùåñòâóåò äàëåêî íå äëÿ âñÿêîé ôóíêöèè, äàæå ïðè
óñëîâèè åå ãëàäêîñòè îòíîñèòåëüíî ïåðåìåííûõ x, y. Äëÿ ìîíîãåííîñòè òàêèõ ôóíêöèé
íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå óñëîâèé Êîøè-Ðèìàíà:

∂ u

∂ x
=
∂ v

∂ y
,

∂ v

∂ x
= −∂ u

∂ y
, (1)

ãäå âñå ÷àñòíûå ïðîèçâîäíûå âû÷èñëåíû â òî÷êå (x0, y0). Èç ìîíîãåííîñòè f â òî÷êå z0

ñëåäóåò ñîîòíîøåíèå

f(z0 + dz)− f(z0) = f ′(z0) · dz + ε(dz) · dz,

ãäå âåëè÷èíà ε(dz)→ 0 ïðè dz → 0. Ïðåíåáðåãàÿ ìàëîé âåëè÷èíîé ε(dz) · dz, çàïèøåì

f(dz + z0)− f(z0) ≈ f ′(z0)dz.

Ïîñëåäíåå âûðàæåíèå íàçûâàåòñÿ êîìïëåêñíûì äèôôåðåíöèàëîì ôóíêöèè f â òî÷êå z0

è îáîçíà÷àåòñÿ ÷åðåç df(z0).
Èç ñóùåñòâîâàíèÿ êîìïëåêñíîãî äèôôåðåíöèàëà â òî÷êå z0 ñëåäóåò, ÷òî åñëè

f ′(z0) 6= 0, òî ïðè îòîáðàæåíèè w = f(z) âñå ìàëûå âåêòîðû dz, âûõîäÿùèå èç z0, ïîâî-
ðà÷èâàþòñÿ íà óãîë arg f ′(z0) è ðàñòÿãèâàþòñÿ â |f ′(z0)| ðàç (ñ òî÷íîñòüþ äî áåñêîíå÷íî
ìàëûõ ïîðÿäêà áîëåå âûñîêîãî, ÷åì âåëè÷èíà dz). Ýòî ÿâëåíèå íàçûâàåòñÿ êîíôîðìíî-
ñòüþ â òî÷êå z0. Èòàê, ìàëûé âåêòîð dz = reiϕ ïðè êîíôîðìíîì îòîáðàæåíèè w = f(z)

ïåðåõîäèò â íåêîòîðûé ìàëûé âåêòîð f(z0 + dz)− f(z0) = Reiθ ãäå

R = r |f ′(z0)|, θ = Arg (f(z0 + dz)− f(z0)) = Arg dz + Arg f ′(z0).

Ýòî îçíà÷àåò, ÷òî îòîáðàæåíèå w = f(z) âáëèçè äàííîé òî÷êè z0 ñîâåðøàåò ëèøü ïðî-
ñòåéøèå äåôîðìàöèè îáëàñòè, êîòîðûå ñâîäÿòñÿ ê ñëåäóþùåìó:

1) ðàñòÿæåíèå âñåõ âåêòîðîâ dz, âûõîäÿùèõ èç òî÷êè z0, â | f ′(z0) | ðàç;
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2) ïîâîðîò âñåõ âåêòîðîâ dz íà îäèí è òîò æå óãîë ðàâíûé arg f ′(z0) èëè, ÷òî òî
æå ñàìîå, ñîõðàíåíèå óãëîâ ìåæäó êðèâûìè, ïðîõîäÿùèìè ÷åðåç òî÷êó z0 (êîíñåðâàòèçì
óãëîâ).

Ôóíêöèÿ f = u+iv íàçûâàåòñÿ àíàëèòè÷åñêîé â îáëàñòè G, åñëè îíà ìîíîãåííà âî
âñåõ òî÷êàõ z ∈ G. Îòìåòèì, ÷òî ïðè óñëîâèè íåïðåðûâíîñòè ÷àñòíûõ ïðîèçâîäíûõ ux,
vx, uy, vy â îáëàñòè G àíàëèòè÷íîñòü ôóíêöèè f â G ðàâíîñèëüíà âûïîëíåíèþ óñëîâèé
Êîøè-Ðèìàíà âñþäó â G. Äëÿ âû÷èñëåíèÿ ïðîèçâîäíûõ àíàëèòè÷åñêèõ ôóíêöèé ìîæíî
ïîëüçîâàòüñÿ ôîðìóëàìè

f ′(z) =
∂u

∂x
+ i

∂v

∂x
=
∂v

∂y
− i∂u

∂y
.

Ñóììà, ðàçíîñòü, ïðîèçâåäåíèå äâóõ àíàëèòè÷åñêèõ â G ôóíêöèé òàêæå ÿâëÿþòñÿ àíà-
ëèòè÷åñêèìè ôóíêöèÿìè. Òî æå îòíîñèòñÿ è ê îòíîøåíèþ, åñëè çíàìåíàòåëü îòëè÷åí
îò íóëÿ â G. Òàáëèöà ïðîèçâîäíûõ ýëåìåíòàðíûõ àíàëèòè÷åñêèõ ôóíêöèé (íåêîòîðûå
óêàçàíû â � 1.1), à òàêæå ïðàâèëà äèôôåðåíöèðîâàíèÿ àíàëèòè÷åñêèõ ôóíêöèé òå æå,
÷òî è â äåéñòâèòåëüíîì àíàëèçå. Íàïðèìåð,

(ez)′ = ez, (cos iz)′ = −i sin iz, (sin2 z3)′ = 2 sin z3 cos z3 · 3z2 = 3z2 sin 2z3.

Èç àíàëèòè÷íîñòè ôóíêöèè f â G ñëåäóåò, ÷òî u, v ÿâëÿþòñÿ ãàðìîíè÷åñêèìè ôóíêöè-
ÿìè, ò.å. óäîâëåòâîðÿþò óðàâíåíèþ Ëàïëàñà

∂2u

∂x2
+
∂2u

∂y2
= 0,

∂2v

∂x2
+
∂2v

∂y2
= 0.

Ãàðìîíè÷åñêèå ôóíêöèè u, v, óäîâëåòâîðÿþùèå óñëîâèþ Êîøè-Ðèìàíà (1), íàçûâàþòñÿ
ãàðìîíè÷åñêè ñîïðÿæåííûìè ôóíêöèÿìè (îáðàçóþò ãàðìîíè÷åñêóþ ïàðó). Îíè ÿâëÿ-
þòñÿ äåéñòâèòåëüíîé è ìíèìîé ÷àñòÿìè íåêîòîðîé àíàëèòè÷åñêîé ôóíêöèè f = u+ iv.
Ïî èçâåñòíîé äåéñòâèòåëüíîé ÷àñòè u ñ ïîìîùüþ (1) îäíîçíà÷íî (ñ òî÷íîñòüþ äî ïî-
ñòîÿííîãî ñëàãàåìîãî) âîññòàíàâëèâàåòñÿ ñîïðÿæåííàÿ ìíèìàÿ ÷àñòü v, à çíà÷èò, è âñÿ
ôóíêöèÿ f . Àíàëîãè÷íî âîññòàíàâëèâàåòñÿ f è ïî ñâîåé ìíèìîé ÷àñòè.

Ïðèìåð. Ïóñòü çàäàíà âåùåñòâåííàÿ ÷àñòü u = x − 3y + 2xy àíàëèòè÷åñêîé
ôóíêöèè f(z). Òðåáóåòñÿ âîññòàíîâèòü ýòó ôóíêöèþ.

Ðåøåíèå. Ñíà÷àëà óáåæäàåìñÿ, ÷òî u ãàðìîíè÷åñêàÿ ôóíêöèÿ (èíà÷å çàäà÷à íå
èìååò ðåøåíèÿ). Äàëåå, ïî ïåðâîìó óñëîâèþ Êîøè-Ðèìàíà èìååì vy = ux = 1 + 2y.
Ïðîèíòåãðèðóåì ýòî ðàâåíñòâî ïî y:

v(x, y) =

∫
(1 + y) dy = y + y2 + C1(x),

ãäå C1(x) çàâèñèò òîëüêî îò x. Âòîðîå ðàâåíñòâî Êîøè-Ðèìàíà: vx = −uy = 3 − 2x

Ïðîèíòåãðèðóåì åãî ïî x:

v(x, y) =

∫
(3− 2x) dx = 3x− x2 + C2(y),

22



ãäå C2(y) çàâèñèò òîëüêî îò y. Ïðèðàâíèâàÿ íàéäåííûå âûðàæåíèÿ äëÿ v(x, y), íàõîäèì
C1(x) = 3x− x2 + C, òàê ÷òî

v = 3x+ y + y2 − x2 + C, f = x− 3y + 2xy + i(3x+ y + y2 − x2 + C)

Ïîäñòàâëÿÿ ñþäà x = (z + z)/2, y = (z − z)/(2i) è ïðèâîäÿ ïîäîáíûå â ïîëó÷åííîì
âûðàæåíèè, îêîí÷àòåëüíî íàõîäèì

f(z) = z + 3iz + z2 + Ci = (1 + 3i)z + z2 + Ci.

ÇÀÄÀ×È ÒÈÏÎÂÎÃÎ ÐÀÑ×ÅÒÀ

Çàäà÷à 16. Çàäàíà ìíèìàÿ ÷àñòü v àíàëèòè÷åñêîé ôóíêöèè. Òðåáóåòñÿ íàéòè
ãàðìîíè÷åñêóþ ïàðó u è ñàìó àíàëèòè÷åñêóþ ôóíêöèþ f(z) = u(x, y) + iv(x, y) (âûðà-
çèòü ÷åðåç z = x+ i y). Ïàðàìåòðû âçÿòü èç çàäà÷è 5.

1) v = 2 xyb+ (x2 − y2) a+ cy + x+ dy;

2) v = 3 ax2y − ay3 + bx;

3) v = eb x (x cos (b y) + sin (b y) (a− y)) ;

4) v = ex
2−y2+a sin (2 xy) .

Çàäà÷à 17. Çàäàíû âåùåñòâåííàÿ è ìíèìàÿ ÷àñòè u, v êîìïëåêñíîçíà÷íîé ôóíê-
öèè f(z) = u(x, y)+ iv(x, y). Òðåáóåòñÿ íàéòè òî÷êè zk = xk + iyk, â êîòîòîðûõ ýòà ôóíê-
öèÿ äèôôåðåíöèðóåìà è âû÷èñëèòü ïðîèçâîäíóþ â ýòèõ òî÷êàõ.
17.1. u = e−x−y

(
x− 17

2
x2 + 7 xy − 3

2
y2
)
, v = e−x−y

(
y + 17

4
x2 − 7/2xy + 3/4 y2

)

17.2. u = e−4x+2 y (x− 2 x2 − xy + 5/4 y2) , v = e−4x+2 y (y − 2x2 − xy + 5/4 y2)

17.3 u = e−2x+y
(
x− 13

2
x2 − 7 xy − 9/2 y2

)
, v = e−2x+y

(
y + 13

4
x2 + 7/2xy + 9/4 y2

)

17.4. u = e−x+3 y (x+ 5/3x2 − 6xy − 2 y2) , v = e−x+3 y (y + 5/3 x2 − 6xy − 2 y2)

17.5. u = e−x+y
(
x− 7

2
x2 + 7 xy − 5/2 y2

)
, v = e−x+y (y + 7/2x2 − 7 xy + 5/2 y2)

17.6. u = e5x−7 y (x− x2 − 5xy + 15 y2) , v = e5x−7 y (y − x2 − 5 xy + 15 y2)

17.7. u = ex−3 y (x− 1/4x2 − 4xy + 14 y2) , v = ex−3 y (y − 1/4 x2 − 4xy + 14 y2)

17.8. u = e4x+3 y
(
x+ 1

2
x2 + 5 xy + 19

2
y2
)
, v = e4x+3 y

(
y − 1

4
x2 − 5

2
xy − 19

4
y2
)

17.9. u = ex (x+ 7 x2 + 6 xy + y2) , v = ex (y + 7/2x2 + 3 xy + 1/2 y2)

17.10. u = e−5x−3 y (x+ x2 + 3 xy + y2) , v = e−5x−3 y (y − x2 − 3xy − y2)

17.11. u = e−x−y
(
x− 5

3
x2 + 8 xy − 14 y2

)
, v = e−x−y (y − 5/3 x2 + 8 xy − 14 y2)

17.12. u = e−x+y (x− 9/4x2 − 6 xy − 8 y2) , v = e−x+y (y + 9/4x2 + 6 xy + 8 y2)

17.13. u = e3x−y (x− 2x2 − 6xy − 13/3 y2) , v = e3x−y (y − 2x2 − 6 xy − 13/3 y2)

17.14. u = e−2x−y (x− 1
2
x2 − 5 xy + 3

2
y2
)
, v = e−2x−y (y − 1

4
x2 − 5

2
xy + 3

4
y2
)

17.15. u = ex+3 y (x− 3/4 x2 + 2 xy + 12 y2) , v = ex+3 y (y + 3/4x2 − 2 xy − 12 y2)

17.16. u = e−x+y (x+ 3/4x2 − 4xy + 4 y2) , v = e−x+y (y + 9/4x2 − 12 xy + 12 y2)

17.17. u = e−2x−5 y
(
x− 11

4
x2 + 8 xy − 9

2
y2
)

v = e−2x−5 y
(
y + 11

2
x2 − 16 xy + 9 y2

)
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17.18. u = e2x+4 y
(
x+ 5

4
x2 − 3xy + 3

2
y2
)
, v = e2x+4 y

(
y − 15

4
x2 + 9 xy − 9/2 y2

)

17.19. u = ex+y (x− 5/4x2 − 6xy − 6 y2) , v = ex+y
(
y + 15

4
x2 + 18 xy + 18 y2

)

17.20. u = e−4x+2 y
(
x− 1

2
x2 + 2 xy − 13

4
y2
)

v = e−4x+2 y
(
y − 1

2
x2 + 2 xy − 13

4
y2
)

17.21. u = e−2x−3 y
(
x− 5

4
x2 + 3 xy − 5

4
y2
)

v = e−2x−3 y (y + 5/2x2 − 6xy + 5/2 y2)

17.22. u = e−2x+4 y (x− x2 − 2xy − 1/2 y2) , v = e−2x+4 y (y − 3x2 − 6 xy − 3/2 y2)

17.23. u = ex (x− 4/3x2 + 6 xy − 5/2 y2) , v = ex (y − 2/3 x2 + 3 xy − 5/4 y2)

17.24. u = e−x−3 y (x+ x2 + 4 xy + 4 y2) , v = e−x−3 y (y − 2x2 − 8xy − 8 y2)

17.25. u = ex+3 y
(
x+ 5

4
x2 − 5 xy + 5

4
y2
)
, v = ex+3 y (y − 5/4 x2 + 5 xy − 5/4 y2)

17.26. u = e−x−3 y (x− 3x2 − 4 xy) , v = e−x−3 y (y + 6 x2 + 8 xy)

17.27. u = e−3x+7 y (x− 4/3 x2 − 4 xy − y2) , v = e−3x+7 y (y − 4x2 − 12 xy − 3 y2)

17.28. u = e−3x−y (x+ 1
4
x2 + 2 xy + 4

3
y2
)
, v = e−3x−y (y − 1

4
x2 − 2xy − 4

3
y2
)

17.29. u = e−x (x− 9 x2 − 8 xy − 3/2 y2) , v = e−x (y − 9/2x2 − 4 xy − 3/4 y2)

17.30. u = e3x−2 y
(
x− 7

4
x2 − 6 xy − 13

3
y2
)

v = e3x−2 y
(
y − 7

4
x2 − 6xy − 13

3
y2
)

Çàäà÷à 18. Â çàäà÷àõ 18.1�18-30 çàäàíû äâå ôóíêöèè u(x, y) (ïåðâûé ñòîëáåö)
è v(x, y) (âòîðîé ñòîëáåö). Òðåáóåòñÿ:

1). Íàéòè ïàðàìåòðû a, b, ïðè êîòîðûõ u è v îáðàçóþò ãàðìîíè÷åñêóþ ïàðó, ò.å.
f(z) = u(x, y) + iv(x, y) ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé.

2). Çàïèñàòü f êàê ôóíêöèþ îò ïåðåìåííîé z = x + iy. Âû÷èñëèòü ïðîçâîäíóþ
è äèôôåðåíöèàë ôóíêöèè f .

3). Íàðèñîâàòü îáðàçû òðåóãîëüíèêà, îãðàíè÷åííîãî ïðÿìûìè x = 0, y = 0, x +

y = 1/10 ïðè îòîáðàæåíèÿõ ôóíêöèåé w = f(z) è äèôôåðåíöèàëîì w−f(0) = f ′(0)z. Íà
ýòîì ïðèìåðå îáúÿñíèòü ãåîìåòðè÷åñêèé ñìûñë êîíôîðìíîñòè (ñì. ñëåäóþùóþ çàäà÷ó)
è çíà÷åíèÿ ïðîèçâîäíîé f ′(0).

4). Ïîêàçàòü, ÷òî ïðè óêàçàííîì îòîáðàæåíèè âåëè÷èíû óãëîâ ïðè âåðøèíàõ
òðåóãîëüíèêà ñîõðàíÿþòñÿ, åñëè â ýòèõ âåðøèíàõ îòëè÷íà îò íóëÿ ïðîèçâîäíàÿ f ′.
18.1. 2ax2 − 2ay2 − 3bx2 + 3by2 + bx− ax; 10xyb− by + 2y − ay.
18.2. 2ax2 − 2ay2 − 7bx2 + 7by2 + bx− ax; 18xyb− by + 4y − ay.
18.3. 2ax2 − 2ay2 + 5bx2 − 5by2 + bx− ax; −6xyb− by − 2y − ay.
18.4. 2ax2 − 2ay2 + 9bx2 − 9by2 + bx− ax; −14xyb− by − 4y − ay.
18.5. 2ax2 − 2ay2 − 11bx2 + 11by2 + bx− ax; 26xyb− by + 6y − ay.
18.6. 2ax2 − 2ay2 + 13bx2 − 13by2 + bx− ax; −4xyb− by − 6y − ay.
18.7. 2ax2 − 2ay2 − 4bx2 + 4by2 + bx− 2ax; −4xyb− by + 2y − 2ay.

18.8. 2ax2 − 2ay2 − 2bx2 + 2by2 + bx+ 2x− 2ax; −8xyb− by − 2ay.

18.9. 2ax2 − 2ay2 − 5bx2 + 5by2 + bx− x− 2ax; −2xyb− by + 3y − 2ay.

18.10. 2ax2 − 2ay2 − bx2 + by2 + bx+ 3x− 2ax; −10xyb− by − y − 2ay.

18.11. 2ax2 − 2ay2 − 6bx2 + 6by2 + bx− 2x− 2ax; −by + 4y − 2ay − 8bxy.

18.12. 2ax2 − 2ay2 + bx+ 4x− 2ax; −12xyb− by − 2y − 2ay.

18.13. 2ax2 − 2ay2 − 7bx2 + 7by2 + bx− 3x− 2ax; 2xyb− by + 5y − 2ay.

24



18.14. 2ax2 − 2ay2 + bx2 − by2 + bx+ 5x− 2ax; −14xyb− by − 3y − 2ay.

18.15. 2ax2 − 2ay2 − 7
2
bx2 + 7

2
by2 + bx+ 1

2
x− 2ax; −5xyb− by + 3

2
y − 2ay.

18.16. 2ax2 − 2ay2 − 10
3
bx2 + 10

3
by2 + bx+ 2

3
x− 2ax; −16

3
xyb− by + 4

3
y − 2ay.

18.17. ax+ 7xb+ 14x2 − 14y2 − 9x; −ay − 7yb− 4xyb− 9y.

18.18. ax− xb− 2x2 + 2y2 − x; −ay + yb− 4xyb− y.
18.19. ax+ xb+ 2x2 − 2y2 − 3x; −ay − yb− 4xyb− 3y.

18.20. ax− 2xb− 4x2 + 4y2; −ay + 2yb− 4xyb.

18.21. ax+ 2xb+ 4x2 − 4y2 − 4x; −ay − 2yb− 4xyb− 4y.

18.22. ax− 3xb− 6x2 + 6y2 + x; −ay + 3yb− 4xyb+ y.

18.23. ax+ 3xb+ 6x2 − 6y2 − 5x; −ay − 3yb− 4xyb− 5y.

18.24. ax− 4xb− 8x2 + 8y2 + 2x; −ay + 4yb− 4xyb+ 2y.

18.25. ax+ 4xb+ 8x2 − 8y2 − 6x; −ay − 4yb− 4xyb− 6y.

18.26. ax− 5xb− 10x2 + 10y2 + 3x; −ay + 5yb− 4xyb+ 3y.

18.27. ax+ 5xb+ 10x2 − 10y2 − 7x; −ay − 5yb− 4xyb− 7y.

18.28. ax− 6xb− 12x2 + 12y2 + 4x; −ay + 6yb− 4xyb+ 4y.

18.29. ax+ 6xb+ 12x2 − 12y2 − 8x; −ay − 6yb− 4xyb− 8y.

18.30. ax− 7xb− 14x2 + 14y2 + 5x; −ay + 7yb− 4xyb+ 5y.

� 2.2. Ñòåïåííûå ðÿäû

Àíàëèòè÷åñêàÿ â íåêîòîðîé ε-îêðåñòíîñòè U = {z : |z − z0| < ε} òî÷êè z0 ôóíê-
öèÿ f(z) ðàçëàãàåòñÿ â U â ñòåïåííîé ðÿä (Òåéëîðà) âèäà

∞∑
n=0

an(z − z0)n. (2)

Ïîýòîìó ñòåïåííûå ðÿäû ÿâëÿþòñÿ îäíèì èç âàæíåéøèõ àïïàðàòîâ èññëåäîâàíèÿ àíà-
ëèòè÷åñêèõ ôóíêöèé. Ðàäèóñ ñõîäèìîñòè R ðÿäà (2) ìîæíî îïðåäåëèòü ïî ôîðìóëå
Êîøè èëè ïî ôîðìóëå Äàëàìáåðà: ò.å. ñîîòâåòñòâåííî

1/R = limn→∞
n
√
|an|, R = lim

n→∞
|an/an+1|

(åñëè ïîñëåäíèé ïðåäåë ñóùåñòâóåò). Íàïðèìåð, óäîáíî ïðèìåíÿòü ôîðìóëó Äàëàìáåðà,
åñëè â âûðàæåíèè äëÿ îáùåãî ÷ëåíà ñòåïåííîãî ðÿäà ïðèñóòñòâóþò ôàêòîðèàëû. Ïðè
ýòîì ÷àñòî ïîëåçíîé îêàçûâàåòñÿ ôîðìóëà Ñòèðëèíãà

n! = nne−n
√

2πneΘn ,

ãäå Θn → 0 ïðè n→∞ (òî÷íåå, |Θn| ≤ 1
12n

). Ïðåäñòàâëÿåòñÿ òðè ñëó÷àÿ.
Åñëè R = 0, òî ðÿä (2) ñõîäèòñÿ òîëüêî ïðè z = z0;
åñëè R =∞, òî ðÿä (2) àáñîëþòíî ñõîäèòñÿ ïðè âñåõ z ∈ C;
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åñëè 0 < R <∞, òî îí ñõîäèòñÿ àáñîëþòíî ïðè |z−z0| < R è ðàñõîäèòñÿ ïðè |z−z0| > R.
Â òî÷êàõ z, ëåæàùèõ íà ãðàíèöå êðóãà ñõîäèìîñòè (ò.å. ïðè |z− z0| = R), ðÿä (2)

ìîæåò êàê ñõîäèòüñÿ, òàê è ðàñõîäèòüñÿ. Ýòî ïðåäìåò äîïîëíèòåëüíûõ èññëåäîâàíèé
(ñì. ïðèìåð íèæå).

Àíàëèòè÷åñêàÿ â íåêîòîðîé ïðîêîëîòîé ε-îêðåñòíîñòè U = {z : 0 < |z − z0| < ε}
òî÷êè z0 ôóíêöèÿ f(z) ðàçëàãàåòñÿ â U â ðÿä Ëîðàíà

∞∑
n=−∞

an(z − z0)n.

Ïðè ýòîì êîýôôèöèåíòû âû÷èñëÿþòñÿ ïî ôîðìóëàì

an =
1

2πi

∫

|z−z0|=δ
(z − z0)−n−1f(z)dz,

ãäå 0 < δ < ε è èíòåãðàë íå çàâèñèò îò âûáîðà δ. Äëÿ îöåíêè ïîãðåøíîñòåé â îêðåñòíîñòè
òî÷êè z0 ïðè àïïðîêñèìàöèè ôóíêöèè f åå ðÿäîì Ëîðàíà ìîæíî ïðèìåíÿòü íåðàâåíñòâî
Êîøè |an| ≤ δ−nM(δ), n ∈ Z, ãäå M(δ) = max|z−z0|=δ |f(z)|, 0 < δ < ε. Òîãäà, åñëè
òðåáóåòñÿ ïðè íåêîòîðîì öåëîì N îöåíèòü îñòàòîê

RN(z) = f(z)−
∑N

n=−∞
an(z − z0)n =

∑∞
n=N+1

an(z − z0)n,

íà íåêîòîðîé îêðóæíîñòè |z − z0| = r ñ 0 < r < δ, òî íàõîäèì

|RN(z)| ≤M(δ)
∞∑

n=N+1

(r
δ

)n
= M(δ)

(r
δ

)N+1 δ

δ − r .

Ïðèìåð. Èññëåäîâàòü íà ñõîäèìîñòü ñòåïåííîé ðÿä
∞∑

k=1

(2k + 1)k(2k)!!2k

(2k)!
(z − 1)2k.

Ðåøåíèå. Ñäåëàâ çàìåíó ζ = (z − 1)2, ïåðåéäåì ê ðÿäó ñòàíäàðòíîãî âèäà
∑∞

n=0 anζ
n,

ãäå
ak =

(2k + 1)k(2k)!!2k

(2k)!
> 0, ζ = (z − 1)2.

Åãî ðàäèóñ ñõîäèìîñòè R1 íàéäåì ïî ôîðìóëå Äàëàìáåðà

R1 = lim
k→∞

(
(2k + 1)k(2k)!!2k

(2k)!

(2k + 2)!

(2k + 3)k+1(2k + 2)!!2k+1

)
=

= lim
k→∞

(2k + 1)k(2k + 1)(2k + 2)

(2k + 3)k+1(2k + 2)2
=

1

2
lim
k→∞

(
2k + 1

2k + 3

)k+1

=
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=
1

2
lim
k→∞

(
1− 2

2k + 3

)k+1

=
1

2
lim
k→∞

e−
2(k+1)
2k+3 =

1

2
e−1 =

1

2e
.

Ñëåäîâàòåëüíî, R =
√
R1 = 1/

√
2e, ðÿä ñõîäèòñÿ ïðè |z − 1| < 1/

√
2e è ðàñõîäèòñÿ ïðè

|z − 1| > 1/
√

2e. Ïóñòü òåïåðü |z − 1| = 1/
√

2e. Òîãäà
∣∣∣∣
(2k + 1)k(2k)!!2k

(2k)!
(z − 1)2k

∣∣∣∣ =
(2k + 1)k2kk!2k

(2k)!(2e)k
=

(2k + 1)k2kkke−k
√

2πkeΘk

(2k)2ke−2k
√

4πkeΘ2kek
=

=
(2k + 1)keΘk

(2k)k
√

2eΘ2k

=

(
1 +

1

2k

)k
eΘk

√
2eΘ2k

→
√
e/2.

Òàê êàê îáùèé ÷ëåí íå ñòðåìèòñÿ ê 0, òî ðÿä ðàñõîäèòñÿ.
Îòâåò. Ðÿä ñõîäèòñÿ ïðè |z − 1| < 1/

√
2e.

Ïðèìåð. Ïóñòü çàäàíà ôóíêöèÿ

f(z) =
ez + 1

z sin 2z
.

Òî÷êà z = 0 ÿâëÿåòñÿ ïîëþñîì âòîðîãî ïîðÿäêà. Ïîäñòàâèì â âûðàæåíèå f(z) ðàçëî-
æåíèÿ ÷èñëèòåëÿ è çíàìåíàòåëÿ ïî ñòåïåíÿì z è ïðèðàâíÿåì ýòî ê ðàçëîæåíèþ â ðÿä
Ëîðàíà ôóíêöèè f(z):

2 + z + z2/2! + z3/3! + ...

2z2 − 23z4/3! + 25z6/5!− ... =
c−2

z2
+
c−1

z
+ c0 + 2

c1

z
+ ... (3)

Ïðèâîäèì ê îáùåìó çíàìåíàòåëþ è íàõîäèì ñëåäóþùèå óðàâíåíèÿ äëÿ ðàâåíñòâà êî-
ýôôèöèåíòîâ ñëåâà è ñïðàâà â (3) ïðè îäèíàêîâûõ ñòåïåíÿõ z:
z0 : 2− 2 c−2 = 0,

z1 : 1− 2 c−1 = 0,

z2 : 1/2− 2 c0 + 4/3 c−2 = 0,

z3 : 4/3 c−1 − 2 c1 + 1/6 = 0,

z4 : −2 c2 + 1/24 + 4/3 c0 − 4/15 c−2 = 0,

z5 : 4/3 c1 − 4/15 c−1 + 1/120− 2 c3 = 0,

z6 : 4/3 c2 + 1/720 + 8/315 c−2 − 4/15 c0 − 2 c4 = 0.

Ðåøàåì ïîñëåäîâàòåëüíî è ïîëó÷àåì: c−2 = 1, c−1 = 1/2, c0 = 11/12, c1 = 5/12,
c2 = 359/720, c3 = 31/144, c4 = 6761/30240. Îòñþäà

f(z) =
1

z2
+

1

2z
+

11

12
+

5

12
z +

359

720
z2 +

31

144
z3 +

6761

30240
z4 + Θ(z), (4)

ãäå Θ(z) = O(z5). Ïîñêîëüêó ôóíêöèÿ f(z) àíàëèòè÷íà â êîëüöå 0 < |z| < π/2 (ïî÷åìó?),
òî è ðÿä (3) ñõîäèòñÿ â ýòîì êîëüöå. Îöåíèì ìîäóëü îñòàòêà Θ(z) ïî óêàçàííîé ôîðìóëå.
Â äàííîì ñëó÷àå N + 1 = 5. Ïóñòü z = δeit è δ ≤ 1. Òîãäà

|ez + 1| ≤ |ez|+ 1 = e<z + 1 ≤ eδ + 1 ≤ 1 + e;
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| sin 2z| ≥ 2δ − δ3(23/3! + 25/5! + 27/7! + ...) > 2δ − 9δ3/5 ≥ δ/5.

Èòàê, ïðè δ = 1 èìååìM(δ) ≤ (1+e)/(δ2/5)) = 5(1+e). Îòñþäà ïðè âñåõ |z| = 1/5

ïîëó÷àåì |Θ(z)| ≤ 5(1+e)·5−5(1/(1−1/5)) < 0.007. Íàêîíåö, ïðîâåäÿ âû÷èñëåíèÿ ñóììû
(4) ñ z = (1 + i)

√
2/10, ïîëó÷èì f(z) = 2.74...− 26.68...i.

Çàäà÷à 19. Íàéòè ðàäèóñ R ñõîäèìîñòè äàííîãî ñòåïåííîãî ðÿäà. Â ñëó÷àå êî-
íå÷íûõ R èññëåäîâàòü ðÿä íà ñõîäèìîñòü íà ãðàíèöå êðóãà. Ïðèìåíÿåòñÿ îáîçíà÷åíèå:
(2n)!! = 2 · 4 · 6 · · · (2n), (2n+ 1)!! = 1 · 3 · 5 · · · (2n+ 1).
19.1.

∑∞
k=1

kk(2k)!!
(k!)2 (z − i)k. 19.2.

∑∞
k=1

(2k)!! cos(ik)
(2k+1)!!

(2z + i)k.

19.3.
∑∞

k=1
(2k)!!kk

(4k)!!
(z + i)k. 19.4.

∑∞
k=1

(2k)!shk
kk k!

(2z + i)k.

19.5.
∑∞

k=1
(2k)!!(2k+1)!!

(2k)!
(2z − i)k. 19.6.

∑∞
k=1

ch(k ln k)
(k+1)! cos(ik)

(z + 2i)2k.

19.7.
∑∞

k=1
chk sin(ik ln k)

5k k!
(z − 2i)2k. 19.8.

∑∞
k=1

k!chk
3k(2k)!!

(z + i)4k.

19.9.
∑∞

k=1
(2k+1)!sh(3k)
k!(2k+1)!!

(z + i)2k. 19.10.
∑∞

k=1
sin(i ln k)k!

(2k−1)!!
(2z + i)k.

19.11.
∑∞

k=1
k2k5k

k!(2k+1)!!
(2z + i)k. 19.12.

∑∞
k=1

k2k3k

((2k)!!)2 (2z − i)2k.

19.13.
∑∞

k=1
k4(k+1)k

(2k+1)!!chk
(z − 2i)3k. 19.14.

∑∞
k=2

(k!)2 sin(ik)
kk(2k+1)!

(2z − 3i)k.

19.15.
∑∞

k=1
(2k)!! cos(3ik)
k! sin(2ik)

(z + 3i)k. 19.16.
∑∞

k=1
k!ch(k)√
k(2k+1)!!

(z + i)4k.

19.17.
∑∞

k=1
(2k+3)!! cos(ik)

kk+1 (z − 2i)3k. 19.18.
∑∞

k=2
k!sh(k)

(2k+2)!!
(2z − i)2k+1.

19.19.
∑∞

k=2
(2k)!!k!

kk sh(k ln k)
(z + i)k. 19.20.

∑∞
k=1

cos3(ik)(2k)!
kkk!

(z − 2i)2k.

19.21.
∑∞

k=1
cos(ik)ch(2k ln k)

(k!)2 (2z + i)k−1. 19.22.
∑∞

k=1
sh(k ln k)

3k(2k−1)!!
(z − 2i)2k+1.

19.23.
∑∞

k=1
kksh(k ln k)
k!(2k)!!

(4z + i)2k−1. 19.24.
∑∞

k=1
(2k+3)!!
ek(2k)!!

(2z + i)3k.

19.25.
∑∞

k=2
(k!)25k

k(2k+1)!
(z − 3i)k+2. 19.26.

∑∞
k=1

4kk!
k2(2k−1)!!

(2z + i)4+k.

19.27.
∑∞

k=2
k!(2k)!!

((2k+1)!!)2 (2z + 1)k. 19.28.
∑∞

k=1
(k!)2 sin(ik)

(2k+1)!
(z − 2i)k.

19.29.
∑∞

k=1
(2k−1)!!

4kk!
(−2z + 1)k!. 19.30.

∑∞
k=1

(4k+1)!!
k!

(z − 2i)k
2+k+1.

Çàäà÷à 20. Ðàçëîæèòü â ñòåïåííîé ðÿä â îêðåñòíîñòè òî÷êè z = a.

1) f(z) = 1
(z+a)2 ; 2) f(z) = bz+c

z+1
; 3) f(z) = z

z2−az+a2 ;

4) f(z) = cos(z b π); 5) f(z) = cos2(z b π); 6) f(z) = cos3(z b π);

7) f(z) = ecz+b

z−a ; 8) f(z) = z−a
ecz+b

; 9) f(z) = ecz+b

(z−a)2 ;

Ïî íîìåðó k âàðèàíòà ïàðàìåòðû âû÷èñëÿþòñÿ ïî ôîðìóëàì

a = 1 + (k mod 3), b = a− (k mod 4), c = 2 + a+ b− (k mod 5)
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Çàäà÷à 21.
1). Â çàäà÷àõ 21.1-21.30 ñ ÷åòíûìè íîìåðàìè íàïèñàòü ðàçëîæåíèå ôóíêöèè f â

ðÿä (Òåéëîðà èëè Ëîðàíà) ïî ñòåïåíÿì z â îêðåñòíîñòè òî÷êè z = 0 ñ óêàçàíèåì îáùåãî
÷ëåíà ðÿäà. Â çàäà÷àõ ñ íå÷åòíûìè íîìåðàìè, ïîëüçóÿñü ðåêóððåíòíûìè ôîðìóëàìè
äëÿ êîýôôèöèåíòîâ, íàïèñàòü 7 ÷ëåíîâ ðàçëîæåíèÿ ôóíêöèè f â ðÿä ïî ñòåïåíÿì z

(ïðèâåñòè íå òîëüêî îòâåò, íî è ïîäðîáíûå âûêëàäêè).
2). Íàéòè îáëàñòü ñõîäèìîñòè.
3). Îöåíèòü àáñîëþòíóþ ïîãðåøíîñòü 7-÷ëåííîé àïïðîêñèìàöèè çàäàííîé ôóíê-

öèè åå ñòåïåííûì ðÿäîì íà îêðóæíîñòè |z| = 1/5 (ò.å. âçÿòü â óêàçàííîé âûøå ôîð-
ìóëå r = 1/5, çíà÷åíèå δ âûáðàòü ñàìîñòîÿòåëüíî, N îïðåäåëèòñÿ èç âèäà ðàçëîæå-
íèÿ, ñì. ïðèìåð íèæå). Âû÷èñëèòü ñ ïîìîùüþ ðàçëîæåíèÿ ïðèáëèæåííîå çíà÷åíèå
f(
√

2(1 + i)/10).
21.1. f = z/(1− cos z); 21.2. f = z−2 sin2 2z;
21.3. f = 1/(z sin z); 21.4. f = z−3 sh iz sin z;
21.5. f = (1− ez)/ sin z; 21.6. f = z−4e−iz cos z;
21.7. f = (1− z)/(1− ez); 21.8. f = z−4e−z ch z;
21.9. f = sin z/(z2 cos 2z); 21.10. f = z−2 cos iz sh 2z;
21.11. f = (1− cos z)/(1− e−z); 21.12. f = z−2 e2z sin iz;
21.13. f = sin 2z/(z + z3); 21.14. f = z−1 cos3 z;
21.15. f = (1− e−z)/(z sin z); 21.16. f = z−4 sin3 z;
21.17. f = (1− cos z)/(1− e2z); 21.18. f = z−2 sh 2z sin iz;
21.16. f = z/(sin(z2)); 21.20. f = z−1e2iz cos z;
21.21. f = (z − sin z)/(1− e2z); 21.22. f = z−3eiz sh z;
21.23. f = z/(1− cos 2z); 21.24. f = z−1e−z sh 2z;
21.25. f = (1 + z)/(sin 2z); 21.26. f = z−1ez sh iz;
21.27. f = (ez − 1)/(sin z); 21.28. f = z−2e−2z chz;
21.27. f = (z − sin 2z)/(z sin z); 21.28. f = z−3 sh 3z · cos z;
21.29. f = (z + cos z)/(z2 + z4); 21.30. f = z−4 ch2 3z sin iz;

� 2.3. Âû÷åòû è èõ ïðèìåíåíèå

Ïóñòü àíàëèòè÷åñêàÿ â ïðîêîëîòîé ε-îêðåñòíîñòè U = {z : 0 < |z − z0| < ε} òî÷-
êè z0 ôóíêöèÿ f(z) ðàçëàãàåòñÿ â ðÿä Ëîðàíà

∑∞
n=−∞ an(z − z0)n.

Åñëè an = 0 ïðè âñåõ n < 0, òî òî÷êà z0 íàçûâàåòñÿ óñòðàíèìîé îñîáåííîñòüþ (èëè
ïðàâèëüíîé òî÷êîé); ðÿä Ëîðàíà â îêðåñòíîñòè òàêîé òî÷êè ñîñòîèò ëèøü èç ïðàâèëüíîé
÷àñòè (ò.å. èç ÷ëåíîâ ñ íåîòðèöàòåëüíûìè íîìåðàìè) è ÿâëÿåòñÿ ðÿäîì Òåéëîðà ôóíêöèè
f , äîîïðåäåëåííîé çíà÷åíèåì f(z0) = a0. Âåðíà òåîðåìà: òî÷êà z0 ÿâëÿåòñÿ ïðàâèëüíîé
òî÷êîé òîãäà è òîëüêî òîãäà, êîãäà M(δ) < C <∞ ïðè âñåõ äîñòàòî÷íî ìàëûõ δ.
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Åñëè an = 0 ïðè âñåõ n < n0 < 0 è an0 6= 0, òî òî÷êà z0 íàçûâàåòñÿ ïîëþñîì
ïîðÿäêà n0; ïðè ýòîì M(δ) ∼ δ−n0 , ò.å. M(δ)→∞ ïðè δ → 0. Åñëè ãëàâíàÿ ÷àñòü ðÿäà
Ëîðàíà ñîäåðæèò áåñêîíå÷íî ìíîãî ÷ëåíîâ (ò.å. ÷ëåíîâ ñ îòðèöàòåëüíûìè íîìåðàìè), òî
òî÷êà z0 íàçûâàåòñÿ ñóùåñòâåííî îñîáîé. Â äâóõ ïîñëåäíèõ ñëó÷àÿõ (ïîëþñ, ñóùåñòâåííî
îñîáàÿ òî÷êà) îïðåäåëÿåòñÿ âû÷åò ôóíêöèè f â òî÷êå z0 ïî ôîðìóëå: Resz=z0f(z) = a−1.

Ïðèìåð. Ïî îïðåäåëåíèþ äëÿ ôóíêöèè (4) Res z=0 f = c−1 = 1/2.
Íà ïðàêòèêå äëÿ âû÷èñëåíèÿ âû÷åòà â ïîëþñå z0 ïîðÿäêà n0 ïðèìåíÿþò ôîðìóëó

Resz=z0f(z) =
1

(n− 1)!
lim
z→z0

((z − z0)n f(z))(n−1) ,

ãäå (n − 1) îçíà÷àåò ïîðÿäîê ïðîèçâîäíîé. Â ÷àñòíîì ñëó÷àå, êîãäà f(z) = ϕ(z)/ψ(z),
ãäå ϕ è ψ � àíàëèòè÷åñêèå â îêðåñòíîñòè òî÷êè z0 ôóíêöèè, ïðè÷åì ψ èìååò â ýòîé
òî÷êå ïðîñòîé íóëü, ò.å.

ψ(z0) = 0, ψ′(z0) 6= 0,

èíîãäà óäîáíî ïðèìåíÿòü ôîðìóëó

Resz=z0f(z) =
ϕ(z0)

ψ′(z0)
.

Îòìåòèì, ÷òî äëÿ âû÷èñëåíèÿ âû÷åòà â ñóùåñòâåííî îñîáîé òî÷êå óäîáíûõ ôîðìóë äëÿ
íàõîæäåíèÿ âû÷åòîâ íå ñóùåñòâóåò.

Âàæíåéøóþ ðîëü â ÒÔÊÏ èãðàþò òåîðåìà Êîøè è îñíîâíàÿ òåîðåìà î âû÷å-
òàõ. Ñôîðìóëèðóåì èõ â ðàìêàõ îäíîãî ïðåäëîæåíèÿ. Åñëè ôóíêöèÿ f(z) àíàëèòè÷íà
âíóòðè ïðîñòîé çàìêíóòîé êóñî÷íî ãëàäêîé êðèâîé Γ (êîíòóðà) è íåïðåðûâíà â íåêî-
òîðîé åå îêðåñòíîñòè, òî (òåðåìà Êîøè)

∮

γ

f(z) dz = 0.

Åñëè æå âíóòðè êîíòóðà Γ èìåþòñÿ èçîëèðîâàííûå íåóñòðàíèìûå îñîáåííîñòè z1, · · · , zn
ôóíêöèè f , òî (îñíîâíàÿ òåîðåìà î âû÷åòàõ)

∮

γ

f(z) dz = 2πi
n∑

k=1

Res z=zk
f .

Òàêèì îáðàçîì, òåîðåìà î âû÷åòàõ ÿâëÿåòñÿ ìîùíûì èíñòðóìåíòîì äëÿ âû÷èñëåíèÿ
èíòåãðàëîâ ïî çàìêíóòîìó êîíòóðó.

Ïðèìåð. Ïîêàçàòü, ÷òî
∫
|z|=1

f(z) dz = 0 ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà p, äëÿ
êîòîðûõ çàäàííàÿ ôóíêöèÿ f îïðåäåëåíà:

f(z) =
9z − p− 9p ctg p

81z2 − 18pz + 82p2
ez.
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Íàõîäèì êîðíè çíàìåíàòåëÿ: z1,2 = (p± p√1− 82)/9 = (±i+ 1/9)p. Îòñþäà

f(z) =
9z − p− 9p ctg p

(9z − p+ 9pi)(9z − p− 9pi)
ez.

Òàê êàê |z1| = |z2|, òî îáå îñîáûå òî÷êè áóäóò íàõîäèòüñÿ ëèáî âíå, ëèáî âíóòðè êîíòóðà.
Ïîñêîëüêó

Res(1/9±i)pf(z) =
(9z − p− 9pctg p)ez

9(9z − p± 9pi)

∣∣∣∣
z=(1/9±i)p

=

=
p± 9ip− p− 9pctg p

±9 · 18pi
ep/9±pi =

±ictg p+ 1

18
ep/9±pi =

=
1± ictg p

18
ep/9(cos p± isin p) = ±i ep/9

18sin p
,

òî ñóììà âû÷åòîâ ðàâíà íóëþ, îòêóäà è âûòåêàåò òðåáóåìûé ðåçóëüòàò.

Çàäà÷à 22. Íàéòè îñîáûå òî÷êè è âû÷åòû â íèõ ôóíêöèè f(z, a, b, ...) â çàâèñè-
ìîñòè îò çíà÷åíèé ïàðàìåòðîâ a, b,..

1) f(z) =
eaz

sin(cz)
; 2) f(z) =

eaz

z sin(cz)
; 3) f(z) =

eaz

z2 sin(cz)
;

4) f(z) =
cos (az)− 1

ecz − c ; 5) f(z) =
eaz

eicz + 1
; 6)f(z) =

sin (az)

eicz − i ;

7) f(z) =
1 + z2

z2 − i (a+ c) z − ac ; 8) f(z) =
z2 + b2

z3 − i (2 a+ c) z2 − a (a+ 2 c) z + ia2c
.

9) f(z) =
z + b

z3 − a3
; 10) f(z) =

z + bi

(z2 + c2)2 ; 11) f(z) =
(z2 + c2)

2

z + bi
.

Ïî íîìåðó k âàðèàíòà ïàðàìåòðû âû÷èñëÿþòñÿ ïî ôîðìóëàì

a = 1 + (k mod 3), b = a− (k mod 4), c = 2 + a+ b− (k mod 5)

Çàäà÷à 23. Â çàäà÷àõ 23.1-23.30 íàéòè âû÷åò ôóíêöèè f(z, a, b, ...) â òî÷êå z = 0 â
çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðîâ a, b,.. Êðîìå òîãî, ñëåäóåò óêàçàòü òèï îñîáåííîñòè
â òî÷êå z = 0 ïðè ðàçëè÷íûõ çíà÷åíèÿõ óêàçàííûõ ïàðàìåòðîâ.
23.1. f = sin bz+z2

1−cos az−1/2 a2z2 . 23.2. f = sin bz+z2

eaz−1−bz .
23.3. f = 1

a sin bz−b sin az . 23.4. f = z
z sin bz+b sin az2 .

23.5. f = 1
a sin az−b sin bz . 23.6. f = a sin z+4 sin cz

z sin bz+b sin az2 .

23.7. f = cos z
a sin bz−b sin az . 23.8. f = a sin z+sin bz

z sin bz+b sin az2 .

23.9. f = bz−sin az
(1−eaz) sin bz−z2 . 23.10. f = b−a cos az

(1−eaz) cos bz .
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23.11. f = a sin z−1
z−b sin(2 z) . 23.12. f = sin z−az

z−b sin az .

23.13. f = cz−sin az
(1−ebz) sin bz−z2 . 23.14. f = z

1−cos az+bz2 .

23.15. f = eaz−cos bz
sin az−z−sin bz . 23.16. f = eaz−ebz

sin az−z−sin bz .
23.17. f = eaz−ebz

sin az−az−z sin bz . 23.18. f = cos az−ebz
sin bz−bz−z sin az .

23.19. f = cos az−b
sin bz−bz−z sin az . 23.20. f = sin az−z

z cos bz+(a−1)z−sin az .

23.21. f = ez−a cos z
az+b sin z . 23.22. f = aez−cos z

az−b sin z .

23.23. f = aez−b cos z
z cos z−b sin z . 23.24. f = aez−cos z

z cos z−b sin z−z .
23.25. f = a cos(3 z)−cos z

z cos(2 z)−b sin z . 23.26. f = a cos z−ez
z cos z−b sin(2 z) .

23.27. f = a cos z−bez
z−b sin(2 z) . 23.28. f = a cos z−b

z−b sin(2 z) .

23.29. f = sin az−sin bz
1−ez cos bz+z . 23.30. f = cos az−b cos z

1−ez cos bz+z .

Êîíòóðíûå èíòåãðàëû

Çàäà÷à 24. Ïðèìåíÿÿ îñíîâíóþ òåîðåìó î âû÷åòàõ, ïîêàçàòü, ÷òî
∫
|z|=1

f(z) dz =

0 ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà p, äëÿ êîòîðûõ çàäàííàÿ íèæå ôóíêöèÿ f îïðåäåëåíà
(èñêëþ÷àÿ òå ñëó÷àè, êîãäà ïîëþñû ôóíêöèè f ëåæàò íà îêðóæíîñòè |z| = 1).

24.1. 3 z−3 p−5 ln 2 tg p
z2−2 pz+p2+(ln 2)2 sin z. 24.2. 4 z−π−4 p cth p

16 z2−8π z+π2+16 p2 sin z.

24.3. 8 z−π+8
√

2p cth p+8 p cth p
64 z2−16π z+π2+64 p2 cos z. 24.4. 6 z−6 p−π√3

36 z2−72 pz+36 p2+π2 e
z.

24.5. 8 z−8 p−π√2−π
64 z2−128 pz+64 p2+π2 e

z. 24.6. z−p−p ctg p
z2−2 p z+2 p2 e

z.

24.7. z−2 p−p ctg p
z2−4 p z+5 p2 ez. 24.8. 3 z−1−3 p ctg p

9 z2−6 z+1+9 p2 e
z.

24.8. 2 z−1−2 p ctg p
4 z2−4 z+1+4 p2 e

z. 24.10. 4 z−1−4 p ctg p
16 z2−8 z+1+16 p2 e

z.

24.11. −z+1/2+p cth p tg(1/2)
z2−z+1/4+p2 sin z. 24.12. −z+1/3+p cth p tg(1/3)

z2−2/3 z+1/9+p2 sin z.

24.13. 5 z−1−5 p ctg p
25 z2−10 z+1+25 p2 e

z. 24.14. 6 z−1−6 p ctg p
36 z2−12 z+1+36 p2 e

z.

24.15. 7 z−1−7 p ctg p
49 z2−14 z+1+49 p2 e

z. 24.16. 2 z−p−2 p ctg p
4 z2−4 p z+5 p2 ez.

24.17. 6 z−π+6
√

3p cth p
36 z2−12π z+π2+36 p2 cos z. 24.18. 4 z−π+4 p cth p

16 z2−8π z+π2+16 p2 cos z.

24.19. 3 z−p−3 p ctg p
9 z2−6 p z+10 p2 e

z. 24.20. 4 z−p−4 p ctg p
16 z2−8 p z+17 p2 e

z.

24.21. 5 z−p−5 p ctg p
25 z2−10 p z+26 p2 e

z. 24.22. 6 z−p−6 p ctg p
36 z2−12 p z+37 p2 e

z.

24.23. 6 z−π−2
√

3p cth p
36 z2−12π z+π2+36 p2 sin z. 24.24. 8 z−π−8

√
2p cth p+8 p cth p

64 z2−16π z+π2+64 p2 sin z.
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24.25. 7 z−p−7 p ctg p
49 z2−14 p z+50 p2 e

z. 24.26. 8 z−p−8 p ctg p
64 z2−16 p z+65 p2 e

z.

24.27. −z+1/4+p cth p tg(1/4)
z2−1/2 z+1/16+p2 sin z. 24.28. 3 z−3 p+5 ln 2 ctg p

z2−2 pz+p2+(ln 2)2 cos z.

24.29. 8 z−1−8 p ctg p
64 z2−16 z+1+64 p2 e

z. 24.30. 9 z−p−9 p ctg p
81 z2−18 p z+82 p2 e

z.

Èíòåãðàëû îò òðèãîíîìåòðè÷åñêèõ ôóíêöèé

Çàäà÷à 25.Âû÷èñëèòü îïðåäåëåííûé èíòåãðàë îò çàäàííîãî òðèãîíîìåòðè÷åñêî-
ãî âûðàæåíèÿ f(cosϕ, sinϕ) ïî îòðåçêó [0, 2π]. Äëÿ ýòîãî ñëåäóåò ïðèìåíèòü êîìïëåêñ-
íóþ ïîäñòàíîâêó z = eiϕ. Òîãäà

cosϕ = (z + 1/z)/2, sinϕ = −i(z − 1/z)/2, dϕ = −i dz/z,
è èíòåãðàë

∫ 2π

0
f(cosϕ, sinϕ) dϕ ïðåîáðàçóåòñÿ ê êîíòóðíîìó èíòåãðàëó

∮
|z|=1

R(z)dz, ãäå
R(z) � íåêîòîðàÿ ðàöèîíàëüíàÿ äðîáü.
25.1. − cosϕ−sinϕ−1

cosϕ+2 sinϕ+3 ; 25.2. − cosϕ+2 sinϕ+3
cosϕ+2 sinϕ+3 ;

25.3. cosϕ+3 sinϕ−1
cosϕ+2 sinϕ+3 ; 25.4. − cosϕ−4 sinϕ+2

2 cosϕ+sinϕ+3 ;

25.5. − cosϕ−4 sinϕ−3
cosϕ+2 sinϕ+3 ; 25.6. 1−sinϕ

2 cosϕ+sinϕ+3 ;

25.7. 2 cosϕ+2 sinϕ−2
2 cosϕ+sinϕ+3 ; 25.8. −2 cosϕ+3 sinϕ+2

cosϕ+2 sinϕ+3 ;

25.9. −2 cosϕ+3 sinϕ+4
cosϕ+2 sinϕ+3 ; 25.10. 2 cosϕ+4 sinϕ+1

cosϕ+2 sinϕ+3 ;

25.11. −2 cosϕ+4 sinϕ+3
cosϕ+2 sinϕ+3 ; 25.12. −2 cosϕ−3 sinϕ+3

2 cosϕ+sinϕ+3 ;

25.13. 2 cosϕ−3 sinϕ−4
cosϕ+2 sinϕ+3 ; 25.14. 2 cosϕ−4 sinϕ+4

cosϕ+2 sinϕ+3 ;

25.15. 2 cosϕ−4 sinϕ−1
2 cosϕ+sinϕ+3 ; 25.16. −2 cosϕ−4 sinϕ−4

3 cosϕ+sinϕ+4 ;

25.17. 3 cosϕ+4 sinϕ+3
2 cosϕ+sinϕ+3 ; 25.18. −3 cosϕ+4 sinϕ+3

2 cosϕ+sinϕ+3 ;

25.19. 3 cosϕ−3 sinϕ
cosϕ+sinϕ+2 ; 25.20. 3−4 sinϕ

cosϕ+2 sinϕ+3 ;

25.21. 4 cosϕ−sinϕ+4
2 cosϕ+sinϕ+3 ; 25.22. 4 cosϕ−sinϕ−2

2 cosϕ+sinϕ+3 ;

25.23. 4 cosϕ+2
cosϕ+2 sinϕ+3 ; 25.24. −4 cosϕ+4

cosϕ+2 sinϕ+3 ;

25.25. 4 cosϕ−2
2 cosϕ+sinϕ+3 ; 25.26. −4 cosϕ−4 sinϕ

2 cosϕ+sinϕ+3 ;

25.27. 4 cosϕ−4 sinϕ+1
cosϕ+2 sinϕ+3 ; 25.28. 4 cosϕ−4 sinϕ−2

cosϕ+2 sinϕ+3 ;

25.29. −4+3 sinϕ
2 cosϕ+sinϕ+3 ; 25.30. −2 cosϕ−2 sinϕ+1

cosϕ+2 sinϕ+3 .

Íåñîáñòâåííûé èíòåãðàë

Çàäà÷à 26. Èñïîëüçóÿ òåîðåìó î âû÷åòàõ, âû÷èñëèòü íåñîáñòâåííûé êðèâîëè-
íåéíûé èíòåãðàë âòîðîãî ðîäà

∫

L

2x+ 1

ky2 +mx2 + n
dy
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âäîëü ïàðàáîëû L : y = ax2 + b, −∞ < x <∞. Â óñëîâèÿõ çàäà÷ çàäàþòñÿ íåîáõîäèìûå
ïàðàìåòðû.

26.1. a = −7 b = −3 k = 1 m = 8 n = −8

26.2. a = 3 b = 2 k = 1 m = −2 n = −3

26.3. a = 17 b = 1 k = 9 m = −8 n = −8

26.4. a = −2 b = −3 k = 1 m = −7 n = −8

26.5. a = −1 b = −1 k = 4 m = −3 n = −3

26.6. a = −7 b = −1 k = 4 m = −3 n = −3

26.7. a = 6 b = 2 k = 4 m = 1 n = −7

26.8. a = 4 b = 1 k = 9 m = 1 n = −5

26.9. a = 2 b = 3 k = 1 m = 8 n = 7

26.10. a = −6 b = −5 k = 1 m = −8 n = −9

26.11. a = −14 b = −2 k = 1 m = −3 n = −3

26.12. a = −1 b = −2 k = 1 m = 6 n = 5

26.26. a = −5 b = −4 k = 1 m = −6 n = −7

26.14. a = 3 b = 2 k = 4 m = −3 n = −7

26.15. a = 1 b = 5 k = 1 m = 7 n = −9

26.16. a = 3 b = 2 k = 4 m = −3 n = −7

26.17. a = 16 b = 2 k = 1 m = 4 n = −3

26.18. a = −2 b = −4 k = 1 m = −3 n = −7

26.19. a = −5 b = −3 k = 1 m = −4 n = −8

26.20. a = −7 b = −5 k = 1 m = −5 n = −9

26.21. a = −4 b = −4 k = 1 m = 9 n = 9

26.22. a = −3 b = −4 k = 1 m = 10 n = 9

26.23. a = 3 b = 0 k = 1 m = 10 n = 1

26.24. a = 20 b = 4 k = 1 m = 9 n = −7

26.25. a = −18 b = −1 k = 9 m = 9 n = −8

26.26. a = −5 b = −5 k = 1 m = −9 n = −9

26.27. a = 2 b = 2 k = 1 m = 5 n = 5

26.28. a = −18 b = −1 k = 9 m = 9 n = −8

26.29. a = 1 b = 1 k = 9 m = −8 n = −8

26.30. a = 2 b = 1 k = 1 m = 9 n = 8
Ïðèìåð. Âû÷èñëèòü èíòåãðàë

I ≡
∫

L

2x+ 1

4y2 + 8x2 − 7
dy

âäîëü ïàðàáîëû y = −14x2 − 2.
Ðåøåíèå. Èìååì y2 = 196x4 + 56x2 + 4, dy = −28xdx, à I ïðåîáðàçóåòñÿ â
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íåñîáñòâåííûé èíòåãðàë îò ôóíêöèè F (x) äåéñòâèòåëüíîé ïåðåìåííîé x:

I =

∫ ∞
−∞

−56x2 − 28x

784x4 + 232x2 + 9
dx.

Òàê êàê ïîäûíòåãðàëüíàÿ ôóíêöèÿ F (z) (ðàññìàòðèâàåìàÿ êàê ôóíêöèÿ êîìïëåêñíîé
ïåðåìåííîé z) åñòü O(|z|−2) ïðè z →∞, òî èíòåãðàë I ðàâåí âåëè÷èíå 2πi, óìíîæåííîé
íà ñóììó âû÷åòîâ ôóíêöèè F â îñîáûõ òî÷êàõ âåðõíåé ïîëóïëîñêîñòè.

Íàéäåì îñîáûå òî÷êè:

z2 =
−116±√13456− 7056

784
=
−116± 80

784
,

òî åñòü z2 = −9/196 èëè z2 = −1/4. Â âåðõíåé ïîëóïëîñêîñòè íàõîäÿòñÿ òî÷êè z = 3i/14

è z = i/2. Âû÷èñëèì âû÷åòû â ýòèõ òî÷êàõ.

Resz=i/2F =
−56z2 − 28z

(196z2 + 9)2(2z + i)

∣∣∣∣
z=i/2

=
14− 14i

4i(−49 + 9)
=

7i− 7

80i
,

Resz=3i/14F =
−56z2 − 28z

(4z2 + 1)14(14z + 3i)

∣∣∣∣
z=3i/14

=
18/7− 6i

84i(−9/49 + 1)
=

3− 7i

80i
.

Ñëåäîâàòåëüíî,
I = 2πi

(
7i− 7

80i
+

3− 7i

80i

)
= 2πi

−4

80i
= − π

10
.
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ÃËÀÂÀ 3. Äîïîëíåíèÿ
� 3.1. Òåîðåìà Ðóøå

Òåîðåìà Ðóøå. Ïóñòü îáëàñòü G îãðàíè÷åíà êóñî÷íî-ãëàäêèì êîíòóðîì Γ è
äëÿ äâóõ àíàëèòè÷åñêèõ â çàìêíóòîé îáëàñòè Ḡ ôóíêöèé f(z) è ϕ(z) èìååì |f(z)| >
|ϕ(z)| âñþäó íà ãðàíèöå Γ. Òîãäà óðàâíåíèÿ f(z) = 0 è f(z) + ϕ(z) = 0 èìåþò ðàâíîå
÷èñëî êîðíåé â îáëàñòè G

Çàäà÷à 27.Ñ ïîìîùüþ òåîðåìû Ðóøå ïîêàçàòü, ÷òî â êîëüöå r < |z| < R ìíî-
ãî÷ëåí P (z) = azm − bzn + cz − d èìååò m − 1 êîðíåé. Ïàðàìåòðû a, b, c, d, m, n, R, r
çàäàíû â ñëåäóþùåé òàáëèöå.

a b c d m n R r

27.1. 2 5 91 65 4 2 4 3

27.2. 2 3 93 89 4 2 4 3

27.3. 3 11 54 36 5 4 4 1

27.4. 2 3 71 29 5 4 3 2

27.5. 3 5 100 21 5 4 3 2

27.6. 2 7 66 43 4 3 5 2

27.7. 2 10 86 4 4 2 4 3

27.8. 2 4 92 76 4 2 4 3

27.9. 2 6 83 84 4 3 5 2

27.10. 3 12 74 3 4 3 5 2

27.11. 2 8 49 1 4 3 5 2

27.12. 2 9 87 17 4 2 4 3

27.13. 2 6 90 53 4 2 4 3

27.14. 2 7 89 41 4 2 4 3

27.15. 2 10 100 93 5 2 3 2

27.16. 3 17 102 86 4 2 4 2

27.17. 7 1 93 41 4 5 3 2

27.18. 6 1 74 17 4 5 3 2

27.19. 5 1 61 9 4 5 4 2

27.20. 5 6 48 30 3 2 4 2

27.21. 5 5 78 35 4 3 3 2

27.22. 7 6 72 62 3 2 4 2

27.23. 3 6 52 31 4 2 3 2

27.24. 5 1 93 97 4 3 3 2
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27.25. 3 1 54 78 3 2 5 2

27.26. 3 7 56 58 3 2 6 2

27.27. 4 10 88 30 4 3 4 2

27.28. 4 3 67 89 3 2 5 2

27.29. 6 10 84 78 3 2 5 2

27.30. 2 1 38 38 4 2 3 2

Ïðèìåð. Îïðåäåëèòü ÷èñëî êîðíåé ìíîãî÷ëåíà P (z) = z4 + z2 − 4z + 1 â êîëüöå
1 < |z| < 2.

Ðåøåíèå. Íàéäåì ñíà÷àëà êîëè÷åñòâî êîðíåé â êðóãå |z| < 1. Äëÿ ýòîãî ïðåäñòà-
âèì P (z) â âèäå ñóììû f(z) + g(z), ãäå f(z) = −4z, g(z) = z4 + z2 + 1. Òîãäà íà ãðàíèöå
êðóãà èìååì ñòðîãîå íåðàâåíñòâî |g(z)| < |f(z)|, ïîñêîëüêó

|g(z)| ≤ |z4|+ |z2|+ 1 = 3 < 4 = |f(z)|.

Ïî òåîðåìå Ðóøå â êðóãå |z| < 1 ÷èñëî êîðíåé ôóíêöèé P (z) = f(z) + g(z) è f(z) = −4z

îäèíàêîâî. Èòàê, ÷èñëî êîðíåé ìíîãî÷ëåíà P (z) â êðóãå |z| < 1 ðàâíî 1.
×òîáû íàéòè êîëè÷åñòâî êîðíåé P(z) â êðóãå |z| < 2, ïîëîæèì f1(z) = z4, g1(z) =

z2 − 4z + 1. Òîãäà ïðè |z| = 2 èìååì

|f1(z)| = 16, |g1(z)| ≤ 4 + 8 + 1 = 13,

òî åñòü |g1(z)| < |f1(z)|. Ïîñêîëüêó f1(z) èìååò â êðóãå |z| < 2 ÷åòûðå êîðíÿ (èìåííî,
êîðåíü z = 0 êðàòíîñòè 4), òî è P (z) = f1(z) + g1(z) â ýòîì êðóãå èìååò 4 êîðíÿ. À òàê
êàê íà ãðàíèöå êîëüöà êîðíåé ó P (z), î÷åâèäíî, íåò, òî ÷èñëî êîðíåé âíóòðè êîëüöà
ðàâíî 4-1=3.

� 3.2. Êîíôîðìíûå îòîáðàæåíèÿ

Ìû çíàåì, ÷òî èç äèôôåðåíöèðóåìîñòè ôóíêöèè f â òî÷êå z0 ñëåäóåò, ÷òî ∆f =

f(z)−f(z0) ≈ df , ãäå df = f ′(z0)dz � êîìïëåêñíûé äèôôåðåíöèàë ôóíêöèè f â òî÷êå z0.
Îòñþäà ïðè f ′(z0) 6= 0 ñëåäóåò, êàê îòìå÷àëîñü, êîíôîðìíîñòü îòîáðàæåíèÿ f â òî÷êå
z0, ñîñòîÿùàÿ â òîì, ÷òî îòîáðàæåíèå w = f(z) âáëèçè äàííîé òî÷êè z0 ñîâåðøàåò ëèøü
ïðîñòåéøèå äåôîðìàöèè îáëàñòè: ïîñòîÿííîå ðàñòÿæåíèå âñåõ âåêòîðîâ dz, âûõîäÿùèõ
èç òî÷êè z0, è ïîâîðîò òàêèõ âåêòîðîâ íà îäèí è òîò æå óãîë. Âåðíî è îáðàòíîå, ò.å. èç
êîíôîðìíîñòè îòîáðàæåíèÿ w = f(z) ñëåäóåò åãî äèôôåðåíöèðóåìîñòü â êîìïëåêñíîì
ñìûñëå. Ôóíêöèÿ f íàçûâàåòñÿ êîíôîðìíîé â íåêîòîðîé îáëàñòè, åñëè îíà êîíôîðìíà
âî âñåõ òî÷êàõ ýòîé îáëàñòè.

Öåíòðàëüíûì ðåçóëüòàòîì â òåîðèè êîíôîðìíûõ îòîáðàæåíèé ÿâëÿåòñÿ òåîðåìà
Ðèìàíà (1851 ã.).
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Òåîðåìà. Äëÿ ëþáûõ äâóõ îäíîñâÿçíûõ îáëàñòåé D è G, ãðàíèöà êàæäîé èç
êîòîðûõ ñîñòîèò áîëåå ÷åì èç îäíîé òî÷êè, ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå (îäíî-
ëèñòíîå) êîíôîðìíîå îòîáðàæåíèå îáëàñòè D íà âñþ îáëàñòü G.

Â ãèäðîäèíàìèêå, àýðîäèíàìèêå, â òåîðèè óïðóãîñòè âîçíèêàþò çàäà÷è ïîñòðîå-
íèÿ òàêèõ îòîáðàæåíèé Ðèìàíà äëÿ êîíêðåòíûõ îáëàñòåé. Íàïðèìåð, â ãèäðîäèíàìèêå
çàäà÷à îá îáòåêàíèè èäåàëüíîé æèäêîñòüþ çàäàííîãî êîíòóðà Γ îáû÷íî ðåøàåòñÿ ïî-
ñòðîåíèåì îòîáðàæåíèÿ âåðõíåé ïîëóïëîñêîñòè èëè íåîãðàíè÷åííîé ïîëîñû íà âíåø-
íîñòü êîíòóðà Γ.

Çàäà÷à 28. Ïîñòðîèòü êîíôîðìíîå îäíîëèñòíîå îòîáðàæåíèå âèäà w =
√
z2 − h2

âåðõíåé ïîëóïëîñêîñòè íà âåõíþþ ïîëóïëîñêîñòü ñ èñêëþ÷åííûì îòðåçêîì [0, ih] (h > 0)

ìíèìîé îñè. Íàðèñîâàòü ëèíèè òîêà èäåàëüíîé æèäêîñòè, ÿâëÿþøèåñÿ îáðàçàìè ëèíèé
y = const ïðè óêàçàííîì îòîáðàæåíèè. Âåùåñòâåííûé ïàðàìåòð h = 1 +k1 + . . .+k5, ãäå
÷èñëà (k5, k4, k3, k2, k1) ðàâíû ëèáî íóëþ, ëèáî åäèíèöå è íàõîäÿòñÿ êàê öèôðû íîìåðà
âàðèàíòà, çàïèñàííîãî â äâîè÷íîé ñèñòåìå.

Òàê, â çàäà÷å 28.26 ïîëó÷àåì 26 = (11010)2 è k5 = 1, k4 = 1, k3 = 0, k2 = 1, k1 = 0,
â çàäà÷å 28.1 ïîëó÷àåì 1 = (00001)2 è k5 = k4 = k3 = k2 = 0, k1 = 1.

Çàäà÷à 29. Ïîñòðîèòü êîíôîðìíîå îäíîëèñòíîå îòîáðàæåíèå w = f(z) óãëîâîé
îáëàñòè

D = D(z0, α1, α2) = {z : α1 < arg(z − z0) < α2}
íà åäèíè÷íûé êðóã G = {w : |w < 1|}. Ïàðàìåòðû (âåðøèíà óãëà è óãëû íàêëîíà åãî
ñòîðîí) z0, α1, α2 îïðåäåëÿþòñÿ ñ ïîìîùüþ îïðåäåëåííûõ â ïðåäûäóùåé çàäà÷å ÷èñåë
k1 ÷ k5 ïî ñëåäóþùèì ôîðìóëàì

z0 = (k2 + k3) + i(1 + 2k1); α1 =
π

k2 + k4 + 6
, α2 =

π

k1 + k3 + k5 + 2
.

2). Íàðèñîâàòü îáðàç ëó÷åé, äåëÿùèõ óãîë D íà òðè ðàâíûå ÷àñòè, ïðè îòîáðàæå-
íèè w = f(z). Êàêîé èç ëó÷åé, âûõîäÿùèõ èç âåðøèíû óãëà, ïåðåõîäèò â äèàìåòðàëüíûé
(ïðÿìîëèíåéíûé) îòðåçîê?

3). Íàðèñîâàòü îáðàç äóã îêðóæíîñòåé ðàäèóñîâ 1,2,3,... ñ öåíòðîì â òî÷êå z0,
ëåæàùèõ âíóòðè óãëà D (ïðè òîì æå îòîáðàæåíèè). Êàêàÿ èç äóã óêàçàííîãî âèäà
ïåðåõîäèò â äèàìåòðàëüíûé (ïðÿìîëèíåéíûé) îòðåçîê? Êàêàÿ òî÷êà ïåðåõîäèò â öåíòð
êðóãà?

Óêàçàíèå. Èñêîìîå îòîáðàæåíèå ïîëó÷àåòñÿ êàê ñóïåðïîçèöèÿ ñëåäóþùèõ îòîá-
ðàæåíèé: z1 = z − z0; z2 = e−iα1z1; z3 = z

π/(α2−α1)
2 ; w = (z2 − i)/(z2 + i).

Çàäà÷à 30. Ïî çàäàííîìó êîìïëåêñíîìó ïîòåíöèàëó w = z + h2/z îáòåêàíèÿ
îêðóæíîñòè (óêàçàòü åå ðàäèóñ è öåíòð) ïîñòðîèòü ýêâèïîòåíöèàëüíûå ëèíèè (ò.å. Re w =

const) è ëèíèè òîêà (ò.å. Im w = const). Íàéòè ñêîðîñòü òå÷åíèÿ V = grad (Re w) ). Ïà-
ðàìåòð h îïðåäåëåí â çàäà÷å 28.
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�3.3. Çàäà÷è ïîâûøåííîé ñëîæíîñòè

31.1 Ïîêàçàòü, ÷òî ñëåäóþùåå âûðàæåíèå âåùåñòâåííî.

(z2 z3 + z1z2 + z3z1 − z2 z1 − z1 z3 − z3z2) i/4.

Êàêîâ åãî ãåîìåòðè÷åñêèé ñìûñë?
31.2. Ðåøèòü óðàâíåíèå 2x+ 1 + iy = ei arctg(y/x).
31.3. Ïðè êàêèõ äåéñòâèòåëüíûõ çíà÷åíèÿõ a è b óðàâíåíèå z10 − az + b = 0 íå

èìååò äåéòâèòåëüíûõ êîðíåé z?
31.4. Äîêàçàòü, ÷òî óðàâíåíèå 9 cos z−z2 = 4π2 èìååò ðîâíî 4 ðåøåíèÿ â êâàäðàòå

|x| < 2π, |y| < 2π (z = x+ iy).
31.5. Äîêàçàòü, ÷òî óðàâíåíèå 5 cos z − z2 = π2 èìååò ðîâíî 2 (÷èñòî ìíèìûõ)

ðåøåíèÿ â êâàäðàòå |x| < π, |y| < π (z = x+ iy).
31.6. Ïîêàçàòü, ÷òî êîðíè àëãåáðàè÷åñêîãî óðàâíåíèÿ

∑n
k=0 z

k/k! = 0 ëåæàò âî
âíåøíîñòè êðóãà |z| < n/5.

31.7. Äîêàçàòü, ÷òî óðàâíåíèå sin z = z êðîìå êîðíÿ z = 0 èìååò è äðóãèå
êîìïëåêñíûå êîðíè.

31.8. Äîêàçàòü, ÷òî óðàâíåíèå sin z = z èìååò áåñêîíå÷íî ìíîãî ðàçëè÷íûõ
êîìïëåêñíûõ êîðíåé zn = xn + iyn. Êðîìå òîãî, äëÿ îòëè÷íûõ îò íóëÿ êîðíåé èìååì
îöåíêó C1 lnxn < |yn| < C2 lnxn.

31.9. Äîêàçàòü, ÷òî âñå êîðíè óðàâíåíèÿ z sin z = a âåùåñòâåííû, åñëè 1) a = 1;
2) a = 1.8. Äîêàçàòü, ÷òî ïðè a = 3 íå âñå êîðíè âåùåñòâåííû.

31.10. Äîêàçàòü, ÷òî âñå êîðíè óðàâíåíèÿ z tg z = 1 âåùåñòâåííû.
31.11. Ïóñòü zn1 + zn2 + zn3 → 0 ïðè n→∞. Äîêàçàòü, ÷òî âñå |zj| < 1 j = 1, 2, 3.
31.12. Ïóñòü 0 < 1 < |zn1 + zn2 + zn3 | < C2 ïðè âñåõ íàòóðàëüíûõ n. Äîêàçàòü, ÷òî

ìîäóëü îäíîãî èç ÷èñåë zj (j = 1, 2, 3) ðàâåí åäèíèöå.
31.13. Ñóùåñòâóþò êîìïëåêñíûå ÷èñëà z1, z2, z3 òàêèå, ÷òî z1 = 1, |z2| < 1, |z3| < 1

è |∑3
j=1 z

k
j |< 9/10 ïðè k = 1, 2, 3. Ïðèâåñòè ïðèìåð.

31.14. Åñëè | ∑3
j=1 z

k
j |≤ 1, ïðè k = 1, 2, 3, òî | ∑3

j=1 z
n
j |≤ (1.9)n, ïðè äîñòàòî÷íî

áîëüøèõ n ≥ n0. Äîêàçàòü.
31.15. Âû÷èñëèòü ñóììó ðÿäà f(z) = 1 + z + · · · + zn−1 − nzn + zn+1 + · · · + z2n −

nz2n+1 + · · · . Óáåäèòüñÿ, ÷òî f(z) ïðåäñòàâëÿåò ñîáîé ëîãàðèôìè÷åñêóþ ïðîèçâîäíóþ
ìíîãî÷ëåíà P (z) = zn + zn−1 + · · ·+ z + 1.

31.16. Äîêàçàòü, ÷òî ðÿä
∑∞

k=2 z
lnn ðàñõîäèòñÿ ïðè |z| > 1/e (çäåñü zα = rα eαϕi

ïðè z = r eϕi è äåéñòâèòåëüíûõ α).
31.17. Èìååòñÿ ìíîãî÷ëåí âèäà P (z) = zn + azn−1 + · · · + bz + 1, ïðè÷åì âñå åãî

êîðíè ëåæàò â åäèíè÷íîì êðóãå |z| < 1. Äîêàçàòü, ÷òî âñþäó íà åäèíè÷íîé îêðóæíîñòè
(ò.å. ïðè |z| = 1) íå ìîæåò âûïîëíÿòüñÿ íåðàâåíñòâî |P (z)| > 1 è íå ìîæåò âûïîëíÿòüñÿ
íåðàâåíñòâî |P (z)| < 1.
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31.18. Äîêàçàòü, ÷òî â êàæäîé îáëàñòè, îãðàíè÷åííîé ëèíèåé óðîâíÿ γ : |P (z)| =
C ìíîãî÷ëåíà P (z) ëåæèò ïî êðàéíåé ìåðå îäèí êîðåíü ìíîãî÷ëåíà P (z).

31.19. Äîêàçàòü, ÷òî íà ëèíèè óðîâíÿ γ : |f(z)| = C àíàëèòè÷åñêîé ôóíêöèè f(z)

çíà÷åíèÿ iτf ′(z)/f(z) äåéñòâèòåëüíû âñþäó, ãäå ñóùåñòâóåò τ � âåêòîð êàñàòåëüíîé ê γ
â òî÷êå z.

31.20. Ïóñòü f(z) =
∑n

k=1 zk/(z − zk), ãäå zk � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà,
n ∈ N. Ïîêàçàòü, ÷òî íà îêðóæíîñòè |z| = 1 íàéäåòñÿ òî÷êà ζ òàêàÿ, ÷òî çíà÷åíèå f(ζ)

� âåùåñòâåííî.
31.21. Ïóñòü P (z) = z2+az+b, a, b � êîìïëåêñíûå ïàðàìåòðû. Èññëåäîâàòü ïðîöåññ

èòåðàöèè âèäà zk+1 = P (zk), k = 0, 1, · · · . Èìåííî, ïðè êàêèõ íà÷àëüíûõ z0 ìíîæåñòâî
E = {zk}∞k=0 1) îãðàíè÷åíî, 2) ñîñòîèò èç êîíå÷íîãî ÷èñëà ðàçëè÷íûõ òî÷åê, 3) ñîñòîèò
èç äâóõ òî÷åê.

31.22. Ïóñòü P (z) = z2 − 7
2
z + 3. Ïðîâåðèòü, ÷òî â ïðîöåññå óêàçàííîé â ïðåäû-

äóùåé çàäà÷å èòåðàöèè ïðè íà÷àëüíîì z0 = 0 ïîëó÷àåòñÿ z3 = 0 (ò.å. P(P(P(0)))=0).
Ñóùåñòâóþò ëè äðóãèå ìíîãî÷ëåíû âòîðîé ñòåïåíè, îáëàäàþùèå òàêèì æå ñâîéñòâîì?

31.23. P (z) = zn + zn−1 + · · · + z + 1, Q(z) = zn+1 + zn + · · · + z + 1. Äîêàçàòü,
÷òî ëîãàðèôìè÷åñêàÿ ïðîèçâîäíàÿ R(z) = Q′(z)/Q(z) èíòåðïîëèðóåò ìíîãî÷ëåí P (z)

â òî÷êå z = 0 ñ êðàòíîñòüþ n, ò.å. âûïîëíÿþòñÿ ðàâåíñòâà R(s)(0) = P (s)(0) ïðè s =

0, 1, · · ·n.
31.24. Â óñëîâèÿõ ïðåäûäóùåé çàäà÷è ïîêàçàòü, ÷òî ïðè 0 < x < 1 èìååì |R(x)−

P (x)| ≤ (1 + n/2)xn+1.
31.25. Âû÷èñëèòü ïîâòîðíûé èíòåãðàë

∫ 1

−1

dx

∫ 3π/4

π/4

dϕ

x− eiϕ .

31.26. Ñ ïîìîùüþ òåîðåìû î ñðåäíåì äëÿ ãàðìîíè÷åñêèõ ôóíêöèé âû÷èñëèòü∫ 2π

0
ln(1 + 2r cosϕ+ r2) dϕ, ãäå r � ïðîèçâîëüíûé âåùåñòâåííûé ïàðàìåòð.

31.27. Ïóñòü íà åäèíè÷íîé îêðóæíîñòè ìàêñèìóì ìîäóëÿ ìíîãî÷ëåíà P (z) äî-
ñòèãàåòñÿ â òî÷êå z0, |z0| = 1. Ïîêàçàòü, ÷òî çíà÷åíèå z0P

′(z0)/P (z0) âåùåñòâåííî è
ïîëîæèòåëüíî.

31.28. (Çàäà÷à Â.Ê.Äçÿäûêà.) Ïóñòü f(z) = u(x, y) + iv(x, y) � àíàëèòè÷åñêàÿ
ôóíêöèÿ. Ïîêàçàòü, ÷òî ïëîùàäè ïîâåðõíîñòåé-ãðàôèêîâ z = u(z, y) è z = v(z, y) ñ îäè-
íàêîâûìè ïðîåêöèÿìè íà ïëîñêîñòü XOY ðàâíû (âñþäó, ãäå ýòè ïëîùàäè îïðåäåëåíû).

31.29. Ïóñòü 0 ≤ a < 1, b(z) = (z − a)/(1 − z a), çàäàíû íàòóðàëüíîå n è âåùå-
ñòâåííîå α. Òîãäà ïðè ϕk := α + 2πk/n âåðíî òîæäåñòâî

∑n−1

k=0
| b′(eiϕk) |= <[(eiαn + an)/(eiαn − an)].

31.30. Åñëè | ∑m
j=1 z

k
j |≤ 1, ïðè k = 1, · · · ,m, òî | ∑m

j=1 z
n
j |≤ 2n, ïðè äîñòàòî÷íî

áîëüøèõ n ≥ n0(m). Äîêàçàòü.
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Åñëè | ∑m
j=1 z

k
j |≤ 1/2, ïðè k = 1, · · · ,m, òî | ∑m

j=1 z
n
j |≤ mεn, ãäå εn → 0 ïðè

n→∞. Äîêàçàòü.
31.31. Åñëè P (z) = 1+z+z2+· · ·+zn, òî ïðè f(z) =

∫ z
0
P (t) dt ôóíêöèÿ F (z) = ef(z)

èìååò ñëåäóþùåå ðàçëîæåíèå â ðÿä Òåéëîðà F (z) = 1+z+z2 + · · ·+zn+1 + · · · . Äîêàçàòü.
31.32. Ïóñòü ìíîæåñòâî Γ çàäàåòñÿ óðàâíåíèåì z̄ = R(z), ãäå R � ðàöèîíàëüíàÿ

ôóíêöèÿ, ò.å. îòíîøåíèå ìíîãî÷ëåíîâ. Äîêàçàòü, ÷òî Γ åñòü îêðóæíîñòü èëè ïðÿìàÿ, à
R � äðîáíî-ëèíåéíàÿ ôóíêöèÿ.
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