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��������

�������������� ���� %�	�	���� � �����# %�	���� %	 �	������-

������ ����� ������������  	������������� &����������	� ��.     

�.  . � !.  . "�	���	��# � ������%������ &����������	� �	�	��
!��-'	���. $�	��� 8����������� �	������	-����������	� «$�	-

�����	� $���������� &����������	�» ($$&). $$& ��%������� ��
�����	������ � �������� %���������# 	��	����� ����� �	���������
� ������������� �������������� � ��%��� �	��# �	�������# %�	��-

�	�. $$& ���������� �	��	� )����� (";�) � !���	������� 8	�-

�	� %	��	�	��� ����	� (��) %�� 8�����	�	� %	�������  	�����-

������	�	 ��%��������� ";�. 

!� �	�������	� :��%� �� �������	�	 ������������	�	 	
���	-

���� #��������	 �	��������� �������� � �������� ��	���������	�	
���������.  �	����� ����� 
��	�, 8��������	� �� ������� %�	-

�����������	�	 (	
����	�	) � �	������	�	 ������� �������	 ��	��-
����. $	:�	�� ����� ����	�	 ����� ����� ����
����� ������ ���-

����	�-%���������	� � ��	������ � � ���	����# ��%	���	���� �	�%�-
������# ��#�	�	��� � %��%	������� ��	������. � �����# :�	�	 �����
%��������� 4 �	�������# ����� %	 2,5 ���� � 8	��� ��
����� � ��-

��	��%���� � ���#�	���� %����	�	�, �	�	��� 
���� %�	�	����� �
�%�������	 	
	���	�����# �	�%�������# ��
�����#. !���� � �����
����
���� ������ �������	�, :�	� ���� ����� %����������� �� ���-
���� ����� %	���	����� �	���������� �	�%��������� ��#�	�	-

���� � %��%	������� ����������. $	 	�	������ ����� ��������-

%���������� �����
	���� ����������� %��� ��	�� %	 ���� ���������
� ��%	���	������ %�	������ GeoGebra � %�	����� ��	� � ��	�� ������
� ����	��%����. 

��������� �� ����� �	��	 ������� � ����� http://bit.ly/Geo 

GebraRU.  
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�����	�������	
 ��� �	��	 �!��	

2��� $��� ����� 2	������ �������

11.2.17 1. $������������ ��������	� � ����
%�	����

2. $	�������� (�	�����	����� ��	��
� �������	� ��	��) - ��	� ��%� 	�-
������ %	 ���� 	���� ��������

3. 1
�������� %����	�������# %��<-
�	� %��%	������ ���������� �
%�������� %�	������ GeoGebra 

� %�	������	� ��	��
4. �������� � ���� ���������

1. ��
	� ���� � �����
��	��, ����	��� ������
�� ��	�����	�

2. ��%	������ 	
����9�#
������� %	 ��%	���	��-
��� %�	������ GeoGebra 

3. ��%	������ ������ %	
��	������

18.2.17 1. �������� � %�	������ GeoGebra 

2. $����	�������� ���	����/%��<��
%	 ��%	���	����� %�	������ Geo-

Gebra 

3. �	�����	���� ��	�� � %	���	�-
���� � %�	������

4. "��	��	�����	� (� %���#) �������
�� ���	����� + ��������������
�	����������

5. $�����	����� ��	�� + ��������-

������ �	���������� (+ %��� %���-

���������	� %	��	�	��� ��	����-

�	� � ��	��) 

1. $��� 	����	�����
��	�����	� � %�	�����	�
GeoGebra  

2. $�	�	������ %�����	��-
�� ��	��, � �����
	��	�
������� � %�	������ Geo-

Gebra 

3. ��%	������ ������ �
%�	������ GeoGebra 

4. ��%	������ ������ %	
��	������

25.2.17 1. ���	�� :88������	�	 ��%	���	��-
�� %�	������ GeoGebra � ������
(� %�������� ��������# %����	��-

�����# ��������) 

2. "	������	� 	
�������� �������-

	
����	� � ��������� � 	��������
�������� �� %	���	����

3. 1
�������� ���
	����� � �������
�� ��	�����	� � %�	������ Geo-

Gebra 

4. �����
	��� �����������# �	%�	�	�
�� ��	�����	� �������	�	
��	��, ������ ��	�����	�	 #�-
�������

1. 4��	����� ������� ��
��	�����	� - � %�	-

������, ��������� � �	-

%�	��
2. 4��	����� ����	��� ���-

������	�	 %���� ��	��
3. $	��	�	���� 8�������

��	�� �� %�����������
�� �������� (� ����	-

���%%�#) 

4. !�������� ����
%�	������ ��	�	�



7 

���	��	
�

2��� $��� ����� 2	������ �������

25.2.17 5. "��	��	������ ��
	�� ��� ����-
���� �� ��	�����	� + ��������-

������ �	����������

4.03.17 1. $������������ 8�������	� ��	�� �
	
��������� - %	 3 ���%%� � ���-

�	� ��	�	��
2. 1
�	� ���
	����� � ��	�� � ����	
3. "��	��	������ ��
	�� � ������-

�������� �	���������� %	 %�����
��	�	�

1. ����������� %��� ��	�� + 

������� � %�	������ + ��-

�������� �� ��	�����	�
%	 ��%	������ ������ �
�	%�	����

2. $�	������� ��	�	� �
����	. 

2	%	���������� ��

	�� (� ������ %�	#	� %	�	��): 18.03, 25.03 

�����	��
 � !"	�����	� ��
 ���!"���
 ���������: 

1. ��%	������ ����	� %	 ��	������ � ��%	������ �	%�	����	� �	
������ � %	��� 	�	����� �����. 

2. $	��9���� ���# ������. 

3. �����
	��� ���������	�	 %���� ��	�� %	 ���� ��������� � ����-
���� �� ��	�����	� � %���	����� GeoGebra. 

4. $������������ 8�������� ��	�� �� �����#. 

5. $�	������� ��	�� � ��	�� � ����	-��%����. 

6. $������������ %�����	� ��
	� ��	�����	� ��� ��������. 
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#�$��� «���%�#�& � %����'�» 

2����� ������ %	��9�� ��	������ � �	%�	��� ���	���� %��%	-

������ ��	���������	�	 ��������� � �������	� ��	��. (����	 � ��	-

������ ���	���� 	��	�� �� 8	����	���� �	������	�	 � ���	�����-

����	�	 �������, %�	�����������	�	 �		
������ � ����������-

��	� ����. $	:�	�� ��
	� ��%	���	����� :������	� ��	������ �� ��	-

��# �%	�	
������ �������� ������	-���������	�	 (�	��	����� �	�-

����), ������	-	
����	�	 (��������� ��	����� �	�����) � ������	-

�	������	�	 (%	��	���	��� �	�����) ��	���� �������. ,���	���

%	���%���	�� � �	����	��	 ������� (�	�����	 8���	�	������	�� �	�-

�����) ��������� %	�	
��# ������� � %�	���� 	
�����, ����� �����

8	����	����� ��	���� ������� ��
���� �, ��� ���������, � �������

����� ���������	����	��� ����� %�� �������� ��	������, 
	��� 	����-

����	� �	�%����� ��	���������	�	 ���������.  

��������� 	��	���� 	��
��, �	�	��� ���� �	%������ � ������-

�	� ����� ��	������, %��#	��� � ���	��, ��	 	�� ������ � ��%��-

������� %	�������� 	%��������� � ��	���� �������������# 	
=��-

�	�, � ����� ��������� %�������	 �����%�����	���� ��	�����������

	
����.  

������ « �	����� � ���	����» ��	��������	��� �� ���� «"��-

������», �	������ ��
���� «	��	���� ���� ��������� � ��	��»; %	-

%������ 	��
��-%�	
���� ���9�#� � ���	�������� %	 ��%�����-

��� (����������) �����# 	��
	�; � �������� �	���	� %����������

��%	���� ������ �� �	���	 �� 
�����, �	 � � ��%	���	������ �	�%�-

������# ��#�	�	���. � %���	����# ����	�	 ������� %	��	
�	 ���	-

���� ������������� ��	�� 	 %�������	������# � %����	��	� ���-

������ ($���	����� 1), %���������� ��
	�� «�	���� %��	�	 ����» 



9 

($���	����� 2), %������ %����	�������# %����	�, �	�	��� ��������

�	��� ��%	���	���� � ��	�� %����	������	� %������� ($���	����� 3).  

$	��������, ��	 � ����� ���	������	� �����
	��� ���� ������-

����, ���	���� � ��#�	�	��� �������	� ��	�� ������	���� %	����-

���	� ���� «"��������». "������ �	��� %�������� %����	��������

%����� � ��#�	�	��� �� �����# ���. 

� ��������
� � �(���	� �  �������� �	"	����) (���*

�����	����� �������. -�� �� ��������, ��	 	
=������ ������

��������? 

   

(�	
�������� %������� 	
������ 	���	� ����������. ��� :��

8����� ����� #	� 
� 	��� 	�� ���������. 

$������� ��
���� 	��	���# ���	� ���������, ��������9�#� �

��	���	� ����� ����������. 
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��� ���������
�����������

����������
��������"�*�

��"��  

+	�	�������
���)����

������* ,� !�
� -������	��
���������  

.����	���	

2�� �	��� ������-
����� 	��	�������	
���	�	�	�	 ������, 

���� :�	� ����� �	�%�-
���� � �������	� 	�-
�����, �	�����9��	

������ �	���

A

A'

O

2�������
%�	��	���, 

����9��
������������
��%	�������

�	���

-���, ����� ����� –
����� ���������.

$�������	�����, 

�	��� %�������-
�� ����	����� – 

����� ���������.

����	

2�� �	��� ������-
����� 	��	�������	
���	�	�	� %��	�

(	��), ���� 	�� ��#	-

��� �� %��%������-

��� � :�	� %��	�  

�� ����	� �����	���
	� ���

A

A'

2�������
%�	��	���, �
�	�	�	�	 ��	-

�����	 ��%	-

������# �	-

��� — %���

-���, �������
����� – 	�� ���-

������. 

$��������� ���-
��	�����, 3 ��-

�	�� – 3 	�� ���-

������. 

$��	��	�����,  

2 ������� ����� – 

2 	�� ���������. 

�	�
, ����	����
�	�
� – 2 	��
���������. 

-������, 2 ����-

��� ����� � 2 

����	���� – 4 	��
���������

$���	���	

(������������  

���������) 

2�� �	��� ������-
����� 	��	�������	
���	�	�	� %�	��	���, 

���� 	����	�, �	����-

�9�� :�� �	���, %��-

%���������� :�	�
%�	��	���, � ����
�	��� ����	�������

	� ���

2�������
%�	���������, 
��	�����	

��%	������#
�	��� �	�	-

�	�	 ����
%�	��	���

$�������� ����-

��#��	����
%����� ����� 5 

%�	��	���� ���-

������: 3 ������-

��# ������ � 2 

����	������#
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��	/���

��� ��������	


1��� �	��� %	����-
��� �� ����	� %	�	-

�	�	� �	���� ���	�	-

�	�	 ������ �� ���-

��� ��	�, ���� 	��
���%	�	���� �� 	�-

�	� 	�����	���, 

����� �	�	�	� �	�%�-
���� � �����	� %	�	-

�	��, � �������, %�	-

�������� � :��� �	�-

���, 	
������ ������
��	�. $�� :�	� ����-
��� ��%�������� %	-

�	�	�� – %	 ���	�	�
������� ��� %�	���

���. 
>���� %	�	�	�� ����-

����� �����	� ���-

������ n-�	 %	����
8�����, ���� %�� %	-

�	�	�� ����	� 8�����
�	���� ������ %	�	-

�	�� �� ��	�  8�-

���� �	���9����
���� � �	
	�

O

!� %�	��	���: 

��������
%�	��	���, 

����9��
������������
��%	�������
�	��� – �����
��������� n-

�	 %	����. 

� %�	�����-

����: �����-
��� %�	�����-

����, ��	��-
���	 ��%	-

������# �	-

��� �	�	�	�	
– %���, �-

���� %	�	-

�	�	� �	����
:�	� %��	�

$��������� ���-
��	����� �����
����� ���������
3 %	����

-������ �����
����� ���������
4 %	����

"������� �����
����� ���������
6 %	����

��������	

��� �	�	������*)

�������
2������� %�	��	���, 

�	�	�	� %�����9���
�	��� %�	��	��� � 	�-

�	� � �	� �� ��%���-

����� �� 	��� � �� ��
��������

$����9�
���� ��	���-
�������� 8�-

�����

,	���� – :�	 %	-

�	�� ����� ����
%������������
%�����, ��%	�-

����� �������
���� ����� 8���-

����. 

$����� – :�	 ��-
�	9���� (%	���-

���) %�	��	���
������� ��%���-
�����9���� 8�-

������
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!�� ��������� �	%�	� 	
 ���	���� ��	����������# %	����
�������� ��	��������. -�� ���� �	�%�������� �������� %�� �����-
��� ���� «��	�	��	������»? ���� �� ���� ��������� � ��	������, 

� ���������� �		
9� � � 	������9�� �# ����? 1����	���� ��
���
	��� ����	 ��������9�#� %�	
�����# �	�����# %�� ��������
��	���������	�	 ��������� � �������	� ����� ����������. 

�������	 1 ������ � %	����� ������� � %��	��	�����. 

1%���������� �����	��� �� ������# ��	�����	� %���������� 	�	-

������ �	�	, ��	 ��
	� ������� ����� %��	��	�����	�. $������ �
�	�, ��	 ���	����� 	
��� �������� � %��	��	������ ��� ��	���� �

	��������� �����, � ������� ������� ��9��������� %������� 8�-

���� 	�� �9� �� 	�������.  

� ����	� ������ 	���� ����	 %�	������ %	����	�������	��� �	-

%�	�	�, 	��������9�# �������	��� �����, ��%��������� �� ������-
��� ��9��������# %������	� %��	��	������ � ��������1. 2� :�	�
���� ������� �	��� ��%	���	���� ������	���� ��������: �	����� �
��
	�	� ��������# ��	����������# 8����, 	��������# � ������
�����. "������ ������� �������, ��� �	��	 �# ������� (��	�	��	��-
����). 4���� %����	���� ���9��� %	������ � ������� ��	�	��	��-
����, � �	�	��# ��� ���� � ��� ��	�	��; ������ ���� � ������ ��	�	��; 

%�� ���	� � %�� ��	�	� � �. �. $	��� :�	�	 %����	���� �� 	�������
�� %���� �	���	 ������#��	������. 4���� �� ��# �������� ��, � �	�	-

��# 	���, ���, ���, ������ %���# ���� (%	��� ����	����# %	%��	�
���	�	��� ������� �	�������, ��	 ������#��	�����	� � �	�	��#
�	���	 ��� %���# ���� �		
9� 
��� �� �	���). 2��� ��%	���� ��-
����� ������, ������� %�������� «�� ����», ����� ���� �	��� 
���
%�����, ����� %�	����� ��	� %���%	�	����� � %	�	9�� �	����
%��	�	 ����2. 

� ���������� �������� ������#��	������, � �	�	��# ��� ����
%����. 1�� ����� �������� – %��	��	������. "���� %��	��	����-

�	� �	��	 �������� �����, � �	�	��# ��� ��	�	�� �����. ?�	 ����-

����. 1��	���� ����� %	����� �	��������	
�, ������������	
�, 
����������	
�, ������� %����������� �#����������: 

   -�������    

  $��	��	������   

7�����#��	������  

��	�	��	������
���������������������������������������� �������������������

1 $	��	
�	 	 ��	�����# ������#��	�����	� ��. � $���	����� 1. 
2 $����������� ��
	�� «�	���� %��	�	 ����» ��. � $���	����� 2.  
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?�� �#��� �	��	 ����� ��%	���	���� �� %�	������ ��������#
���, ��%����� ���� « �� �	� ����	?». 2� :�	�	 ���� �������� �����
	�����	�	� �	�������	 ��������# ��	�	��	�����	� (	��	�� �����	, 

����	�� �����	�	 �����). $	
������ �	�, ��	 %�������	 � 
����	 ��-
%	���� �#��� 8�������. 

�	��	 ���� %�	����� �����. 1��� ������ %	������ ����	���	
��	����������# 8����. "������ 	� ������������� ������ 8����� ���, 

��	
� �� ����� ���� �����, �	 �� ����� %������ %	 ����. 4���� 	%���-

���� 8�����, ������ �� %�������, %������ ��������� �������� � %	��-
9��� �� �� �#���. 1��	��	� ���	��� ����: 8����� ����	 ��� 	%�����, 
��	
� ��
	� �� ����� 
�� 	��	�������. !�%�����, ������ 	%�������
8����� ���: «%�� ��	�	� � %�� ���	�» (��
	� 	��	������ - :�	 %��-

��	�����, 	� %	��9���� � 	
����� «��	�	��	������»). 2���� 	� %���-

������ ���	� 	%������: «������ ��	�	�� � ������ ����». � :�	� ������
��
	� �� 	��	������. ?�	 �	��� 
��� ��
	� ������#��	�����, ��
	
%��	��	�����, ��
	 �������. (�� ���	� 	%������: «������ ��	�	�� �
��� �����» (��
	� ����� �� 	��	������). ?�	 �	��� 
��� ������� ���
�	�
, �	�	��� �	��	 
���� %	������� � 	
����� «������#��	������». 

� %�	����� ���	� ���� ���� �������� 	�	�������, ��	 ���	� ����-
����		�� ��
�	��
 ��	���������	� 8�����. 

4������. $��������� ����, �	�	��� �� �	��� 
� %����	���� ��-
�� �� ������� 	��	����� ����� ��	������������ 8�������, ��
���	��� �# ��9��������# ��	���� � ��������. 

�������	 2. ���%	�	����� 8���� �� %�	��	���.  

1�������� � %�	%	���� �� ����� �����	�	 	��	���� � #����-

������������� ��	������ 8�����. 

!�%�����, ���%�	����������� ��
��������� �� �����	����-

�	� ����� ������9��: 
• /����	������ ����� 	��� ������� � ���#��� ����� � ��� ���-

���� � ������ �����. 

• /����	����� ������ 	%������ �� 	��� �� ��	�# ��	�	� ���, ���-

���� ��	����, 	��� �� ��	�	� ����� ������ ������ �����	������. 
!��	�	��� �� ���%�	���������# ��
�������� �� %��	��	��-

���	�: 

• �	��� %��	��	������ ������ %�	������. 
• $��	��	����� ����� ��� ������� ��	�	�� � ��� �	�	���� ��	-

�	��. 
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$������	� ���%	�	����� ��������  
� %��	��	������

!�%������	� ���%	�	����� ��������
� %��	��	������

���	�������� %	 ��%�������� 	��
	�:  

2� ��
���� �������	 ��	���	�	 �	������ ���
	��� �	���%���
� %�	��������� �%	�	
	� %��	
������ ������ � ������ �����
�	
�������� %����������� 	%��. �	��	 %�	����� ������9�� ��
	��. 

&������ ������� ���� ������ � ����. !� ������ ������ �	����� ��-
����# 8����: %�������	�����	�, �	�
	�, �������	� � %��	��	����-

�	� – �	����	��	 %	 	��	��. !� ���
	��	� ����� %�	���	���	 ��	
��-
���� (� ������, %	 ����	�� ���%	�	������) ���	�	 �� ������� (��� ��
������) ������#��	������ �����# ����	�. $��������� ������, ���-
��� �
�������, ��	 ���� ��%	���� �	���	 ������� ������#��	����-

����. 

����	������ %����������� ��
	�� �	��	 %�	������ ���� � 	�-

�	� 8����	� – %��	��	�����	�. !� ����� ���
�	���� %��	��	��-
���� � ��������. " %	�	9�� ������ ��� �	���� %��	�	 ���� ($���	-

����� 2) ������ �	��������, ��	 ��� :�� 8����� ����� %��	��	��-
������. 2����, %	������ �	����� �������� 	�����	� (�������), ��-
�������, ��	 ���	�	��� �� %������������# %��	��	�����	� ��-
��� ����������. 

4������. �	�%	������ ����	�������� %��	��	�������� �
����������. "	����� ��	� �� %����� � �� ���8�. "	����� ����	����
%	���, ������ ���	� �	�	�	�	 �	������ %	 ���-������ %��	��	��-
����, �	������ �	��� 
��� �	���	 (� �	� �����) ������� 8����. $	-

�����, ��� :�� ������ ��%	����� � %�	������ GeoGebra. 

�������	 3. 1�	
���	��� %�������	� � %�	9���� ����	�	����-

�����# 8����. (�	��� ���9��� �������, ��	 ���� 	
=��� �	�������
�� ������ � � �, �	 #������������� �� :�	�	 	
=���� %�� ��
	� �	-

�������� ����� � � ������ � �	#������. $����� 	��
��: %�������
%��	��	������ ����� %�������� %�������	������, ����	�	�������-

�	�	 � ������ %��	��	�����	�. 
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!� %������� ����	 �
������ %���� �������� (� %	�	9�� ��-

�����), ��	 %�������� ��������# ����	�	���������# 8���� 
���� ���-
����.  

!�%	���� ������ %����	���� ��	��� ���������. 

$�	9��� ����	�	���������# 8���� �����. $�������� ����	�	����-

�����# 8���� �	��� 
��� ��������. 

������, ����9�� ������ %�	9���, �� 	
���� ����� ������ %���-

�����. 

������, ����9�� ������ %��������, �� 	
���� ����� ������ %�	-

9���. 

"�9������� ����� 8�����, �	�	��� ����� ������ %��������, �	 �#
�������� ������� ����������. 

"�9������� ����� 8�����, �	�	��� ����� ������ %�	9���, �	 �# ��-

������ ������� ����������. 
4������. 2�� �����	������ ����� ������ %�	9���. "������ ��

�� :�	�	, ��	 	�� �����? 1
=��� ��	< �������. $	���� � %�	������
GeoGebra. 

4������. $���� k � l %����������. /	��� � ������� %	 %��	�
l, ������ %	�	����� �1, �2, �3 � �.�., � �	��� � � " 	������ ��%	-

��������. ����	������ �� �����	������ ��1", ��2" � �.�.? "	����
������������ ����������� ������ � %�	������ GeoGebra. 

4������. -������ �������� %	 ��	�� ����	����. "�	���	 ��%��-

��# ��	�	��	�����	�, 	������# 	� ��������, �	��	 �	������� �� ��-
����# 	
���	�����#� �����	�����	�? $	���� ��	< �������. 

�������	 4, �	
������	, ��� � %������9�� %�	
����, 	%�� ��-
���� � ���������� �	�%������ ��	
������ 8����� � ������� �� ��-

��� ���������.  
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&��9��� ��	��� ��#	�� 
	���� 	��� ���������, ��� ��9�-
������ �� ���	� ����. !�%�����, � %�-
�	��	������ ���9��� �	��� 	��
	��	
�������� ����	���� %��	��	������
��� 	�� ���������. 

2���� %�	
���� ����	 ���������
� ������ %	�����	�	 ���������: %����

���
��� ����� %��	��	���	� 8	��� %	 %���%	�������� 	�� ���-

������. )��� %	��� ��	���� %	�	����� ����� �	�%���, �	 	�� ������-
��� ������� ����	.  

�������������� �������	� � ������� :�	� %�	
���� �����
�	�%�������� ��#�	�	���, �����	, %�	����������������	� ��	������.  

"������ �������� %������� ����� ������9�� %����	����: 
*�
	� %��������� n-��	����� ����� n 	��� ���������. 

4������. 2� ����	�	 %�������	�	 ��	�	��	������ ����� ��� 	��
���������. 1
=��� %	���� :�� %���� ����� 	��� ���������
����	�	 ��	�	��	������. $	���� �� ������, ��	 ����� �") 	�� ���-

������?  

$	�	��
 �� ���� «��������
» ��
 �	"	����) (���*  

1. 2	����� ��	��� %	�	���� � ��������. $�	���� %�������	��� %	-

���	��� � %	�	9�� ������.3  

�����������������������������������������������������������

3 *. . $�����	�. &��
���. ����������. 2 �����. (��-�	 «+�����». 2013. 
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2. �) !������ �� ����� 
����� 	�����	��� ������	� 5 ��. ������
����, 	����������� :�	� 	�����	����. $������ ���� %	%	���. 

*���� %�����
� 	
���� ������� ��������	�. 7�	 �� �������? 


) $������ ���� %	%	��� 2 ����. !	��� ����� %�����
� 	
����
����� ��������	�. 7�	 �� �������?4  

3.$	���	� 8�����, ������������ ������ 	��	�������	 %��	� l.5

   

4. �) $	���	� �����	�����, ������������ �����	������ �� 	��	-

�������	 ��	�	�� �, �
%	�	� %������� %	��-

������ �����	�����
�%���	 �� 8 ����	���. 

1%��� 	
����	� %��-
	
���	�����.6 
) !���-

��� ������� ��D �	 ��	�	�	� 3 �� � %	���	� �������, ������-
������ ��� 	��	�������	 ��	�	�� CD. 

5.������ �� 
����� �	���� ������9�# 8����: %�������	�����, 

%��	��	�����, �	�
, �������, �����	����� � %���� ���	�, ���-
��	����� 
�� %��	�	 ����, ���� – � � %	�	9��%�����
��� �����
�# 	�� ���������. !������ 	�� ��������� :��# 8���� �� �������.  

���������������������������������������� �������������������

4 *. . $�����	�. &��
���. ����������. 2 �����. (��-�	 «+�����». 2013. 
5 *. . $�����	�. &��
���. ����������. 3 �����. (��-�	 «+�����». 2012. 
6 /�� ��. 
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6.$	���	��� 	�����	���, ������������ ����	� 	��	�������	 �) ���-

��� �, 
) %��	� �. 
7.$	���	��� 	����	� �’’, ������������ ����	�� 	������ �: �) 	�-
�	�������	 ��������  	������, 	��	�������	 	��	�	 �� �	��	�
����	�	 	������, 	��	�������	 �	���� �, 
) 	��	�������	 ���-
����	�	 %��%��������� ����	�	 	������ �, 	��	�������	 %�-
�	�, %�	#	�9�� ����� �	��� �, 	��	�������	 %��	� l �= .

8. ���
���� ��	�����	 
��� ��8����� �� ������ 
��� %	 ������9��
#����������������� ��	������: �) ����9�# ����� ���������,    


) ����9�# ����� ��������� ���	�	-��
	 %	���� n@1, �) ����-

9�# 	�� ���������, �) ����9�# ����	���	 	��� ���������.

�����0���� 1. �������*� �������
 � �	�	����� �	��	�7

!��� �������� ������� 
���� %����������	 �������� ��	��-
���� %�������	�����	�, �	�����9�� ������ ��
 %	���	������ �	�-


	�, %��	��	�����	� � �������	�. "��	��	�����	 ��������� ��	
#	-

���	 %	��	���� ���� «�����	������», ���� «	�����	��� � ����».  

��/�� ���)���	 �	�	����� �	����

�������������� – ������#��	�����, �
�	�	�	�	 %�	���	%	�	���� ��	�	�� %	%���	
%����������.  

$�������	����� (ABCD, ���. 1) %	��-

����, ���� �����-��
��� ��� %�����������
%���� KL � MN %������� ��!�
 ������� %�-
����������� %����� PQ � RS.

"�	����� ��	�	� � ���	� %�������	������
� ������ ��������������� (ABCD, �
�.2) ����
������!	��

�����	� ���	� 
 ����
������!	�� ���� ���	�. 

  

$�	��� ����	���� BD, %	����� ��� ���-
��	������ 	
D � BCD, �	�	��� �����, %	�	��
��	 � ��# BD – 	
9� ��	�	��, 1 = 4 � 2 = 3 

(��� ������� ����9�� %�� %����������# %�-

��#). (� ��������� �����	�����	� �������:

���������������������������������������� �������������������

7 �������� �������	��� �� ����������	� ���������� %	 ����������: �. $. -�-

�����. ?���������� ��	�����. -���� �� ������. – �.: $�	���9����, 1996. 

���.1

���.2
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AB=CD, AD=
� � A= C. $�	���	%	�	���� ���� 
 � D ����� �����, 

��� ��� 	�� %���������� �	
	� ����� �����# ���	�. 

4 �� � � � � � � .  ��������	 %�	���	%	�	���# ��	�	� %�������	-

������ ��	��� �������� ������� ��	���� ���: ����1�� �	�	�����-

�*�, 1	���"���*� ��0�! �	�	������*��, �	��*.

��������. "��������	�� ������ (�� � CD) ����� ��
	�����

�����	� ��	� �� �����#.  

2�����������	, ���� �� ����#-��
��� ���# �	��� � � N %��	�
CD 	%����� �� 	
 %��%��������� �� � NQ, �	 :�� %��%���������
%���������� � %	�	�� 8�����MNQP — %�������	�����; 	����� ���-
����, ��	 MP=NQ �.�. �	��� � � N 	�����	�	 ������� 	� %��	� 	
.

2�� %������� %�������	�����	�
���
 � ������������	
��: 1) ����
������!	�� �����	� ���	�

��� 2) ��� ����
������!	�� �����	� ���	� 
 ���������	�, ������#

������������	
� ���� ��������������. 

1. $���� 8����� 	
�D (���.3) ���� ������#��	�����, � �	�	�	�	
AB=CD � BC=AD.  

/��
���� �	������, ��	 :�� 8����� – %�-
������	�����, �.�. 	
||CD � 
�||	D.

$�	��� ����	���� BD, %	����� ��� ���-
��	������, �	�	��� �����, ��� ��� � ��# BD – 	
-

9� ��	�	��, 	
=CD � BC=AD (%	 ���	���). (�
��������� �# �������: 1 = �4 � 2 = 3 (� �����#
�����	������# %�	��� �����# ��	�	� ����� ���-

��� ����); ���������� :�	�	 AB||CD � BC||AD

(���� ������� ����9�� ���� �����, �	 %���� %�-
���������). 

2. $���� � ������#��	������ (ABCD, 

���.4) ���	 ���	��� BC=AD � BC||AD. /��
����
�	������, ��	 ABCD ���� %�������	�����, �.�. ��	
AB||CD.

/����	������ ABD � BCD �����, %	�	��
��	 � ��# BD – 	
9� ��	�	��, BC=AD (%	 ���	-

���) � 2 = 3 (��� ������� ����9�� ���� %��
%����������#). (� ��������� �����	�����	� ���-
����: 1 = 4, %	:�	�� AB||CD.

���.3 

���.4 
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���#���� �
���	���# ���������������

 ��������������� (�BCD, ��.5) �
�-

��	��
 ������� �������.  

/����	������ 
�� � AOD �����, %	-

�	�� ��	 � ��# BC=AD. (��� %�	���	%	�	�-

��� ��	�	�� %�������	������), 1 = �2 �           

3 = 4 (��� ������� ����9�� %�� %��������-
��#). (� ��������� �����	�����	� �������: 
��=�	 � OB=OD.

$�	�� �
�����



���� "���1 ��"�! ������"���
 ��	 �-

�	��) �	�	����� �	��	 (����� �	��� �, 

���.6) �������� �	�!�-���!�� ��
�!�
(MN), �� -�	 ��
�	
 ������"�� ����!� �	-

�	����� �	��	 � ��!� ��"�	� (� � Q), ���-

�����"�*� ������������ ��"�� ������"�-

��
 ��	 ��	��), �.�. � ��!� ����# �	���#, �	-

�	���, �	-%����#, ����� %	 ������ ��	�	�� 	�
�	��� � �, �	-��	��#, �� �����# �����	��# 	� :�	� �	���. 2������-

�����	, �����	������ �	� � OCQ �����, ��� ��� � ��# 	�=�� (%	
��	����� ����	����� %�������	������), ���� %�� 	
9�� �������          
� ����� (��� ������������) � 1 = 2 (��� ���� ���������� �������
����9�� %�� %����������#). (� ��������� :��# �����	�����	� ���-
����: ��=OQ.

)��� � ���	�-��
��� 8����� ��9������� �	���, 	
�����9� ���-
������ ��	����	�, �	 ���� �	��� ��������� ������� ��������

:�	� 8�����: ������, � �	�	����� �	��� ��"�	 ������"���
 � � ��	-

 ��	��) ���� 2���� ���������.

)��� 8�����, ����9�� ����� ���������, %	������ �	���� :�	�	
������ �� 180°, �	 8����� �	�������� � �� %������ %	�	������, ���
��� ����� ��� ������������ �	��� (��%�����, � � Q, A � �) %	���
���	�	 ���9��� %	������ �������. 

"������� 	��	�������	 ������ ��������� ����������� ���-

������� � 	������ 	� ��������� 	��	�������	 	��, ��������	� �����

����������. 

���.5 

���.6   
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����*� ,���* �	�	����� �	����: ��
��! ������,  

���� � ��	��	�

"���������	
��� 	��������� ���������-

�����, � �������� �� ���� ������.

/�� ��� %��	��	����� ���� %�������	-

�����, �	 	� 	
������ ����� ��	������� %����-

���	������; ��%�����, ����	���� ��	 �����
%	%	��� � �	��� �# %��������� ���� �����
���������. !	 � %��	��	������ ���� �9�
��	� 	�	
�� ��	�����, �	�	��� ������ � �����-

�9�# ���# ��	����#: 

1.  ����������	
�� (ABCD, ��.7) �
�-

��	��
 ���	�. 

$��	��	����� �����	������ ACD � ABD 

�����, %	�	�� ��	 � ��# AD – 	
9�� ����� �
AB=CD (��� %�	���	%	�	���� ��	�	�� %����-

���	������). (� ��������� �����	�����	�
�������: AC=BD.

1. "���������	
� 
���� ��� ���
�	� ���-

��	�
�����	�� ��
 �
�����

, � ��� �����

�������� � ���������� ��.8. 

#����� ��������� %�������	�����, � �	-

�	�	�	 ��� ��	�	�� �����. -	����	, �	�
� %��-

�������� ��� ��	����� %�������	������, �	 �
���	 ���� �9� ������9�� ��� 	�	
�# ��	�����: 

1. %
���	��
 ���&� (ABCD, ��.9) ���-


�	� �����	�
�����	� 
 ����� ���� ���&� ��-

�����. 

/����	������	
� �
�� �����, %	�	��
��	 � ��# �1 – 	
9� ��	�	��, 	
=
� (��� ���
� �	�
� ��� ��	�	�� �����) � 	�=�� (��� ���
����	���� ���	�	 %�������	������ �����
%	%	���). (� ��������� �����	�����	� �������: 

1= 2, �.�. BD AC � �3= 4, �.�. ��	� 
 ������
����	����� %	%	���. (� ��������� �����	��-
���	� 
�� � COD ������, ��	 C ������ ���-
�	����� %	%	��� � �.�. 

���.9 

���.7 

���.8
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2. '�!��� �
���	��� ���&� ���� ���

��� �
�����

. 

2���	���� BD (���.10) ���� 	�� ���-

������ �	�
� ABCD, %	�	�� ��	, ���9�
ABD �	���� BD, �	��� �	�������� ��	 �
BCD. /	 �� ���	� �	��	 ������� 	 ���-
�	���� 	�.

!������ �	��	 	%�������� ���-
����	: ��� :�	 %�������	�����, � �	�	-

�	�	 ��� ��	�	�� ����� � ��� ���� %�-
���; ��� :�	 %��	��	�����, � �	�	�	�	
��� ��	�	�� �����; ���	���, :�	 �	�
, �
�	�	�	�	 ���� %����. 

$	:�	�� �������� %���������� ���
��	����� %�������	������, %��	��	��-
���� � �	�
�. !�%�����, � �������� ���-
��� ������ 	�� ��������� (���.11): 

���, %�	#	�9�� ����� �������� %�	��-

�	%	�	���# ��	�	� (��� � %��	��	��-
����), � ���, %�	#	�9�� ����� �������
%�	���	%	�	���# ���	� (��� � �	�
�). 

�	�	�������� �����������. $����
���� ����-��
��� 8����� F (��%�����, 

�����	�����, ���.12) � �� ��� ���� ���
%�	���	����� �	��� � � 
. �		
�����, 

��	 :�� 8����� ������� (��%�����, �
��	�	��, ��������� ������	�) %	 �	�
%�	��	���, �� �	�	�	� 	�� ���%	�	����, 
����� 	
���	�, ��	 �� �	��� 	 � 
 (����	-

�������	, � ���� 	����	�	
) ��	���� %	 ��%	�����	� %��	� "�, %�	-

#	�9�� ����� :�� �	���, %����� �� �������� �� 8	��� 8����� F,

�� �������� ��. $����� ���	�	 ������� ��
������, �	��� �� %�	��-
���� %��%���������	� ��� %���������	� %��	� ��������� ���-

������ �����	����� ��	������ 	���� ��	�� �����	� %	 ���� �������, 

����������	� ��%	�����	. 

���.12 

���.11 

���.10
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���=���� ��%���, ��	 %�� ���	�

�������� 8����� F ��� ee �	��� �����-

��� � 	��	� � �	� �� ��%�������� %	

%����, %����������� �	� ��%	����-

�	� %��	�, %	 �	�	�	� %�	���	����

��	�������, � %�� :�	� %�	#	�� %���

	�����	�	� �����.  

�	�����, ��%����� (���.13), �����-��
��� �	��� � � �	������
�� %��	� � �	��	� 	. $���� 	����	� 	
 %���������� (��	��������
��	�� "�) � %	�	����� 	'
'. /	��� 	����	� �	 %���������� � ���	�	-

�	� %	�	����� �'�', %����� �� �������� �� ����� :�	�	 	������, ��
�������� ���� 	
������	�	 �� � 	
.

4�����, � ������#��	������ 		'�'� ��� %�	���	%	�	���� ��	-

�	�� 	'�' � 	� 
���� ����� � %����������, %	:�	�� ������#��	�����
:�	� 	������ %�������	�����	� (��. 	%��������� %�������	������) 
�, ������, ��’=		' � ��'||��'. /���� 	
���	�, ���� �	��� � 8�����
F %�����9���� %	 %��	�, %���������	� ����� ��	������, � %�	#	-

��� %���, ������ %��� 		'.

/��	� �������� 8����� F, %�� �	�	�	� ��� �� �	��� %�����9�-
��� %	 %����, %����������� ���	�	�	� ��%	�����	� %��	� (%	
�	�	�	� %�	���	���� ��	�������), ��������� ������������ ����-

������� (��� ��������� ���������, �. ����. ��#�). 

$�� %���������	� %���������� 8����� F ���� �� %���MN 

(���.14) %����	���� %���������	 ���	� ��
�. 
2�����������	, ���� MN %��������� �
%	�	����� M'N', �	 ������#��	�����
MM'N'N �	���� 
��� %�������	����-

�	�, ��� ��� %���   ' � NN' %����-

������ � �����; ����	�������	, 

MN||M'N'. -	����	, ���� %��� (��%��-

���, PQ) %���������� ����� ��	������, 
�	 	�� %�� �������� ��	����� ��	�� ��-
�	� ��
. 

���.14 

���.13
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�����0���� 2. ��	���"���	
 �	���	 «������ ��
�� � ! �	» 

)��� �� ����	� �	��� %�	����� %	 ������� %���� �����, �	 %	-

����� ��	����������� 8�����, ���������� ���	�. 

)��� %�	����� ��� ���� �� 	��	� �	���, �	 :�� ���� 	��������
����� %�	��	���. $�� :�	� 	
������� ��	���������� 8�����, ������-
��� ���	�. � :�	� ������ ��	� — :�	 ����� %�	��	���, 	���������	�
���� ������, ��#	�9��� �� 	��	� �	���, ��������	� ������	�
����. 

�	���� %��	�	 ���� ���� %	������, ��%	�� %����������� ��-

	��. -���	�� �� ��# ����� ����� 
����� �����# ������	� � ���	�-

���� �����. � �������� ����� ������� �	���. 2��� �	���� ��	����
���� ���, ��	
� ���� ���
� %�	��� ����� :�� �	���. 4���� 	�� �9� ���
���������� ���� ���, ��	
� ����� ����� ���
� �	����������. 1�����-

�� �������	��� ���9�#�, ������� ��� �	��� ���	������	���� ��
�%	�	
 �������. � ���������� %	������ �	���� %��	�	 ����. ��� �	-

����, ���	�	������� ���9����, ������������ ���� �� ����� � ����-
��� ���	�, ��	 ��� %���� ���� ����� ����� �	
	�. 

"	��������	� %������������ :��# �������� ���
��� %��������#
%������������ 	 �������� ����. 2� :�	� ���� �	��	 �	�%	���	�����
�	���	 %����	� ���	���� � %����������� ����� 	 ����.  

" �	����� %��	�	 ���� ��	������ ��%	���� ���������
�%�������: ����������� :�� �	���� �� ����, �������, ����� � �
��-

�����, ��	 :�� ���� %����; ���	� %���� ���� �� �������	� � ��-
���	����	� 
�����. &������ ��#	�� %���� ���� �� ��������# %���-

����#. !�	
#	���	 ���	��� %���� ���� � �������	� %	�	����� ��
%�	��	���. 2� :�	�	 �������� ����	��� � ������������ �� ��# ��-

���� � %���������� %�	����� �	���� ���� ���, ��	
� 	
���	������
%���� ����. &��9��� ���	� �# %�� %	�	9� �	���� %��	�	 ���� �
%�� %	�	9� ����(!	��� ��������	
��. 

&��9��� ����� �	��� ��%	���	���� %�	������ GeoGebra ��
%	���	��� %���# ���	�. 1�� �	��� �
������ � ��������� %���#
���	� ����� �	
	� %���� ���9���. 
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�����0���� 3. ������* ���	 � �"����� �������

3 �	1�	���
���	 � �"���� �

�����	

+	�	���������	 �����"	���

����	����	 2���) (���*(���� �������	 � !"�����! �	����	�!)

1 &����� &������ ��#	���
��	� �����, %�� �	-

�	�	� ���� 	
����-

�	� ����	����� ���-

���������. 

������������� 8	�	, �� �	�	��#
��	
������ %	�	����� 
�
	���, 

%	�	����� ��������, %	�	�����
���	����, %	�	����� ������, %	-

�	����� �	�����.  
��
��, ��� �� ������� �����
%������� ����� ��	
������?  

7��	 �� #������?  

2 �������������
�	
����

&������ �	%	����
�������� �	
���
8��������	�

!� ��	�� ���	� ����� $�#. 1�
������	 �������. ������	�	�
#	��� �� ���	�, � ��	 %	������
%����. /�%��� 9��� ����� %��-

%�#��, ��� ����	� �%���� �����. 
��
��, �� �	���� %	�	��
����� $�#�. 

��4
������ ���� � �	����	�	

3 $�������	���
��	���

�������� � ��	���
������� 	��9����-

��� ����� %�������-
���� ������, %	���-
�	��� ������ �	�	-

�	� 	�������

��
��, �	������ � ���� �����-

���. $	%�	
���� �������� ��	 ��
�	����� %����� ���, ��	
� ��	 ��-
��� � %����� ����� (	��	��-

�����	 %�����) 
��� �� 	��	�
��	���.  
�� ����� ���	� %	�	�����, ��-
������ ������� �� 	��	� �	���. 
?�	 ����� ��������� ���������.

4 $�	��	�� ��-

��	8�������	� %	
��������� �����

1. 
�� ������
2. � �������� �	 %�	-

��	���
3. � �������� %	���
%�	��	���

$���������� ����	: ���������-

��� ��#���������� �		������, 

���	����, %����, ��#����, 	���-
����� � �	��, ����	�. 
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$	��������� �1!"���� � �	����	�	

5 $	��	��� �	
�������� �	���	���

&������ �	�������
����� �	���	����#
�	%�	�	� � ������-

�	�� �� ��	�� ����-
�����. 

&������ 1 ��� �	������� � ��-
���� �	%�	�� �������� 2 ��� �
��	
	�	�  
  

6 $	��	��� �
�����������

&������ �	�������
����� �	%�	�	�, �	-

%	���9�# �����

"��	�� �� ������� ���� ���-

����� %��	��	������. -����
�	%�	�� �	��	 ������ 	 8�����, 
	�����	� 	� %��	��	������, 
��	
� ������� ����������� ��
	��

7 "�	� %������ &������ %	��	���-

������ ��	� %��-

���� � �	�	�� ����-
�����. 

-���� �	��� 
��� ���
�� ��
���%%�, ����� �� �	�	��# %	��-

���� ��	� �������, ��%�����, ���-
��	����� 	�� ��������� �� 8�-

���: 

1 – �����	������,  

2 – ������#��	������, 3 – �����

8 ���� – �������
  

  

  

  

  

  

1. "	����� ���� ���-
����, ��%	���� ���-

���� �� �%����, �
��� �� ��	�	�	����-
�� «��� ���», «%	-

�	�� ��	», «����	��-
�����	», «���� - �	», 

� ���������� � ������

7�	 �� ���	�� ������? 

" ������ %	����� %	����	��-

����? 

$	��	�	�� 	���� %	 %�	�����-

�	�� ������	����� 	 ���������
8�����

���	(��� 1	�	���

9 /�	������	 ��
	����
�� 
���9��

&������ ��%	����
��	������� �	���-

��� ������ %	 ���-

����	�� ���������

$������� ��	� ������������
8�����.  

$������� �����	�-������� �� �	-

���	������� �����������# :��-
����	� 8����� �� 	��	�����-
����  

� �*

10 «2�-�����» &������ ����������
����	. &������ %�-

����� ����� 	����, 
������ �	%�	��. 

&������ 	�������
�	���	 �� - ���

&������ ���������� ���������-

��� 8�����. &������ ������ �	-

%�	�� 	 ��	�����# 8�����, %	��
�� 	�������
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11 (��� «/�����
������» 

!�
	� �� ��������#
8����: ��	�	��	��-
����, 	����, �����, 

�����	���, ���-
�����. !�	
#	���	
�
���� ������

4�����: 	%�������� ������	 �
	
=����� ��
	�, ��� �	����� ��-
����� � �������� 	��	����������.

4������: � %����� �	�	
	��� %	-

�	�� 8�����, �	�	��� ����� 	��
���������, �	 ��	��� – ���
	�������� 8�����. 1%���, 

����� 8����� 	�������� �	
��	�	� �	�	
	���. 

�����

12 1%�	� %	 ��%	��� �����%����� 	��	�	
������� %���������
� ��
	� ����� � %�-
������� ����	��. (
��� �	 ���������

&������ %��������� 8����� ��
������� �< ��	���� � ���������. 

13 (���-	%�	� (��� %	 ��%� ����-
����	���# �	�

&������ �	����� �����	��� �	-

%�	�	� (%	 8������). -	�������	

���	� 	%�������� ��	��	����
�	%�	��. 

14 $��������� (�������������
��� ���%%	��� %��-
�������� � ���	�-

�������� ��������-
�	� %�	����

 ��%%	�	� %�	��� – ������	��-
��� ��������� � ��#��������, 
�������#, ���	���#. 

15 *	������� ��%	���. &��9��� %	������
���� � 8������. (#
��	
#	���	 �����	���
� ��%	��� � %������	-

����������	� �����. 

7�	
� �����
%������9� 8����

��� %�����	�
%	������9��. 

$����� 8��� (��� %������� � %��-
�����	� %	����): 1. . �����	���
%��	��	�����. 2. . ����� ����-
���� %�	���	%	�	���# ��	�	�. 3. .
%	���	�� %���� ����� ��������
%�	���	%	�	���# ��	�	�. 4. . �	-

���� ���� 
����� ��	�� %��	�. 5. 

7���� %��	��	������ �	�%���. 6. 

�	 %��� ����� 	���
��������� %��	��	������. 
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#�$��� «�+�������» 

����2��* -,,������� � ���������
 ������� ��
��� ������	�	��� � �1!"���� �	���	����8

1���� �� ����# �	9��# 8���	�	� �	�������	�	 ������� ����-
������ ��� ����� � %��%	������ ���������� ��� ���
�	�	 %�������
����� %��������� �	��# ��#�	�	���. $��������� �	�%�����	� �	-

������	���	 �	������ �	�������	 �	��# 	
������ ����������. � 	
-

���	����� �	��� ��#�	�	��� %	������ �������� ���	�	��# ����, ���-
���� ������� ��� ����� � %�	
��� 
	��� �	���%���, ���� �	��� �%	-

�	
� %����������� � ��
	�� � ������������	� ��8	�������, %���	-

����� �	��	��	��� ��
	�� �	������� � %����	�������# %	�#	�	�, 

�	�	��� �� ���	��� �� ����� �����.  
1����	 �� ���, ��	 �	��	��	 ��#�������, ������� 	��9�������

�� %�������. !� %�	���� 	
����� 	�������� ������ ��	��� 8���	��. 

(# ������� �������� � ��
 %��%	���������, ��	��� 	
����� � %	�-
��, �	�������, ���
��� %�	������, �������� � ��������� ���9�#�, 
�������, ���������� 	������, ��#�	�	��� � ��	�	� ����	�. �	��	
��	�	 �	�	���� 	
 :��# 8���	��#, 	����	 ������ ����	�	 �� ��#
����� %	��	���� %	��� ��� ���� � �������. ?�	 	�	
���	 	��	����
� ��#�	�	���, ��	 �������	 	
=���� �	� 8���, ��	 �� ��9������� 	
-

9�%����	�	 %����������� 	
 	%�������	� %��������� ��#�	�	���
� ���
�	� %�	�����. ,	��� �	�	, �	%�	� ���������� ���� �� � �	�, ��-
�	� %�	������	� 	
��%������ ��� ��#�������� �������� %��������, �
� �	�, ��� �� ��� ��� ��#�	�	�� 
���� ��
	���� � �����# �	������	�
���
�	� �����%����, �%�	�� �	 �����	����� �	�	, ���	� �	���������
	�������� �	%�	�� 	�������� �� �	������	�	 ���9��	�. -����� �	-

%�	� ����� ����������, � �	, ����	���	 	� :88������� � �������, 

���������������������������������������� �������������������

8 Based on Goldenberg, P. (2000). Thinking (and talking) about technology in 

math classrooms. In Issues in Mathematics Education. Education Development Center, 

Inc. Retrieved from: http://www2.edc.org/mcc/pdf/iss_tech.pdf. 
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������� 	�������� � ����	� �	������	� ������. ����� 	�
	� ������-

��� � ��� �8	������	���� ������, � �� �	, � %	�	9�� ����# ��#�	�	-

��� 	�� �������. ������� ������ � ��%	���	������ �	�%������, 
����	 ��� � ������� �� 
�����, �	��� 
��� :88��������, � �	���
%�	��	 	���� � ��� ����. 

(�%	���� �	��� ��#�	�	��� �� ����� �	��	��	��� ������� ��-


	� ����� ��	������ ����� � ����� 	
���	� 	�� 
���� %�����������. 

!��	�	��� ������ �����	� ������� �� ������ �� 
�����. !��	�	-

��� ������ ���
��� :��%�������� � ��������������� 	
=������ �
��
������ �� �������� :��# 	
=���	�. !��	�	��� ������ ���
��� ��-

������	�	 %����������� � ���� ���8��	�, ��������, ��	����������#
8����, �����9�#� 	
=���	� � �������� 	����	� �� �	%�	�� ���9�#�
��� � ���� �	����.   

$	  	�����
���� (Goldenberg) (2000), ��9������� ����	���	
%�����%	� :88������	�	 %�������� ��#�	�	���: 

1. "������ ��������� ��������� �	��, �	�	��� ������ ��#�	�	��. 
!�	
#	���	 ��
����� ��#�	�	��� � �		��������� � �����
��	��, %������ �	 �������� �	�������� ����� �	�������#
���9�#�. (�%	������� �	�%������ �� ������� �����	� ���-

���� 
	��� ���	�	�	 %	����. !� %�������� �	�%������ � ��-
������ ����	��� �� ��%	������. $�	��	� «�	
�������» ��#�	-

�	��� � �������� �������� �	������� �	��� 
��� ��������	 �
���� �����	 �� %�	����� 	
�����.   

2. 4����� %�������� ��#�	�	��� �	���� �		�������	���� ����
��	��. $	��	���� ��#�	�	��� ��%	���� ��	� «��
	��», %�� �	�, 

��	 �� �	����	����������� �� 	��	���# %	���#. )��� ������
�����	� 
	���	� ������� ���	�����, %��������� ��#�	�	���
�	��� 
��� ��	%�������	. $��������� ��#�������# ������� ��
�	���	 	�������� 	� �����	�	. 

3. ������ %�	�����, � �� %�	��	 ��%	�������, �	��� 
��� ����-
�������� %���� � %	������� �����	� ����. /�#�	�	��, �	�	��
������������ ������ � %������������ � ���	���, �� %���	���
%	����. /�#�	�	�� �	���� %	���������� %�	���� �������, 

%	��	��� ��������	����, � �� ������ �	��	��	��� ������� %���-
��	���� � ����������, ���� :��%� ������. /�#�	�	�� %��-

����� %	�	���� ���9��� � %�	����� ���������� ��� �������, 

%�	������ ������� %�	�����, %	���� �	����������� � �.�.  
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4. /�#�	�	�� %������� %	�	�� ���9��� ��������� �%	�	
� ���-

���� �� ���	�	� ��	���. 2	�������	� � �	����	� ��	�� �����-
��� ����	���� ����������� 	� ��#�	�	���.  

5. &��9��� �	���� 
��� 	%������ %	���	������� ��#�������#
�������. 1�� �	���� %������� �# �������	, %	���� �# 	���-
������ � �	��	��	���, � ����� ����� ��	� %������������ 	
�	�, ��� �	��	 %������� ��#�������� �������� �� ������
��	���# �����.  

/�#�	�	��� %���	������� 	��	����, ������������, �	��� �	�-
�	��	���, �������9�� 	
����� �	�	, ���� � ��� �� �	��� �����. 
!��	�	��� �	��� ���
��� %�	������ �	������ ������� �	�	, ���
�	��	 %������� ��#�	�	���, � ����� %���	������� ������� � %	�	-

���� ������� �������� �	��	��	��� ��	
	��	�	 ������� �	����
���������� 	
�����. 7�	 ����	 ������ �� :�	�	? -	���	���	���� ��-
������, �	#��� ��	� %������������ 	 �	�, ��	 �	��	 ������� � ��-
%	���	������ ��#�	�	���, ������� �# �	��	��	���, �	 �� ���������-

�� �# ��� ���	�	�9�� �������	.  ����	�, 	 ��� �� �	���� ������ – 

:�	 �	, ���	 �� #	���� 	� ���9�#�, %������ �	 �������� ���� ���-

�	�	 ��	�� � ����� ����	�	 �������, � %	������ %���� �	
	� ������, 

	������, ����� �� ��� ��#�������� �������� � ������� ����� ��� 	�-
������� 	� ��#. 

�1!"���� -������	���)  �������� � ������1��	���� ��� �	��*
GeoGebra

$	���9��� �	�%�������� %���	����, ����� ��� GeoGebra, 

���� �	��	��	��� �������� ���# �����	� %����� ������� � �������-

����	�, 	��	����	� �� ������	��������	� %	�#	��, ������� ����� %��
�������� ��	������ � %�	������� ���������, ������� %�� :�	� �	�%�-
������� ����	��	���. GeoGebra – :�	 
��%����	�, ��	�	-%���8	����-

�	� ����������	� ������������	� %�	������	� 	
��%������, %�����-
�������	� �� ���# ��	���� 	
�����. $�	��	� �� %�������� %����
GeoGebra 	
=������ ��	������, ����
��, ��
	�� � ��
������, %	���	-

���� ���8��	� � ��������, ���������� � ������ ����������. � )��	%�
� ";� :�� %�	������ %	������ ����	���	 ������, %����������# %�	-

������	�� 	
��%������, �	�������	�� � 	
���	��������# ���#. 



31 

'�	���� �������
 � GeoGebra

� 2��� �	��	��	��� %	���	��� ���8��	�, ��������, ��
��� � %�	��-
���� ����
��������# ��������, �	�	��� �����	������ � � %	��	�
���� ����� �������������

� 0������������� %�	���� �� %�������� �����8���	�, ����9��, 

��� �� �����, ��	�	 :88�������# 8������
� �������� �������� ���	�������	����	� �����
	��� ���
��# ���-

�	�, %���	������9�� �	��	��	��� �	������� ������������� ���
-

��� ���������, ����� ��� ��
-��������
� $�	������, ��
	���9� �� ��	��# ����#, �	���%�� �����	���
%	���	������� �	 ���� ����

� $�	������ � 	������� ��#	���� �	�	� ����� 
��%����	�  

���	)�-���!��*

� 18��������� ���� GeoGebra (http://www.GeoGebra.org/) – �������

	���� 	 GeoGebra � ��������� GeoGebra � :�	�	 ����� (
��%����	�
%�	������	� 	
��%������)  

� GeoGebra �� ������ YouTube  

(https://www.youtube.com/GeoGebraChannel) – 	
����9�� ����	 �
%������ ��%	���	���� GeoGebra � ��	��#

� "��� �� #������ GeoGebra (http://tube.GeoGebra.org/) – %	���	��-
���� GeoGebra ����� %���	������ � %������ ��	�	�

$	 �!1�	 � !��	����	 GeoGebra �	 �	(�� ����������  

��� ��	�(���

(��������� �� ��%	���	���� �� �	�%������: 

1. �������� Google Chrome � %����-

���� �� 	8��������� ��
-���� Geo-

Gebra http://www.GeoGebra.org/. 

A������� �� ������� 4�������
(Downloads). 
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2. ��
����� 	��� �� 	%���, �	���%��#
�� �����	�����# �	�%�����	�: 

a. $���	����� Chrome – �	
��-

��� ��
-%���	����� � �� ���-

��� ��������������	�	 �	-

���%� � �	�%������, ����� �	-

���% � ��������� %�� ��%	���	-

����� %���	����  

b. Windows, Mac OS X ��� Linux – 

��������� %���� %�	������	�	
	
��%�����, �	�	�	� �	���
%�������� 
�� �	���%� � ��-

�������

$���������: � :�	� ����� �� 
���� ��-
%	���	���� ��
-%���	�����.  

(�������� � %��������� �� %�������: 

1. $	������ �	���% � Apple Store ��
����	����� �� %���8	��� iOS ��� Play 

������ �� ����	����� �� %���8	��� An-

droid. 

2. $�	������ %	��� %���	���� GeoGebra 

3. "������� %���	����� �� ��	� ����	�-

���	
4. � �������� ������������ ������� ��

	8��������� ��
-���� GeoGebra, ��
�-
���� 	%��� "������, � ����� ��
�����
	%��� GeoGebra �� %�������. 
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�����!�2�
 �� ���������� �����!����	���*� �������  

��  �������� ��
 ��� �	��* GeoGebra �	1��� � !����


!��	�	��� �� ���������������# ������� GeoGebra �����
�������� #������� � %	���� � 
�� ����������	� ��	��������	� %	�-

�	�	��� %	 ��	������. 2� :��# ���������������# ������� ������
���
��� ������������� 8���� �� ���9�#�, ��� %	�����	 � ��
����
����. (��������� �� ����	�	 ������ �������� � �		���������9��
8��� GeoGebra (.ggb). -����� ���	� 8��� �	�������� ���9�#� � :��-
%���������	����� � ����������������� ����������. 4����� ��	�-

������	���� ���, ��	
� �������� �	�	���� %���	� �������, %������	
10 B 15 �����. � ������ :�� ������ �	��� ��%	���	����� 	���������
���9���� ��� �	��������	 � %���������� �����������	� �	���. 

2� �����# ���������������# �������, 	�	
���	 	��	�9�#� �
%	������� ������� �������	� ��	��, ���	 ��������������	� ����-

���	 %���������� �	
	� �	�	� %	����, ��%�����, ��������������	�
�������	 $���**)*3!�. $�.��. (PARALLEL LINE) ��� ������-

��������	� �������	 $)�$)!2(-&*.�!�. $�.��. (PERPENDI-

CULAR LINE). ?�� ���������������� �������� %����������� �� ��	-

��# GeoGebra, �	�	��� ����� ��	�� � ���=���� ������	� %	����. 

5	1��*� �����!����	���*� �������	 GeoGebra – ��!"	�/��
,	)�*

4�������� 	
����9�� 8���� �� ��	� �	�%�����. 4���� ��%	�-

���� ����	� ������� �	�����	 ����������, ����9��� � ����	�
8����. 

1
����9��_����_1_���-

�����_A.ggb  

1
����9��_����_2_���-

�����_B.ggb 

��#�%�6�7
A. $�����9���� 	
=���	�, ����#

��� %���� ��� ��	�	��	������, 

�����	�.  

B. $����������� �	��� %��	� ���
��	�	��	������, %���	�9�� �
��������� %���# ��� ��	�	-

��	�����	�. 
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1
����9��_����
_3_�	���.ggb 

�8'�
$	���	��� �	��� �� %�	��	���  

1
����9��_����
_4_%���.ggb 

�#&%�&
(�%	���� ��� �	��� %	���	���
%���� �� %�	��	���  

1
����9��_���� _5_	���-
�	�.ggb 

�#�$�'
(�%	������� ��
�� ��� �	��� ��
%	���	��� 	������ %��	� ��
%�	��	���   

1
����9��_����_6_���-
��	���_�����.ggb 

#����&��� ��� �����
����������� � %	������ �����	���
����� ���� �	�����, ����� 	�-
����� %��	� ��� %�������� ��	�	-

��	������   

1
����9��_����_7_��	-

�	��	�����.ggb 

%����9���7��'
!�������� ��	�	��	������ ��
	�	
������� � ��%�

1
����9��_����_8_%�	-

9���.ggb 

���6��7
����������� � %	������ %�	9���
��	�	��	������ ��� �����  

1
����-

9��_����_9_�����.ggb 

�'�
"	������ ����� �� ���	� � ���-

��	� �� �������� GeoGebra

1
����9�� ����_10_%���-
�������_������.ggb 

��#�%���7 8�#�:
$���������� :�����	� 	��	 �� ���-

�	� ����	 �� 	
9�� �������� Geo-

Gebra. 

1
����9��_����_11_	
-

9�_%�������.ggb 

(�%	������� 
��	��� ���������-

������� �������� �� ��	�������-
���# %	���	����. 
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9���� GeoGebra ��
 �1!"���
 -������	���)  ��������

���!������

-����� ��	� �������� ������	���� �������� �� ���9�#�, ���-

9��� ��	�=�����	� ������ %���� ��	��, � ����� �		���������9��
8���GeoGebra. "�9�������, %	 ������� ����, ��� 	��	���� ���	����
�������� GeoGebra � ���
��� %�	����: 
a) &����� ��%	������ GeoGebra �� �	����� “�����������# ��
	-

��# ����	�” �� ���	��	�����	� ��
	�� ���9�#�. GeoGebra 

%���	������� ������� ��������������	� �������	 �� �	�����
��������������	�����# ������������# 	
����9�# ��������	�, 

��� ���������# “�����������# ��
	��# ����	�” %���� :��%	��� ��-

���������# 8���� �� ��
-��������. 

b) (������������ %����������, 	��	������ �� GeoGebra, ��� � 8	�-

���� “�����������# ��
	��# ����	�”, ��� � � ���� ����������# 8��-

�	� GeoGebra, �	��� 
��� ��%	���	���� �� ����������	���� ��-
��# ��� 
	����# ���%% ���9�#� ����� %��������� ��#�	�	��� ��-

���������	� �	���, ��	 ����� 	
���	� %������	� � �������	�
��	��. 

c) 1
������ ������	� %��������� GeoGebra � ����� �	����� �	
-

�������# ��	����������# %	���	����, �	�	�	� %�	�	���� � �	
����, ��� 	�� :��%������������ � ������ ������, �������� �
�	���%����, %�	�������� � ��������������� ����������, 	��	-

�9���� � ��	������. ��������� ���������������� �������� Ge-

oGebra, ��%	�������� �� ��	����������# %	���	����, �	��� ����
��%	���	����� �� ����������	���� %��, ��%�����, :��%������-

���	����� � ���������������� �������	� «%����������� %����» 

� ����� ������� ������ %	��� «%���������	���».  

��� :�� ���	���� ��%	���	����GeoGebra %����������� � %����
������ ����� %	 ��	������, ���������# � ������ ���������. 0	�
��� 	�� �	��� 
��� %	������� � �������	��� 	� �	�������# �����
	
�����, ���� 	��	��� ���� �	��	�� � �	�, ��	
� ��������� ������
��
	�� ���9�#� � %�	�������� 	
��%������� GeoGebra, �	�	�	�
�	��� 
��� %�������	 ����� � ������# � ������# ������# ��	��, 
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%��	�����	� �	���	 ����� �������� ����� ���9�#� �������	�
��	�� �� �	���	 �����	������	���� � ������������� ��
	���� ��-

�����, �����
	������� ��������, �	 ����� ��%	���	���� 
��	��� ��	-

����������� %	���	��� � ������������� ���������������� ��������
GeoGebra � ����� ������	���� %	���� � ������ �����. 

?�� ��������� ��%	������ %����	�������� ���	�� � ��#�	�	-

���, %���%	�����9�� ���	� %	�#	� � �������� ��	������, �	�	���
�	����	�	��� �� �	���%������	� %	������� %������� �� 	��	��
��%������	� �������� %	���	�	-������	��������	� ��
	�� ������-
�9�� ��	����������� %	���	���, � %�	���	%	�	��	��� �������� ��-
��������, �� 	��	�� ��%	������ ��������� 
�� ���
	�	�	 %	������. 

�#�5� � ���6��7 (4 9#�'�) 

1. !�#	������ %	�	��� – %��	��	������
!������ ��� �	��	 
	���� �%	�	
	� ��������� %��	��	�����
�� %	�	����.     

2. !�#	������ %	�	��� – ������������� 8�����
��������� �� %	�	���� ��������� 8����� ��%�������	� 8	���. 

3. !�#	������ ������ – %��	��	������
!������ ��� �	��	 
	���� �%	�	
	� ������ %��	��	������ ��
�����. 

4. !�#	������ ������ – ������������� 8�����
��������� �� ����� ��������� 8����� ��%�������	� 8	���.  

1. �	��0����� ������� – ��
��! �������

���!������ � �����	�������	
 ��,���	2�


� :�	� �%�������� ������� �%	�	
 ������ %��	��	�����	� %	-

%	���, �	 ������, �	 ��� %	���
���� %�	���� ��	������� %	�#	�! 

"������ ����� � ����, ��	 %	�	���� %��	��	������ �� ������ ��-

���� 	�����	�	 (����� �������). 
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���� GeoGebra: 1_��#	������_%	�	���_%��	��	������.ggb 

$	�	"�

• (�%	������� ��������������	� �������	 1/�)41- � ��-

������������	� �������	 $)�)�)A�/3 (���������) ��
:��%�����������	�	 ��#	����� ����������	 
	���	�	 �	-

�������� �%	�	
	� ������ %��	��	������ �� ��� ����	-��-
����� ����� – �����, ����9�� 	�����	��� %�	9���  

• !�������� ����	� ������� �� %��	��	������# �� :�����
GeoGebra.   

��������� ���� �	���!

• $�	�����: -���� %	�	���� �	���� ����� 	��� � �� ��
%�	9���. � $�!)*( !�"/�1'-( "/(*. ��%	�������
")/-&, ��	
� �
������, ��	 %�	9��� 	�����	��. 

• $�	�����:  )��� ��� ���
���� ���%������� � ��������
��	� �������, ������� �������� ��	 ��	�� %��	� ��� %�-
��#, �	�	��� �� �	
�����, %	��� �������� �	���	 
���
�	���	 ��� �����.  

• $�	�����:  -���	� ������� �	���	 
��� �	���. )��� ��
�	���� %	������ �	� �� ������, %��������� ��� %	������
��� ����9��� ��	
�������, :�	 !) ����� �	��� ��-
������. 

������
 �� ! �	� ��! �� ��(���
?

• )��� �� �	���� %���������� ������ ������, ��	�� :��# 8-

��, %�	��������� ���� �� �������	� %�	��	���, ���������

	���� %��	��	�����	� ��# �� ������	�, � %	������ ����
�	%	���������� ������.  

�	��"	�	)�� � ���!����
• -	��� �� ������� ��� �%	�	
� ��������� ����	�	 ��	�	-

��	������ �� %	�	����, ���%�������� :���� GeoGebra. 

• !������ %�������, �	�	��� ����� ���	���� :�� ��
	��, �
�������� ���� 	������ %���#. 

• "	������ �� �� ���� � ����	�? !���� �� �� ������ ��-
����? 
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2. �	��0����� ������� – ����	��	���*� ,���*

���!������ � �����	�������	
 ��,���	2�


� :�	� �%�������� ������� �%	�	
 ������ %�	���	����# ��	�	-

��	�����	� %	%	���, �	 ������, �	 ��� %	���
���� %�	���� ��	�-

������ %	�#	�! "������ ����� � ����, ��	 %	�	���� ��	�	��	��-
���� �� ������ ������ 	�����	�	 (����� �������). 

���� GeoGebra: 2_��#	������_%	�	���.ggb 

$	�	"	

• (�%	������� ��������������	� �������	 1/�)41- ��
%	���	��� 	������ %��	�, �	�	��� ����� ������ ��	�	-

��	����� �� ������ %	�	����. 

• (����� �� 
	��� 	��	�	 �%	�	
� ������� :�	? 

• )��� :�	 �	��	��	, ��%	������� ����	� 	����	� %��	�
�� �	�	, ��	
� ��������� ��	�	��	����� ���� �%	�	
	�. 

#	���"	�	)�� � ���!����
• -	��� �� ������� ��� �%	�	
�, � %	�	9�� �	�	��# �	��	

��������� ������ ��	�	��	����� �� %	�	����, ���%���-
����� :���� GeoGebra. 

• !������ %�������, �	�	��� ����� ���	���� ��%	������
������, � �������� ���� 	������ %���#. "	������ ��
�� ���� � ����	�?   

• )��� �� ������ 	����	� %��	�, �	�	���, ��� �� %	����-
���, � ������������	��� �� ����� ��	�	��	����� �� %	�	-

����, %	�������� :���, � ����� 	
������, %	���� �� ���
��������.  

3. �	��0����� �����) – ��
��! �������

���!������ � �����	�������	
 ��,���	2�


� :�	� �%�������� ������� �%	�	
 ������ %��	��	�����	� ��
�����, �	 ������, �	 ��� %	���
���� %�	���� ��	������� %	�#	�! 

"������ ����� � ����, ��	 ����� %��	��	������ �� ������ ������
	�����	�	 (����� �������). 



39 

���� GeoGebra: 3_��#	������ ������_%��	��	������.ggb 

$	�	"	

• (�%	������� ��������������	� �������	 1/�)41- � ��-

������������	� �������	 $)�)�)A�/3 (���������) ��
:��%�����������	�	 ��#	����� ����������	 
	���	�	
�	�������� �%	�	
	� ������ %��	��	������ �� 3 ������
�����—�����, ����9�� 	�����	��� %�	9���. 

• !�������� ������ ������� ������ �� %��	��	������#
�� :����� GeoGebra.   

��������� ���� �	���!

• $�	�����: -���� ����� �	���� ����� 	�����	��� %�	-

9���. � $�!)*( !�"/�1'-( "/(*. ��%	�������
")/-& �� �	�	, ��	
� %�	������ �# ��������	. 

• $�	�����: )��� ��� ����	 ���%������� � �������� ��	�
�������, ��������� 8����� ��	�� ����� ��� �����, �	�	-

��� �� �	
�����; %	��� �������� �	���	 
��� �	���	
��� �����.  

• $�	�����: -���	� ������� �	���	 
��� �	���. )��� ��
�	���� %	������ �	� �� ������, %��������� ��� %	������
��� ����9��� ��	
�������, :�	 !) ����� �	��� ��-
������

���� �� ! �	� ��! �� ��(���
?

• )��� �� �	���� ����� 
	���� :��# 6 �������, %�	�����-
���� ���� �� �������	� %�	��	���, ��������� 
	���� %�-
�	��	�����	� ��# �� ������	�, � %	������ ���� �	%	�-

��������� ������. 
�	��"	�	)�� � ���!����

• -	��� �� ������� ��� �%	�	
� ��������� ����	�	 ��	�	-

��	������ �� �����, ���%�������� :���� GeoGebra. 

!������ %�������, �	�	��� ����� ���	���� :�� ��
	��, �
�������� ���� 	������ %���#. 

• "	������ �� �� ���� � ����	�? !���� �� �� ������ ��-
����? 
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4. �	��0����� �����) – ����	��	���*� ,���*

���!������ � �����	�������	
 ��,���	2�
  

� :�	� �%�������� ������� �%	�	
 ������ %�	���	����# ��	�	-

��	�����	� �� �����, �	 ������, �	 ��� %	���
���� %�	���� ��	�-

������ %	�#	�! "������ ����� � ����, ��	 ����� ��	�	��	������
�� ������ ������ 	�����	�	 (����� �������).  

���� GeoGebra: 4_��#	������_������.ggb  

$	�	"	

• (�%	������� ��������������	� �������	 1/�)41- ��
%	���	��� 	������ %��	�, �	�	��� ����� ������ ��	�	-

��	����� �� �����. 

• (����� �� 
	��� 	��	�	 �%	�	
� ������� :�	? 

• )��� :�	 �	��	��	, ��%	������� ����	� 	����	� %��	�
�� �	�	, ��	
� ��������� ��	�	��	����� ���� �%	�	
	�. 

#	���"	�	)��
• -	��� �� ������� ��� �%	�	
�, � %	�	9�� �	�	��# �	��	

��������� ������ ��	�	��	����� �� �����, ���%��������
:���� GeoGebra. 

• !������ %�������, �	�	��� ����� ���	���� ��%	������
������, � �������� ���� 	������ %���#.  

• "	������ �� �� ���� � ����	�? 

• )��� �� ������ 	����	� %��	�, �	�	���, ��� �� %	����-
���, � ������������	��� �� ����� ��	�	��	����� �� �����, 

��� ������ �	��, %	�������� :���, � ����� 	
������, %	-

���� �� ��� ��������. 

8�;#�+9���7��'� (2 9#�'�) 

1. -�����8����� ������#��	�����	�
7�����#��	������ ����� �� %��	��	������, �������� �
�	�
�. �������� ��������#��	������. 

2. 0��	��������	� ��	
������� �� ������#��	�����	�
"	������ #��	���������� �	�%	����� �� %�� ��������# ��-

����#��	�����	�.  
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1. '�	���,��	2�
 "��*���! ��������
���� GeoGebra: 1_������8�����_������#��	������.ggb 

���������	 �� ���	�

• (�%	������� ��������������	� �������	 $)�)�)A�/3
�� �	����	��� %	 �����  ��	�	��	�����	�, «%��������-

��» �# � �		���������9�� �����. 

����������  

• � %�	��������� ����� 	� ��%	������# ���	�, ��%	�������
��������������	� �������	 �!1 1& 1*3!(- �� %	-

���	��� �	��# 8����, �	�	��� �	��� �	��� � ������ ��
���	�:  

a. 1��� %��	��	�����
b. 1��� �������
c. 1��� �	�

d. 1��� ��	� ������#��	�����, �� ���9��� %��	-

��	�����	�, �������	� ��� �	�
	�  

e. 1��� ��	�	��	�����, �	�	��� �� ����� ������#-

��	�����	�  

• !� «%�������������» :�� �	��� 8����� � �����. �����	
:�	�	, ��%	������� ��������������	� �������	 /)-"/
�� ������	��� ����	� �	�	� 8�����, ������ �� �����-
���: 

a. $��	��	�����
b. -������
c. �	�

d. (�	� ������#��	�����
e. !�������#��	�����  

�	��"	�	)�� � ���!����

• -	��� �� ���	����� %	���	���� � ������	���, ���%���-
����� �������� GeoGebra. 

• !������ %�������, �	�	��� ����� ���	���� ��
	�� � ���-
%������ ��.  
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• "������� ���� �	����	���.  "	������ �� �� � �	����	�-

�	� ��	�	��	�����	� �����	 %�������? )��� ���, 	
��-

����, ��� �� ������, � ���	� ����� 	��	���� ��	�	-

��	�����, ��������� ����	�����. 
• 1
������ ��	�	��	������, %	���	����� ���� ����	�. 

$�	������, �	������ �� ��, ��	 	�� 
��� %�	������	-

���� %�������	. 

2. +!��0�������*� �1���	0���
 �	 ������ "��*���! ��������  

!��	�	��� #��	�����, ��%����� $���� �	������ (Piet Mondrian) ��-
%	���	���� 
	���	� �	�������	 ��	����������# 8����, � �����	���, 

������#��	�����	�, � ��	�# #��	���������# %�	��������#. 

���� GeoGebra: 2_��������	_������#��������

�����	� �� �������� GeoGebra


�� %	���	�� � ��%	���	������
��������# ������#��	�����	�. 

�"����	 �	��"� � ������	����	  

• (�%	������� �62)*(/3 �") �� ���� $���-(. 4����
��%	������� ������� &2�*)!() �� ����������, ��	
�
	������� �������� GeoGebra. 
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��1�	���

• (�%	������� ��������������	� �������	 �!1 1& 1*3-

!(- �� �	����� �������, �������9��	, %	 �������
����, 	��� �� ������9�# 8����:  

a. $�������	�����  

b. $��	��	�����
c. -������
d. �	�

e. /��%���

• �	��� 	������� 
	��� ������ %	���	���� ������� �
���������� �������	� ")/-�, �	 ��������� ��	, ����
�� #	���� ���%������� ��	� �����	�.   

• $	��� �	�	, ��� �� ��
���� ��������������	� �������	
�!1 1& 1*3!(-, 	
������ ��������, ��	 �� �	����
��
���� ���� ��	�	��	�����	� � ��	 ���������	��� �	
�	�	, ��� %�����%��� � %	���	���� ��	�	��	�����	�.

��#�����7�;� � ��#�����'9�&#�;� �#&%;�  

� �#�$'� �#&%;+ (2 9#�'�) 

�� (�������������	� �������	 $���**)*3!�. $�.��. – ��-
��� 8������ 	�	 ��%	����?  

&��9��� ��%	������ ��������������	� �������	 GeoGebra

$���**)*3!�. $�.��. �� �	������� %	������ %	�-
�� «%���������	���» ����� :��%������������� ��
	�� � ��
��-

�����.  
�� (�������������	� �������	 $)�$)!2(-&*.�!�. $�.��. – 

����� 8������ 	�	 ��%	����?  
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&��9��� ��%	������ ��������������	� �������	 GeoGebra

$)�$)!2(-&*.�!�. $�.��. �� �	������� %	������
%	��� «%��%���������	���» ����� :��%������������� ��-

	�� � ��
�������. 

1. �����!����	����� �������� ��#�����7��&�#&%�& – �	�!�
,!��2�� ��� �*����
��? 

���� GeoGebra: 1_	�������_%���������	���.ggb 

����������

• !� �������� GeoGebra �� ������� ������ ��	�������-
���# 8�����: 

a. /	��� A 

b. /	��� B 

c. /	��� C 

d. $��� BC 

• !� %����� ����������	� ������ ��������������	�
�������	 $���**)*3!�. $�.��.. 

• A������� %	 ��������������	�� �������� $���*-

*)*3!�. $�.��., ��	
� ��
���� ��	.  1
������ ���-

����� �� ������� %	 %��������� :�	�	 �������������-
�	�	 �������� GeoGebra: 

• A������� ������� %	 /	��� A, � ����� 9������� %	 %�-

�	� BC. ,���� %	���	��� �	�� %���������� %���.  

• !	 ��	 ���	� «%���������� %���»? 

<����������

• (�%	������� ��������������	� �������	 $)�)�)A�/3
�� %�	������ :��%�������� %���� %�����9��� �	���
A, B ��� C. $���������� ����� ��� %����. $�	������
��
������.  
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• )��� ���
����, ��%	������� ���������������� ��������
&�)*(7(/3 ��� &�)!3;(/3 �� �������� �����	�	
��	
������. 

����� ����������

• (�%	������� ��������������	� �������	 &2�*(/3, 

9������ �	�	��� %	 �	��� ��� %��	� ����� �� ��������
GeoGebra �	��	 ������� 	
=����. 

• /�%��� ��%	������� ��������������	� �������	 /17-�, 

��������������	� �������	 $�.��., � ����� ���������-

�����	� �������	 $���**)*3!�. $�.��. �� %	-

���	��� �	
�������# %����������# %���# � %	��	�-

�	�	 %�	������ :��%�������	� %	 %�����9���� �	���
��� %���#. 

�*���*

• (���, ��	 ���	� %���������� %���? !�%����� ��	� ��-

�	�� ����: 

2. �����!����	����� �������� ��#�����'9�&#��&  

�#&%�& (Perpendicular Line) – '	�!� ,!��2��  

��� �*����
��? 

���� GeoGebra: 2_	�������_%��%���������	���.ggb 

����������
• !� �������� GeoGebra �� ������� 4 ��	�����������

8�����: 

a. /	��� A 

b. /	��� B 

c. /	��� C 

d. $��� BC 



46 

• !� %����� ����������	� ������ ��������������	�
�������	 $)�$)!2(-&*.�!�. $�.��.. A���-

���� %	 ��������������	�� �������� $)�$)!2(-&-

*.�!�. $�.��., ��	
� ��
���� ��	.  1
������
�������� �� ������� %	 %��������� :�	�	 ������-

��������	�	 �������� GeoGebra: 

• A������� ������� %	 /	��� A, � ����� 9������� %	
%��	� BC. ,���� %	���	��� �	�� %��%����������
%���.   

• !	 ��	 ���	� «%��%���������� %���»? 

<����������

• (�%	������� ��������������	� �������	 $)�)�)-

A)!() (MOVE) �� %�	������ :��%�������� %����
%�����9��� �	��� A, B ��� C (Points A, B, or C). $�-
��������� ����� ��� %����. $�	������ ��
������. 

• )��� ���
����, ��%	������� ���������������� ����-

���� &�)*(7(/3 (41,��5)!() (ZOOM IN) ���
&�)!3;(/3 (41,��5)!() (ZOOM OUT) �� ��-
������ �����	�	 ��	
������.

New Construction 

• (�%	������� ��������������	� �������	 &2�*(/3
1,C)-/ (DELETE OBJECT), 9������ �	�	��� %	
�	��� ��� %��	� ����� �� �������� GeoGebra �	��	
������� 	
=����. 

• /�%��� ��%	������� ��������������	� �������	 !1-

��. /17-� (NEW POINT), ��������������	� ����-

���	 $�.��. 7)�)4 2�) /17-( (LINE THROUGH 

TWO POINTS), � ����� ��������������	� �������	
$)�$)!2(-&*.�!�. $�.��.
(PERPENDICULAR LINE) �� %	���	��� �	
�����-

��# %��%����������# %���# � %	��	��	�	 %�	��-
���� :��%�������	� %	 %�����9���� �	��� ��� %�-
��#. 
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�*���*

• (���, ��	 ���	� %��%���������� %���? !�%�����
��	� ���	�� ����: 

�#�������� '�����=�'�.�� ����'�+ =��9#  

� �����7$������% ��#������>  

� ��#�����'9�&#�� (2 9#�'�)  

1. $	���	���� %�������	�����	�  

4����� �� %	���	���� %	�������� %����������� %���� ��� #�-
��������� %������ ���	�	��# ������#��	�����	�. 

2. $	���	���� %��	��	�����	�  

4����� �� %	���	���� %	�������� %��%����������� %���� ���
#���������� %������ ���	�	��# ������#��	�����	�.   

1. ���������� �	�	����� �	����

�����	�������	
 ��,���	2�


-�� �� ������, ��	 	%���������� 8�����
�	��	 ������� %�������	�����	�?  7�	 ������
��	����������� 8����� %�������	�����	�? 

?�� ��
	�� %	��	��� ������� 	��� %������ %�-
������	�����	�.  

$	�	"	 �	 ����������  

• !� �������� GeoGebra ���	� ��� %����: ��
�	
 EB �
��
�	
 BC. 

• (�%	���� �	���	 ��������������	� �������	 $���*-

*)*3!�. $�.��., �	���� �� �� %	���	��� %�������	-

�����, %���� �	%	��������	�	 %	���	��� � ��
��) EB �
��
��) BC? 
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<���������� � �*���*
• $	��� �	�	, ��� �� %	���	��� ��	� %�������	�����, ��-

%	������� ��������������	� �������	 $)�)�)A)!()
(���������), �� «%������������» ��"�� E, B � C �� ���-

��� ����� �� �		�������	� ����.  

• !� 	��	�� :�	�	 %	���	���, 	%��������, ��	 ���	� �	�	�-

���� �	��, ��%	���� %	���� «%����������� %����»: 

o "������������� – )�� *
����, … 

• -���� ������ ���%�	���������� ��	����������� 8�����
�	��	 �	�����, %�	��� 	%���������� ������� � �����
%�������	�����	�?  

• �	���� �� �� �	����� %��	��	�����? $��	��	����� – 

:�	 %�	��	 	�	
�� ��� %�������	������.   
• �	���� �� �� �	����� �������? -������ – :�	 %�	��	 	�	-


�� ��� %��	��	������. 

2. ���������� ��
��! ��������

�����	�������	
 ��,���	2�

-�� �� �������, ��	 	%���������� 8����� �	��	
������� «��
��! ������»?” 

7�	 ������ ��	����������� 8����� %��	��	����-

�	�? 

?�� ��
	�� %	��	��� ������� 	��� %������ %��	-

��	�����	�. 

$	�	"	 �	 ����������

• !� �������� GeoGebra ������ ��
�	
 AB.

• (�%	���� �	���	 ��������������	� �������	 $)�$)!2(-

-&*.�!�. $�.��., �	���� �� �� %	���	��� %��	-

��	����� %���� �	%	��������	�	 %	���	��� � ��
��) AB?
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<���������� � �*���*

• $	��� �	�	, ��� �� %	���	��� ��	� %��	��	�����, ��%	��-
����� ��������������	� �������	 $)�)�)A�/3 (�����-
����) �� «%������������» �	��� %	 �		�������	� ���� �
����%����� �����	 %��	��	������. 

• !� 	��	�� ����	�	 %	���	��� ����� 	%��������� ��
��-

! ������	, ��%	���� %	���� %��%����������# %���#: 

o "���������	
� – )�� ������������	
�, … 

• �	���� �� �� %	���	��� �������? -������ – :�	 %�	��	 	�	-


�� ��� %��	��	������. 
• $	��� �	�	, ��� �� %	���	��� %��	��	����� � ������� � %	-

�	9�� %��%���������� %���#, ��	 �� �	���� ������� 	

����# ������ %��	��	������ ��� ��������?  

��%%�#�& (7 9#�'��) 

1. 1��������
&��9��� ��
	���� ��� %	����� ���������  

2. !���� ���������  

$	���	��� 	�� ��������� �� �����# 8����  

3. "������� � %���	��
!������ ��������� � %���	���# 	
=����#

4. 4����� �� ���������
$���� ���9��� ������� ������ %	���	��� ��	����������� 8�-

����, �		���������9�� ��������, �������� � ����������.   

5. (�������	 	������ � ��������
�	�����	����� ���	�	����� ��	����������# 8���� %���� ��	-

���� � �������� 8���� �� 
����� � ����� �	����� 	
=���	�, 

	��	�����# �� ���������
6. "	������ ������ �� ��������� – 	��� 	�� ���������

&��9��� ���	� ����������� 8����� �� 	��	�� ����	� 	��
��������� � ����� 8����� (5 �������)  
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7. "	������ ������ �� ��������� – ��� 	�� ���������
&��9��� ���	� ����������� 8����� �� 	��	�� �����# 	���
��������� � ����� 8����� (3 ������) 

1. ���	0����  

���� GeoGebra: 1_	%���������_���������.ggb 

�����	�������	
 ��,���	2�

• (�%	���� ��������������	� �������	 $)�)�)A�/3

(���������), 9������� %	 ��	%��-8����� A)*-!(/), 

7/1,6 $1-�4�/3 1/�)4-(. 

• $����������, ���	� �����	� 
�� 
� �	����, ���� 
� ��
�	��� �	����� �	���� �	%�� ����	� 8�����, � ����� ��	-

���� �� ��	�� 	
	��������# 	��������� �	����� %�-
��#. 2���	� �%	�	
 %���������� ��
� :�	� %�	���� – :�	
�		
������ 	�������� ����	� 8����� � �������, ���%	�	-

����	� ��	�� 	
	�������	� 	��������� �	����� %�-
�	�.   

• GeoGebra ��%	���� 	�������� �� ���. 

������)�	 ���	0���)
• ��
����� ��������������	� �������	 1/��5)!() 1/-

!1"(/)*3!1 $�.�1'. 

• 2� �	�	, ��	
� ��%	���	���� :�	 ��������������	� ����-

���	, ������� �������� %	 �����	� 8�����, ����� 	��	-

�	��	 �������� %	 	������ %��	� 	
	�������	� 	�����-
���� �	�����, �����9��� �����	� 8�����.  

• (�%	���� ��������������	� �������	 $)�)�)A�/3
(���������), �������� %	 ��	%��-8�����, ��	
� ��������
	������ 	������	� %��	�. /�%��� �� �	���� ������ �	-

��� ������� 8�����, �	������� %���� 	������� %���	-

�������	� �����	� 8����� 	��	�������	 	������ %��	�.  

• (�%	���� ��������������	� �������	 $)�)�)A�/3
(���������), �������� %	 ��	%��-8�����, ��	
� ��������
	������ %��	� ��	��. 
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• /�%��� ��%	������� ��������������	� �������	 1/��-

5)!() 1/!1"(/)*3!1 $�.�1', ��	
� �	����� 	�-
������ 	����9�#� %�� 8����. $����� ��� �� ��%	�-

���� :�	 �������� � ����	� 8����	�, %	%�	
���� %������-
����, ��� 
���� �������� %	�������� 8�����. 

���  �������
? 

• (�%	���� ��������������	� �������	 $)�)�)A�/3
(���������), �������� %	 ��	%��-8�����, ��	
� ��������
	������ 	������	� %��	�. /�%��� �� �	���� ������ ���
���� �	��� 8�����, �	������� %���� 	������� 	��	��-

�����	 	������ %��	�. 

• -���� �� :��# �	��# 8���� ����� %������, �	�	��� �
��	������ ��������� 	���	� ���������.  

• (�%	���� ��������������	� �������	 $)�)�)A�/3
(���������), �������� %	 ��	%��-8�����, ��	
� ��������
	������ %���# ��	��. 

• 1������ %���# 	
	��������# 	��������� �	�����
��������� ���� �������� ����	� �	�	� 8�����.   

2. �	)���� ����!� ���������
���� GeoGebra: 2_�����_	���_	��_���������.ggb 

���������� ���) ���������  

• -���� �� :��# 8���� ����� 	��� 	�� ���������. 

• (�%	������� ��������������	� �������	 1/�)41- �� %	-

���	��� ���
	��� �	��	� 	����� �	�	, ��� ���%	�	���� 	��
��������� �� ����	� 8�����.  

$�������:     ��������…
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��������� ���� �	���!

• -	��� �� ���	����� %	���	���� ���# ����� 	��� ���������, 

��%	������� ��������������	� �������	 $)�)�)A�/3
(���������) �� �	�	, ��	
� �������� ��	%��-8�����, ��	
�
%�	������ ��	� 	����.  

3. ��������
 � �������

�����	�������	
 ��,���	2�

"������� – :�	 �� �	���	 �	���%��, �������������� %�� �����-
��� ��	������. "������� ����	 ���������� � ���� %���	��.  

���� GeoGebra: 3_��������_%���	��.ggb 

�	)���� ��� ���������

• (������ ������ ��������. $	���������� 	
�������� ���-

������ � ����	� %���	��	� 	
=����.   
• (�%	������� ��������������	� �������	 1/�)41-, 

��	
� %	���	��� 	�� ��������� �� ����	�	 %���	��	�	
	
=����.   

��������� ���� ����

• (�%	���� ��������������	� �������	 $)�)�)A�/3
(���������), �������� %	 ��	%��-8�����, ��	
� %�	������
��	� 	�����.  

4. $	�	"� �	 ���������

���� GeoGebra:4_��������_������. ggb 

• (�%	������� ��� ��������������	� �������	 �!1 1-

& 1*3!(- ��� ��������������	� �������	 1/�)41- ��
��������� %	���	���� � ����� ������ :��# �����.  
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$	�	"	 1 

• $	���	��� ��	����������� 8�����, ����9�� ������ ����

	�� ���������. 

• $�	������ ������	��� 	�� ���������, ��%	���� ������-

��������	� �������	 1/�)41-. 

$	�	"	 2 

• $	���	��� ��	����������� 8�����, ����9�� ������ ���

	�� ���������. 

• $�	������ ������	��� 	��� ���������, ��%	���� ������-

��������	� �������	 1/�)41-. 

$	�	"	 3 

• $	���	��� ��	����������� 8����� �� 	��� ���������. 

$	�	"	 4 

• $	���	��� ��	����������� 8�����, ����9�� ����� ���"

	��� ���������. 

• $�	������ ������	��� 	��� ���������, ��%	���� ������-

��������	� �������	 1/�)41-. 

������!�/�� ��)����


• ���%�������� ������� GeoGebra � �������� ���� %	���	�-
�� � %	���	����� �����	 %�������. $�	������ %������-
�	��� ��
	�� ���� �����.

5. ��������
 � !1��	�, ��1�	��*� � ������� ��� 	��
(���%���	���	 �� ��
	���	 ����� GeoGebra 2���:� ���������
(Daniel Mentrard) 
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?�� ��	
������ ����� %�������� ��	�	�, �	������# �� 	�-
�	�� ���������. )��� �� �	���-��
��� ���	�	���� �������� �� ��	-

����	� ����	���	 ��� 
�����, �� �	����� ��	�, ��%	���� ���������.  

���� GeoGebra: 5 _��������_	������. ggb 

��1�	)��  

• -	��� �� 	���	��� 8��� GeoGebra, �� ������� ���� 
�-

����, ��	������ ������. 

• (�%	������� ��������������	� �������	 $)�)�)A)-

!() �� �	�	, ��	
� ���������� 
�����, ��%	���� %	���-

�	� ����#� ��������: 

  
• /�%��� ��%	������� %	����	� �� �	�	, ��	
� ��	�� ��	-

���� 
����� � ��������� �������. 
• (�%	������� ��������������	� �������	 $)�)�)A)-

!() �� �	�	, ��	
� ��#������ � %���������� ����� ����-
��# �	���, ��	
� «��������»  �	��� 8����� � 
�����.   

• $	���������� %����������, ��� 
���� �������� ��� ��	�, 

�	��� �� ���������� 
�����.  

• /�%��� ��%	������� %	����	�, ��	
� ���������� 
����� �
%	��	����� ��� ������������ ��	�.  

• $	:��%������������� � ������� «���������». )��� ��
�	������� ��	�, �	�	��� ��� 	�	
���	 %	�������, ���%�-
������� ��	. 

6. ��1�	��� 1	�	"� �	 ��������� – ���	 ��� ���������

����� GeoGebra: 6_�	�����_ ������������_8�����.ggb (����	 5 

8���	�, ������	�����# 6a – 6e) 

�����	�������	
 ��,���	2�


• !� ����	� �������� GeoGebra ������ ��� 	
=����: 
1. 1�� ���������
2. $	�	���� ����������	� 8�����
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$	�	"	

• (�� 	�� ��������� � %	�	���� 8�����, %	���	��� ���	-

����9�� ����� 8�����. 

������0���
  

• (�%	������� ��������������	� �������	 /17-� � ��-

������������	� �������	 1/�)41-, ��	
� %	���	���
���	����9�� %	�	���� ����������	� 8�����.  

�����: ?�� ������ ����	�	 ����� ������, ���� %�������-

�����	 �������� ��������������	� �������	 ")/-�. 

��������� ���� ����������  

• $	��� �	�	, ��� �� ���	����� %	���	����, %�	������ ��	�
�������, ��%	���� ��������������	� �������	 1/��-

5)!() 1/!1"(/)*3!1 $�.�1'. $	��� �	�	, ��� ��
��
����� :�	 ��������������	� �������	, %�	��	 ��������
%	 ����� ���������. (�������������	� �������	 1/��-

5)!() 1/!1"(/)*3!1 $�.�1' �	����� ���	����-

9�� %	�	���� ���� 8�����.   

• $�	������, ��	
� ��	��	������� � �	�, ��	 ���� %	���	-

���� ������������	 ����� ���	����9�� ������ ���-

�������	� 8�����. 

7. ��1�	��� 1	�	"� �	 ��������� – ��� ��� ���������

����� GeoGebra: 7_�	�����_������_��_���������.ggb (����	 3 

8����, ������	�����# 7a – 7c) 

�����	�������	
 ��,���	2�
  

• !� ����	� �������� GeoGebra ������ ��� 	
=����: 
1. 2�� 	�� ��������� (%	������ �����	� %�������	�

������) 

2. 7������� ���������	� ����������	� 8�����
$	�	"	

• !� 	��	�� �����# 	��� ��������� � ����9��� 8�����
�	����� ����������� ������������ 8�����.  
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• 2������ ��	����, %	���	��� ���	����9�� ¾ ���������	�

8�����. 

#�������	2��

• (�%	������� ��������������	� �������	 /17-� � ��-

������������	� �������	 1/�)41- �� %	���	��� ���	-

����9�# ��������� ���������	� ����������	� 8�����. 

�����: ?�� ������ ����	�	 ����� ������, ���� %�������-

�����	 �������� ��������������	� �������	 ")/-�. 

. 

��������� ���� ����������  

• $	��� �	�	, ��� �� ���	����� ��	� %	���	����, %�	������

��	� �������, ��%	���� ��������������	� �������	 1/-

��5)!() 1/!1"(/)*3!1 $�.�1'. $	��� �	�	, ���

�� ��
���� :�	 �������	, %�	��	 �������� %	 %���	��-

�����	� 8�����, � ����� �������� %	 ����� ���������. 

(�������������	� �������	 1/��5)!() 1,C)-/� 1/-

!1"(/)*3!1 $�.�1' �	����� ���	����9�� �����

���� 8�����.   

• $	��	���� :�	� %�	����, %	�� �� �� �	������� ��	
����-

��� ���� ����������	� 8�����. 

• $�	������, ������������	 �� ���� %	���	���� �����
���	����9�� ������ ����������	� 8�����.  

'�����=�'�.�& ����'�+ =��9# (1 9#�')  

$��������� ��	�	��	������  

$	���	��� %��������� ��	�	��	������, ������� �# ������� � ���-
���� 	%��������� %�������	�	 ��	�	��	������.  

���� GeoGebra: %���������_��	�	��	������.ggb 
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��	�����*� ��� �! �������

�����	�������	
 ��,���	2�
  

• 1��	 �� ���������������# ������� GeoGebra, ��%	�����-
��# �� ��	����������# %	���	����,  :�	 �������������-
�	� �������	 $���(*3!6' �!1 1& 1*3!(-. �
:�	� ��
	�� �� ��%	������� :�	 ��������������	� ����-

���	 �� ������� �	�	, ��	 � ��	������ %	������� %	�
����
��	�� �	��������	
���. 

������)�� ��	�����*) ��� �! ������ � 3 �����-

�	��  

• ��
����� ��������������	� �������	 $���(*3!6'
�!1 1& 1*3!(- (REGULAR POLYGON). 

• 1
������ �������� �� ������� � ���	�� ����:   

• ��
����� ��������� �	��� �������	 	� ���#� �������� �
��������. ��
����� ��	��� �	��� � ��������. /�%���
��� ����	 
���� ������ �	�������	 ��	�	� �����	 ��	-

�	��	������: 

  
• (������� 4 �� 3 � �������� OK. 

• �� �	���� ��%	���	���� ��������������	� �������	 $)-

�)�)A�/3 �� �	�	, ��	
� ��#������ � «%�����9���» 

��
�� ������� ��	�	��	������, ��� ��� ����� ��	
������ � ���%	�	�����.  

• ��
����� ��������������	� �������	 & 1* � ��������
%	 ������ �����	 ��	�	��	������ �� �	�	, ��	
� ���-
���� �������� ���# ���������# ���	�, �.�. ���	� ������
��	�	��	������.  

• ��
����� ��������������	� �������	 ��""/1.!()
(*( 2*(!� � ������� ����� ���# ��	�	� �����	 ��	-

�	��	������.  
• !��	���, �������� %	 ��	%��-8����� “3”, ��	
� ������

�������� :�	�	 ��	�	��	������, %	���	���	�	 ����. 
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�������� �������) � �	���2! �	��*�

• � ��
���� ��%	����� ���	�� �� 3-��	�	����	 %������-
�	�	 ��	�	��	������. 

• 4���� ������� ��� ��	�	��	����� � %	���	��� ������-

9�� ��	�	��	����� ��������� � ��
����. 4�%	����� �	-

	���������9�� ���	�� � ��
����. 

	���2	 �	��*�

-	�������	  

��	�	�
!�������

�������� ����-
�����# ���	�

2����  
��	�	�

3   

4   

5   

6   

7   

8   

9   

10   

�*���*  

• $	��� ��%	����� ��
����, ���	� 	%��������� �� �	����
���� ����������� ��������������?  
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?	���� ��
 ����	�����
 ��	�	 !���	

���	��������: ��%	����� ������ ������ ��
�	�� %���� ��	��, 
%��������� ������, ��	
#	����� �� ������	 %	������ #	�� ��	��, 
� ����� ��8	������ 	 %��������� %�	������ GeoGebra ���� � ��-
���� ��������� � #	�� ��	��. � �	%	������ � :�	�� ��
�	��, ��
�	���� %���	������� ��� 	�������# 8����: ������	���� �������� ��
���9�#�, �	�	��� �	���� %�������� � %�	�����	� GeoGebra, �
8��� GeoGebra. ������	���� ��������, �����9��� ��
	�� ���9�#�, 
%���	������ �� ���������� %	 %��������� ��#�	�	���, ��	
#	����#
�� ��%	����� ��
	��# �������. &������, �	�	��� �	���� ��%	�-

��� ���9���, �	���� �	������� �	%�	��, �� �	�	��� ������� 	
-
���� ���� 	�����, ��	
� ��%	����� ������ ��	��. ������	���� ����-
���� �	���� �������� %������������	 � ��������	. 1� 
���� ����-

���� ��������, ����%����� � ���
��� ���� �� ���9�#�, � ����� ����	
�� 8������ � ����� ������� � ����. (�%	���	����� ���8������#
	
=���	� � ��#�	�	�������# ���������# 	
�������	. 

��
 � ,	����
 !"����	: ��	 !���	:

9"���*) �������: '�	��: '���"�����
!"	/���
: 

�� ��� �	��* ��!"���
: ��/����	1��	-

�����*) ��	��,  ���	1�"����) ��	��, 

��	�� � ! �!�����*� �1!"�����. ���2���
����) � ��$. ���2��� ����), ��  ����
/��
��-�!����. 

������0���������� !���	:

����	��� !���	 (����"	
 ������� !"	/���
 �	  �!��*): 

+��
,
�� ������� 
 ������ ��
��	
� ���
��������� 	� �����. �&-��	
��, 

��� ���	
�
 &���� 
����������� GeoGebra, 
 ��� &���� ������
���� ����	
�

���	
��� 	� ������ �� ����� ��&��� � GeoGebra.  



60 

�*��������  ��!�	�������*� ���	1��	�����*� ��	��	���� �	 !����:

�&���
���� � *�������	��� �����������		��� �&����������	��� ���	�����

	�����	��� �&���� �&������	
�. ������	� ������, ��&��
�� �����������.-

�
� ���&���	
� � ����������� �����	
� ��	��	�# �&����������	�# ���-

������ 	�����	��� �&���� �&������	
�

���	1��	�����*� 2���:

/��
,
�� �&����������	�� 0��
 (���������� �&���	
�), ������� ���	
� ���-

!�	 �����	
�� 	� ��		�� �����. '�!��� 0��� ���!	� &��� ���
��	� � 	���#

�����
. 

%	����	�*, ���!��* � ������� ��:

��������� ��
��� �����
����, �������� 
 ���	����
#, ���&����� ��� �����-

��	
� ��		��� �����. � ���!	� ���!� ���.���� ������ 	�, �� ���#	�#

����, ��
	 �����!
��.�
# �����
� �����	�# 
�
 �	��#	���# ������, 
�����-

�����# ��� ����������	
� ���&	�� �	�	
# 	� ����� ()�� ��!�� &��� ���&	
�

��� ��		��� ������ 
 ��������, �	��#	 ������ ���&	��� ���	� 
 �.�.). ���
 ���-

�
��� &���� 
����������� ��#�� � 1	���	���, 	��&���
�� ���.���� 	����-

	
�, ������� ����� &� 
������������� � �������� �������
, � ���!� ��#����-

.�
# ����� URL ��� ��!���� ��#�� � 1	���	���. 

��� �����	 !"����
:

�&-��	
�� (
�������� 	�������		�# ��
���) ��!��# ,��, ������# ��
����

���!�	 �����	
��, ���&� ��������
���� � �����. 2��� ��
��� ��!��

���.����, 	���
���, ���	 �����, �&�� �����
���, 	���!��	
� ��#��� 
 ��-

������ � 1	���	���, ���������� ���
# ��������	�� �����
���� 
 �.�.  

��
��������� !"	/���
:

�&-��	
��, ���
� �&����� ����
��� &���� ���
�	� �������	� � ����	�. ���-

����	����. �&-��	
��, ��� �	
 &���� ��&����� � ���� �����, �����	�� ��-

���
, ��������		�� ����� 	
�
. %��!	� &��� ��	� ������� ��
��	
� ��!-

��# ����
 �����. ( �*
0
���	�� ���	� ����� )��� ������ &�� &� �����&	�#

��,�����# 
	�����0
�# � �����	�	
. ��#���
# � ���� �����.  )��� *��-

���� ��		�# ������ ���!�	 &��� �����	�	 � �
�� ����������	
�, ������-



61 

���� 
� 2-3 �&��0��. 1���!�	
� ���!	� &��� ��������	� ���	��, 	� �!�-

���). ��	��	�� �	
��	
� � )��� ������� ���!	� &��� �����	� �������, ��-

����� ����
��� ���!	� ��,
�� � 
���������	
�� GeoGebra. ��
��	
� ����

�� ��&� ���!	� &��� ��������	��, ���&� �0�	
�� 
���������	
� GeoGebra 

	� ����� � ������ ��
	0
�� )**���
�	���
 �� ��
��	�	
�.

�2���	:

3�����!
��, ���
� �&����� �,
 ����
��� ����
��
 ���&	�� 0���# ��		���

����� (��� � ���� �����, ��� 
 ��
 �������	

 
�����). ��
,
�� ��
���



�0�	�
 ����,	���
 ����
��� – �� ���
� ���&	�� ����
!�	
� ����
��� ����-

��� «���
�	�», «����,�», «����������
����	�», «	�����������
����	�». 

'�� � &����� �0�	
���� ��, ��� ���	
�
 ����
�
? '�
���

 ���!	� �����

��������������� ���&	�� 0���� 
 ���	������. '�� � &����� �����!
-

���� ����
!�	
� ����
��� � �&����������	�� ���0����? 4��!� ��
,
��, 

��� &���� �������������� �&���	�� ����� � �,
�
 ���	
���
.   

  



62 

$�'�@8����

4� %	������� 20 ��� %��������� %�	����� ����������	� ��	���-

���, � �����	��� %���	���� GeoGebra, � 	
���	�������	� %�	�����

����	 ���	�	� %��������� � ������# ��	��#. 2	���% � %�	�������

����������	� ��	������ �� �����	�	� %��%	��������� � ������	�

%����� � �������� ��	�	��������# %����	�������# %��<�	� ��%	��-

�	���� :��# ��#�	�	��� � ��	��. � �������� ���� :�� %�	������

����� %�������� � � �������	� ��	��. � ����	� ���
�	� %	�	
��

�� ���������� 	 %�����# %�������� GeoGebra � %��%	������� ��	-

������ � �������	� ��	�� �� %������# ���� ��������� � ��	�����

8����. �� %��������� �������� ��������� :�� ���� �� ������ ����

� %�	������ ��	������ �������	� ��	��. 

� �



63 

5�5����#�=�8��'�> �����'  

1. �����,  . "������� / %	� ���. ,. �. �	���8����� ; %��. � ����. 

,. �. ,����	��, +. �. 2����	��. A�. : !����, 1968. B 192 �. 

2. �	�	�, 1. �. � %	����# ����	��� / 1. �. �	�	�. – �. : $�	���-

9����, 2008. – 176 �. 

3. $�����, �. -. /�	������	 � ���������: -��� #��	��������	�	

�	�%����� / �. -. $�����, �. -�%����	 ; %��. �. ,. ��#	�. B �. : "	�. 

#��	����, 1981. B /. 1. B 112 �.  

4. /����	�, *. �. ?�	� ������������ ������������ ��� : %	�	-


�� �� ���9�#� / *. �. /����	�. – �. : $�	���9����, 1982. – 176 �. 

5. /�#���, �. ". "������. "�������.  ���	�� / �. ". /�#���, 

+. �. &�������. – �. : (�������	, 1988. – 320 �. 

6. 0	����, �. ������ ����	�� / �. 0	����. – �. : (�������	, 1987. – 

284 �. 

7.  ������, �. ?�	� %�����, ����� ��� : %��. � ����. / �.  ������. – 

�. : ���, 1969. – 456 �. 

8. $��	�, 2.  �	����� � ��������	 / 2. $��	�. – �. : ���, 1979. – 

334 �. 

9. ;�
���	�, �. �. "������� � ����� � ��������� / �. �. ;�
-

���	�, �. �. -	%���. – �. : !����, 1972. B 568 �. [?�����	���� ������, 

2004]. B URL: http://www.razym.ru (���� 	
��9���: 17.01.2017).  

10. ������, ). ?���� 	 ��������� : %��. � ����. / ). ������. B �. : 

���, 1971. – 320 �. 



64 

5��&	�� 
���	
�

*+,*(!"-�. (���� )8��	���
/(01�(�1�� "������� ����	�	���

$�)$12���!()  )1�)/�(( " ("$1*341��!()�  

$�(*15)!(. GEOGEBRA 

�������������� ���� �� �������	�-
�������	� �������	�	 	
���	����

&��
�	-���	������	� %	�	
��

1������� � ��������# �����0



$	�%����	 � %����� 26.01.17. 

�	���� 60×84/16. &��. %��. �. 3,72. /���� 300 :��. 
4����

(����������	  

����������	�	 �	�����������	�	 ������������
����� ����������  ���	������� � !��	��  ���	������� "�	���	��#. 

600000, ��������, ��.  	���	�	, 87. 



College of Staten Island 

The City University of New York 

School of Education 

and 

Vladimir State University 

named after Alexander and Nicolay Stoletovs 

 Pedagogical Institute

Irina E. LYUBLINSKAYA    Svetlana V. TIKHOMIROVA 

TEACHING GEOMETRY USING GEOGEBRA  

APPLICATION  

Elective course for pre-service elementary school teachers 

Student teaching manual 

Vladimir 2017 



2 

LB1594.5QA461 

371.33-dc23 

          L99 

Referees: 

E. L. Kharchevnikova, Ph. D. in Education 

Professor of Department of Childhood Education 

Vladimir Institute of Educational Development named after L. I. Novikova   

V. V. Zhikov, Dr. Sci. (Physics – Mathematics) 

Chairman of Department of Mathematical Analysis, Professor 

Vladimir State University named after Alexander and Nicolay Stoletovs 

Published in accordance with the decision of the editorial panel of VlSU 

Publication of this student teaching manual is financed by Eurasia Foundation’s US-Russia  

University Partnership Program (UPP) as part of the project W16-2020 titled “Development  

of elementary school technology-based geometry curriculum and field testing of materials  

with pre-service elementary school teachers” 

 Lyublinskaya, Irina E., Tikhomirova, Svetlana V. Teaching geome-

try using GeoGebra application. Elective course for pre-service elementary 

school teachers : student teaching manual / Irina E. Lyublinskaya, Svetlana V. 

Tikhomirova ; Coll. of Staten Island; City Univ. of New York; Sch. of Educ.; 

Vladim. St. Univ. named A.G. and N.G. Stoletovs ; Pedagog. Inst.; – Vladimir : 

VlSU Press, 2017. – 64 p.  

ISBN 978-5-9984-0755-0 

This manual provides readers with methods of teaching geometry in elementary school us-

ing GeoGebra application. It is written for pre-service teachers as well as all educators interested 

in methods of using computer technologies in elementary school. 

Includes bibliographical references. 

LB1594.5QA461 

371.33-dc23 

ISBN 978-5-9984-0755-0                                                     © Lyublinskaya Irina E.,  

Tikhomirova Svetlana V., 2017 

                     © VlSU, 2017 

L99



3 

CONTENTS 

PREFACE  ..................................................................................................... 5 

The Geometry Learning and Teaching  .......................................................... 8 

Symmetry and Most Common Children’s Misconceptions 

in Elementary Geometry  ...................................................................... 9 

Tasks on the Symmetry for elementary school students  

and pre-service teachers  ..................................................................... 16 

Appendix 1. Some information about parallelograms  ........................ 18 

General properties of parallelograms  ................................................. 18 

Special cases of parallelograms: rectangle, rhombus and square  ........ 21 

Appendix 2. Modeling right angle activity  ......................................... 24 

Appendix 3. Instructional techniques for teaching mathematics  ......... 25 

Technology Applications  ............................................................................. 28 

Principles of effective use of technology in teaching  

and learning mathematics  ................................................................... 28 

Elementary Geometry using GeoGebra  .............................................. 30 

Quick Facts  ........................................................................................ 31 

Tutorials for the Basic GeoGebra Geometry Tools  ............................ 33 

GeoGebra Lessons for Elementary Geometry  ............................................. 35 

Introduction  ....................................................................................... 36 

Fractions and Area (4 lessons)  ........................................................... 36 

Finding Halves – Rectangles  .................................................... 38 

Finding Halves – Non-standard Shapes  .................................... 38 

Finding Thirds – Rectangles  ..................................................... 40 

Finding Thirds – Non-standard Shapes  ..................................... 40 



4 

Quadrilaterals (2 lessons)  ................................................................... 40 

Classifying Quadrilaterals ......................................................... 41 

Art from Quadrilaterals ............................................................. 42 

Parallel and Perpendicular Lines and Line Segments (2 Lessons)  ...... 43 

The Parallel Line Tool – Just What Does It Do?  ....................... 44 

The Perpendicular Line Tool – Just What Does It Do?  ............. 45 

Classify 2d Figures Using Parallel  

and Perpendicular (2 Lessons)  ........................................................... 47 

Constructing Parallelograms  ..................................................... 47 

Constructing Rectangles  ........................................................... 48 

Symmetry (7 Lessons)  ....................................................................... 49 

Reflections  ................................................................................ 50 

Find the Symmetry  ................................................................... 51 

Symmetry in Nature .................................................................. 52 

Symmetry Challenges  ............................................................... 52 

Folded Art from Symmetry  ....................................................... 53 

Create Symmetry Challenge – One Line of Symmetry  ............. 54 

Create Symmetry Challenge – Two Lines of Symmetry  ........... 55 

Classify 2D Figures (1 Lesson)  .......................................................... 56 

Regular polygons  ...................................................................... 57 

Lesson Plan Template  ................................................................................. 59 

CONCLUSIONS  ......................................................................................... 62 

RECOMMENDED LITERATURE  ............................................................ 63 

  



5 

PREFACE 

This elective course is offered as part of collaborative project between 

Vladimir State University named after A.G. and N.G. Stoletovs and the City 

University of New York.  The Project is financed by the US-Russia University 

Partnership Program (UPP). The UPP is an initiative for mutual cultural and 

academic collaboration that connects higher education institutions in Russia 

and US with one another and supports the launch of new bilateral partnerships. 

UPP is implemented by Eurasia Foundation (US) and National Training Foun-

dation (RF) with funding from U.S. Department of State. 

In recent years, there has been growing interest in including geometry 

into elementary school mathematics curriculum. Geometry is the basis for de-

velopment of spatial reasoning (visual thinking), as well as logical thinking of 

elementary school students. Therefore, the purpose of this course is to deepen 

knowledge of geometry and methods of integrating computer technology into 

geometry for pre-service elementary school teachers. Within the framework of 

this course there will be four 2.5-hour long joint sessions in the form of a webi-

nar with video recording and simultaneous translation. They will be carried out 

in a specially equipped computer laboratories. Alongside with the intent to in-

crease the knowledge of pre-service teachers, this course is also designed to 

enhance modern technology skills in teaching mathematics. At the final stage 

of the course pre-service teachers will develop a detailed lesson plan focused 

on the topic of symmetry using GeoGebra program and will deliver this lesson 

in their classes that will be video recorded.  

Student materials can be downloaded from http://bit.ly/GeoGebraUS.  
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Tentative plan of the course 

Date Agenda Homework 

February 

11, 2017

1. Presentation of the participants and 

purposes of the project 

2. Immersion (modeling of an elemen-

tary school lesson) – discovery lesson 

about reflection symmetry  

3. Discussion of instructional strategies 

in teaching the topic and using Geo-

Gebra in the lesson  

4. Introduction to the topic of Symmetry 

1. Identification of the topic 

and purpose of the lesson, 

draft of the GeoGebra task 

for students 

2. Complete GeoGebra tutori-

als from the course brochure 

3. Complete geometry tasks 

(TBD) 

February 

18, 2017

1. Introduction to GeoGebra 

2. Instructional strategies for using Geo-

Gebra 

3. Modeling of the lesson using con-

structions in GeoGebra 

4. Independent (in pairs) task from the 

course brochure + individual counsel-

ing 

5. Lesson planning + individual coun-

seling (+ plans for preliminary prepa-

ration of students for the lesson) 

1. Plans for GeoGebra intro-

duction to the students  

2. Continuation of the lesson 

planning, development of 

student task in GeoGebra 

3. Complete GeoGebra lessons 

from the course brochure 

(TBD) 

4. Complete geometry tasks 

(TBD) 

February 

25, 2017

1. Principles of effective use of GeoGe-

bra in class (with examples of differ-

ent pedagogical situations) 

2. Joint discussion of pre-made tasks in 

comparison with open design tasks in 

GeoGebra  

3. Discussion of requirements for the 

tasks in different level school stu-

dents in GeoGebra 

4. Development of conceptual questions 

for students of different levels of abil-

ity 

1. Finishing lesson task in Geo-

Gebra, instructions and ques-

tions   

2. Prepare the draft of lesson 

plan 

3. Prepare a technology-based 

portion of the lesson for mi-

cro-teaching 

4. Schedule the date for teach-

ing the lesson 
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Date Agenda Homework 

 5.Independent work on GeoGebra task 

for students + individual counseling 

March 4, 

2017 

1. Micro-teaching of the lessons with 

discussion – 3 groups from each side 

2. Review of the requirements to the les-

son plan and video 

3. Independent work on lesson plans + 

individual counseling  

1. Final lesson plan + GeoGebra 

file with the task in the pro-

gram + student activity 

handout   

2. Teaching the lesson and 

video. 

Snow days makeup: March 18, March 25 

Scholarship requirements for the participants: 

1. Completion of geometry tests and attitude surveys before and after the 

course. 

2. Attendance of all course sessions. 

3. Development of a lesson plan with focus on topic of symmetry with stu-

dent activity handout for the task completed in GeoGebra. 

4. Presentation of a lesson fragment at the workshop (micro-teaching in 

small groups). 

5. Delivery of a lesson at the school with video recording. 

6. Submission of sample students’ work on GeoGebra task.  

  



8 

THE GEOMETRY LEARNING AND TEACHING 

This section describes some topics of geometry and discusses instructional 

strategies in teaching geometry in elementary school. The geometry is a disci-

pline of mathematics where we can develop foundations for logical and algo-

rithmic thinking, spatial reasoning, and mathematical literacy. The use of ge-

ometry concepts in mathematics fosters development of children’s concrete 

thinking based on manipulation of physical objects (pre-school), visual think-

ing using drawings and images (elementary school), and abstract/logical think-

ing (secondary school). Consistent introduction of geometry tasks into teaching 

mathematics starting at young age results in development of children’s levels 

of thinking, increases their motivation and interest in learning geometry, and 

leads to deeper understanding of geometry material.  

On the other hand, lack of understanding of definitions and properties of 

mathematical objects, as well as inability to correctly interpret geometric im-

ages leads to misconceptions that children commonly have in elementary 

school. 

This section of the brochure focuses on the topic of symmetry. As a refer-

ence you will find the table that describes main types of symmetry taught in 

elementary and secondary school curriculum (table 1). The section discusses 

most common children’s misconceptions along with recommendations for their 

remedies. Tasks offered in this section could be completed with paper and pen-

cil, as well as with computer technology. In the appendices you will find de-

tailed introduction to the topics of parallelogram and translation (appendix 1), 
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student activity to model right angle (appendix 2), and instructional strategies 

that pre-service teachers can use in their teaching (appendix 3). 

While this publication focuses on the topic of symmetry, the instructional 

strategies and technology could be applied for learning and teaching of other 

topics of geometry. 

Symmetry and Most Common Children’s Misconceptions in Elementary 

Geometry 

Take a look at the pictures. What do they have in common?  

All these objects have at least one line of symmetry. Table1 provides de-

scription of the  main types of symmetry that are taught in school mathematics 

curriculum.  
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Table 1. Types of symmetry 

Type of symmetry.  

Definition 

Construction of 

symmetric points  

Characteristic 

property. 

Examples of shapes 

with elements of 

symmetry 

Central symmetry 

Two points are sym-

metric about a point, 

called center of sym-

metry if this center is 

the midpoint of the 

segment that connects 

these points. 

Movement of a 

plane that has 

only one sta-

tionary point. 

A circle, the center 

of the circle is the 

center of symmetry. 

A parallelogram, the 

point of intersection 

of diagonals is the 

center of symmetry. 

Line (reflection) sym-

metry  

Two points are sym-

metric concerning 

some straight line 

(axis) if they are lo-

cated on the perpen-

dicular to this line at 

equal distance from it 

Movement of 

the plane that 

has the set of 

stationary 

points which is 

a straight line 

A circle, a diameter 

of a circle is the axis 

of symmetry. 

An equilateral trian-

gle, 3 altitudes are 3 

axes of symmetry. 

A rectangle, 2 medi-

ans are 2 axes of 

symmetry. 

A rhombus, diago-

nals are 2 axes of 

symmetry. 

A square, 2 medians 

and 2 diagonals are 

4 axes of symmetry. 

Mirror symmetry  

(about the plane) 

Two points are sym-

metric about a plane if 

a segment connecting 

these points is perpen-

dicular to this plane 

and the points are 

equidistant from it. 

Movement of 

space, the set 

of stationary 

points of 

which is a 

plane  

The right rectangu-

lar prism has 5 

planes of symmetry: 

3 median sections 

and 2 diagonal ones.

A

A'

O

A

A'
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Rotational symmetry

A point is obtained 

from another point by 

rotating around a cen-

ter by a given angle. 

Both points are located 

on the same circle, so 

that the center of rota-

tion is in the center of 

the circle. The seg-

ments connecting 

these points to the cen-

ter of the circle form 

the angle of rotation. 

The direction of the 

rotation is set as clock-

wise or counterclock-

wise. 

The center of rotation 

is called the center of 

the nth order symmetry 

of the figure if it 

matches itself when 

rotated by an angle of 

360

n

�

 around the center 

of rotation.   

On the plane 

movement of 

the plane that 

has only one 

stationary 

point – the nth

order center of 

symmetry.  

In space move-

ment of the 

space that has 

the set of sta-

tionary points 

which is a 

straight line. 

Rotation is 

carried out 

around this 

line.  

A right triangle has 

the 3rd order center 

of symmetry. 

A square has the 4th

order center of sym-

metry. 

A snowflake has 6th

order center of sym-

metry. 

Translational sym-

metry or slide  

Movement of the 

plane that transfers 

points of the plane in 

the same direction by 

the same distance. 

This property 

refers only to 

unbounded fig-

ures.  

A border is a stripe 

between two parallel 

lines filled with con-

gruent figures. 

Parquet is tiling of a 

plane with congru-

ent non-overlapping 

figures. 

O
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We are interested in acquisition of mathematical concepts by elementary 

school children. How do children perceive material while studying the “Poly-

gons” unit? Do children see symmetry in geometry, in mathematics in general, 

and in the world around them?  Consider the most common children’s miscon-

ceptions in geometry. 

Misconception 1: Square is not a rectangle.  

Realizing that a square is a rectangle is somewhat difficult for elementary 

school children. The reason is the fact that the majority of children have already 

acquired holistic image of a square and a rectangle but they are lacking the 

ability to identify the definitive attributes of a figure to make this connection.  

In this case, it is very important to plan the sequence activities for the 

children aimed at identifying the definitive attributes of a rectangle and a 

square1. For example, a teacher can use an envelope with a set of different ge-

ometric figures painted in different colors. First it is necessary for children to 

recognize the name of these shapes, e.g., polygons.  Then teacher offers stu-

dents to show and name polygons that have three angles and three sides, four 

angles and four sides, five angles and five sides, etc. After that, children can 

keep only quadrilaterals on their desks. The next step is for students to classify 

quadrilaterals they have by the number of right angles. After several attempts 

some students will guess that quadrilaterals with exactly three right angles do 

not exist. While accomplishing the task given by the teacher the children first 

try to approximate which angles could be right and then check their assump-

tions with the help of the right-angle model2. 

This sequence of activities results in identifying quadrilaterals that have 

four right angles. They are called rectangles. Among rectangles it is possible to 

identify those with all sides equal. They are called squares. The relations be-

tween the notions polygon. quadrilateral, rectangle, square are presented in a 

diagram below. 

  Squares   

  Rectangles   
Quadrilaterals  

Polygons 

���������������������������������������� �������������������

1 Detailed information on properties of a quadrilateral see in Appendix 1 
2 Practical work «Right angle model» see in Appendix 2  
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This diagram may be used for different games, for example the game 

“Where is my place?” Two students are given equal numbers of different pol-

ygons (one gets blue figures, the other – red).  The student who is the first to 

place his/her shapes correctly on the diagram is the winner.  

The game may be played in a different way. One student gets several 

geometric figures. First, he/she shows picks one of the figure to show it to the 

class, except for his/her partner. Student then describes the figure by its prop-

erties. The partner guesses the name of the figure and places it on the diagram. 

The main rule of the game: the figure must be described in such way that the 

choice of its placement is unambiguous. For example, a student describes a 

figure as follows: “five sides and five angles”. The choice is unambiguous – it 

is a pentagon, it is placed in the “Polygons” part of the diagram. Then he pro-

poses such description: “four sides and four angles”. In that case the choice is 

ambiguous. It could be any quadrilateral, or a rectangle, or a square. Or such 

description: “four sides and all of them are equal” (the choice is ambiguous as 

well). It could be a square or a rhombus that can be placed in the “Quadrilat-

erals” part of the scheme. In the process of playing this game the students begin 

to understand what are the definitive attributes of a geometric figures.  

Task. Create games that you can use in your class for children to identify 

the relations between geometric figures, and to learn their definitive attributes 

and names.  

Misconception 2. Position, orientation, or size of a figure change its de-

finitive attributes.  

Children believe that orientation and proportions change definitive attrib-

utes (or characteristic properties) of a figure. For example, consider popular 

misconceptions about triangles: 

• Triangles have one vertex in the upper part and two vertices at the bot-

tom. 

• A triangle is always based on one of its sides or, in other words, one of 

the sides is the bottom of a triangle. 

Here are some popular misconceptions about rectangles:  

• The shape of a rectangle is always extended.  

• A rectangle has two long sides and two short sides.
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Usual position of a square and a rectangle Unusual position of a square  

and a rectangle  

There are many ways that teachers can help children overcome these mis-

conceptions. For an elementary school student, the most accessible and produc-

tive way of acquisition of knowledge and skills is his/her own practical experi-

ence. Here is an example of hands-on activity that can be used in this case. The 

teacher hands out tracing paper and a sheet of paper to the children. There are 

outlines of four figures on the tracing paper: parallelogram, rhombus, square 

and rectangle (it is enough to have one of each type). On a sheet of white paper 

the teacher has the arbitrarily placed quadrilaterals of the same size as on the 

tracing paper (in the sense, they are differently positioned). Using tracing paper 

a student gets convinced that the sheet is filled only by the same quadrilaterals.   

A similar hands-on activity can be done with just one figure, a rectangle. 

Rectangles and squares are scattered across a sheet of paper. With the help of 

tracing paper or a right-angle model (Appendix 2) a student confirms that these 

figures are rectangles. Then, using a model for measuring segments (a ruler) 

he/she makes a conclusion that some of the presented rectangles are squares. 

Task. Use multi-colored rectangles and squares. Create a design for a 

scarf and a shawl. Make a fairy-tale train where each car contains three or four 

rectangles, only vertices of the rectangles could be the wheels of the train. 

Think how to complete these tasks in the program GeoGebra. 

Misconception 3. Students believe that if areas of two shapes are the 

same, their perimeters will also be the same. 

This misconception is clearly observed when working with composite 

shapes of equal areas. Assume that a geometric figure is composed of shape A 

and shape B. Children believe that rearranging A and B to make a different 

shape will preserve not only area, but perimeter as well. For example, a right 



15 

triangle is cut out of rectangle and moved to form a parallelogram. Children 

will immediately assume that perimeter of a parallelogram is equal to the pe-

rimeter of a rectangle. 

Recall some important concepts of the theory of measurements. The areas 

of a composite figures composed of the parts with equal areas are equal. The 

perimeters of these composite figures can be different. Figures having equal 

area do not necessarily have equal perimeters. Figures having equal perimeters 

do not necessarily have equal areas. There are figures that have equal perime-

ters but their linear dimensions are different. There are figures that have equal 

areas but their linear dimensions are different. 

Task. Two triangles have equal areas. Does it mean they are equal? Ex-

plain your answer. Use GeoGebra program to illustrate your answer. 

Task. Given points A and C on the line k and point B on the line l. Lines 

k and l are parallel. Point � moves along line l, taking position �1, �2, �3, etc., 

while points � and � remain stationary. What can you say about triangles 

��1�, ��2�, etc.? Create the dynamic illustration for the task in GeoGebra. 

Task. A square is cut along its diagonals. How many convex polygons 

different from a square may be composed from the four triangles that have been 

formed? Show your solution. 

Misconception 4. Students sometimes find more lines of symmetry than 

exist. 
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 Like previous misconceptions, this one is connected with visual percep-

tion of the figure image. For example, in a rec-

tangle a student can erroneously identify diag-

onals of a rectangle as lines of symmetry. 

This misconception can be easily re-

solved using easily available materials. Stu-

dents can be given rectangular sheet of paper 

to fold along the presumed lines of symmetry. If after folding the halves of the 

sheet match the line of symmetry was found correctly. Alternatively, students 

can use computer technologies to model the problem, specifically, dynamic ge-

ometry software such as GeoGebra. 

In conclusion, it can be shown that any regular polygon with n sides has 

n lines of symmetry.  

Task. Find all lines of symmetry for given regular polygon. Explain why 

these lines are lines of symmetry for this polygon. Why are you sure that you 

have found ALL symmetry lines?  

Tasks on the Symmetry for elementary school students and pre-service 

teachers  

1. Complete the second part of the picture and color it. Check if the con-

struction is correct with the help of tracing paper.3  

�����������������������������������������������������������

3 L.G. Peterson. Student’s book. Mathematics. 2 grade. Yuventa. 2013. 
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2. a) Draw a circle with a radius of 5 cm on a sheet of paper. Cut this circle 

out. Fold the circle in half. Draw a line with a red pencil along the crease. 

What have you noticed? b) Fold the circle in half twice. Draw a line with 

a blue pencil along the new crease. What have you noticed?4  

3. Construct figures symmetrical to the given ones with the given line of 

symmetry l.5

4. �) Construct a triangle symmetrical to the triangle ��� about side ��, 

and then slide the image 8 units to the right. Describe the inverse transfor-

mation.6 b) Draw a square 

���D with the side 3 cm 

long and construct a square 

symmetric to it about side 

CD.  

5. Cut out of paper models of the following shapes: parallelogram, rectan-

gle, rhombus, square, right isosceles triangle, acute isosceles triangle, 

and circle. Use folding to find their lines of symmetry. Sketch the lines 

of symmetry of these figures on paper.  

���������������������������������������� �������������������

4 L.G. Peterson. Student’s book. Mathematics. 2 grade. Yuventa. 2013. 
5L.G. Peterson. Student’s book. Mathematics. 3 grade. Yuventa. 2012. 
6 ibid. 
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6. Construct a circle symmetrical to the given one about a) the center �, b) 

a line �. 

7. Construct a segment �’�’ symmetric to the given segment ��: �) about 

the midpoint � of the segment, about one of the ends of this segment, 

about point � that does not belong to ��, b) about the perpendicular 

bisector of the given segment ��, about the line passing through the 

point �, about the line that does not have any points in common with the 

segment AB. 

8. Split the set of letters of the alphabet into groups with the following char-

acteristic properties: �) having the center of symmetry, b) having the cen-

ter of symmetry of some order n�1, c) having the line of symmetry, d) 

having several lines of symmetry. 

Appendix 1. Some information about parallelograms7  

The set of parallelograms includes the subsets of rhombuses, rectangles, and 

squares. Students have to review the topics of triangles and circles on their own. 

General properties of parallelograms 

A parallelogram is a quadrilateral with opposite 

sides parallel.  

A parallelogram (ABCD, fig.1) is formed if any 

two parallel lines KL and MN are intersected by two 

other parallel lines PQ and RS.  

Properties of sides and angles of a parallelogram 

In any parallelogram (ABCD, fig.2) opposite 

sides are equal and opposite angles are equal.  

Diagonal BD divides ABCD into two triangles 

��D and BCD, which are congruent (by ASA). Specif-

ically, BD is their common side, �1 = �4 and �2 = �3 

(as alternate interior angles). From equality of triangles 

���������������������������������������� �������������������

7 The material is taken from classical mathematics book: A.P. Kiselyov. Elementary 

geometry. Teacher’s book. – M. Prosvescheniye, 1996   

Figure 1�

Figure 2�
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it follows that AB = CD, AD = �� and �A= �C. Opposite angles B and D are 

equal as well, as they are sums of equal angles. 

Note.  Equality of opposite sides in a parallelogram is sometimes ex-

pressed in other words as follows: parallel line segments contained between 

parallel lines are equal.   

Consequence. Parallel lines (�� and CD) are always equidistant from 

one another.  

Actually, if from any two points M and N on line CD we drop perpendic-

ulars �� and NQ on line ��, these perpendiculars are parallel and consequently 

figure MNQP is a parallelogram; hence MP = NQ i.e. points M and N are equi-

distant from line ��. 

Characteristics of parallelograms 

If in a quadrilateral: 1) Two pairs of opposite sides are equal in length, 

or 2) One pair of opposite sides are parallel and equal in length, then such 

quadrilateral is a parallelogram. 

1. Given quadrilateral ���D (fig. 3) with sides AB=CD and BC=AD. Prove 

that this figure is a parallelogram, i.e. ��||CD and ��||�D.

After drawing a diagonal BD, we will have two 

triangles that are equal (SSS), since BD is their 

common side, ��=CD and BC=AD (by con-

dition). Therefore, �1 = �4 and �2 = �3 (an-

gles opposite to equal sides are equal); conse-

quently AB||CD and BC||AD (if alternate inte-

rior angles are equal, the lines are parallel). 
Figure 3

2. Given BC=AD and BC||AD in a quadrilateral ABCD (fig.4). Prove that 

ABCD is a parallelogram, i.e. AB||CD.

Triangles ABD and BCD are equal as BD is 

their common side, BC=AD (by condition) and 

�2 = �3 (as alternate interior angles). From 

equality of triangles it follows: �1 = �4, con-

sequently AB||CD.

Figure 4 
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Property of diagonals of a parallelogram 

In a parallelogram �BCD (fig.5) diago-

nals are bisected.  

Triangles ��� and AOD are equal, as      

BC = AD (as opposite parallelogram sides),         

�1 =�2 and �3 = �4 (as alternate interior an-

gles). From equality of triangles it follows: �� = 

= �� and OB = OD.

Figure 5

The center of symmetry 

The point of intersection of parallelogram diag-

onals is the center of symmetry of the parallelogram. 

Draw any line MN through this point (point O, fig.6). 

This line intersects the side BC at point Q and side AD 

at point P. Points P and Q are symmetric about point 

O, i.e. these two points are on opposites sides of point 

O and equidistant from it. The proof is based on the 

fact that triangles ��� and OCQ are congruent 

(ASA), as AO = �� (by property of parallelogram di-

agonals), the angles at the common vertex O are equal 

(as vertical) and �1 = �2 (as alternate interior angles). 

Therefore, �� = OQ. 

Figure 6

If in any figure there exists a point having specified property, then such 

point is called the center of symmetry of this figure: consequently, in the par-

allelogram the intersection of its diagonals is the center of symmetry.

If the figure having the center of symmetry is turned around this center 

by 180°, then the figure will coincide with itself, as any two symmetric points 

(i.e. P and Q, A and C) after such rotation will swap positions. Symmetry about 

the center is called central symmetry as opposed to the symmetry about a line 

is referred to as line (or reflection) symmetry. 

��
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Special cases of parallelograms: rectangle, rhombus and square  

A rectangle is a parallelogram with all right angles. Since rectangle is a 

parallelogram, it has all properties of a parallelogram; for example, its diago-

nals are bisected and the point of their intersection is the center of symmetry. 

However, a rectangle has its own specific properties which will be indicated in 

the following two theorems:

1. In a rectangle (ABCD, fig.7) diagonals 

are equal.

Proof: Right triangles ACD and ABD are 

congruent (SSS) as AD is their common side and 

AB = CD (as opposite sides of parallelogram). 

Therefore, AC = BD. Figure 7

2. A rectangle has two mutually perpen-

dicular lines of symmetry (it can be verified from 

studying fig.8).

Figure 8

A rhombus is a parallelogram with all equal sides. Of course, a rhombus 

has all properties of a parallelogram, but it has the following two specific prop-

erties: 

1. Diagonals of a rhombus (ABCD, fig.9) 

are mutually perpendicular and bisect rhombus 

angles. 

Triangles ��� and ��� are congruent 

(SSS), as �� is their common side, �� = BC (as 

all sides of a rhombus are equal) and AO = ��

(as the diagonals of any parallelogram are bi-

sected). Therefore, �1= �2, i.e. BD � AC and 

�3= �4, i.e. angle B is bisected by the diagonal. 

From equality of triangles ��� and COD we 

will see that �C is bisected by the diagonal, etc. 

Figure 9 
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2. Each diagonal of a rhombus is its axis of sym-

metry. 

Diagonal BD (fig.10) is the axis of sym-

metry of rhombus ABCD, as through reflection 

�ABD over line BD, it overlaps with �BCD. The 

same can be said about diagonal AC. 

A square can be defined in several ways: 

it is a parallelogram with all sides equal and all 

right angles; or it is a rectangle with all equal 

sides; and lastly, it is a rhombus with all right 

angles.
Figure 10 

Therefore, a square possesses all proper-

ties of a parallelogram, a rectangle, and a rhom-

bus. For example, a square has four lines of 

symmetry (fig.11): two, passing through the 

midpoints of opposite sides (same as a rectan-

gle), and two, passing through the vertices of 

the opposite angles (same as a rhombus). 
Figure 11 

Translation (slide) 

Consider an arbitrary figure F, for exam-

ple, a triangle (fig.12). Select two arbitrary 

points A and � on this figure. Imagine that figure 

F moves in the plane in the direction specified 

by the arrow in such way that points A and B (as 

well as the segment ��) slide along the line �	

passing through these points. Neither the shape 

of the figure F nor the size of it changes. Figure 12

Notice that during this motion all the points of figure F will be moving 

in the same direction along lines parallel to the stationary line (xy) along which 

sliding is carried out and furthermore these points will move the same distances.  
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Consider an arbitrary point C on the figure F and connect it with point �

(fig.13). Let segment �� move (by sliding along �	) to position A'B'. 

Then segment �� will move to 

some position �'�', and neither length of 

this segment, nor size of angle 	, formed 

by AC and �� will change. Consequently, 

in quadrilateral ��'�'� two opposite sides 

A'C' and AC will be equal and parallel, 

therefore this quadrilateral will be a paral-

lelogram by definition. Therefore, ��'= 

=��' and ��'||��'. Thus, any point C of 

figure F moves along the line, parallel to 

the line xy by the same distance equal to 

��'.

Figure 13 

Such motion of figure F when all its points move along the lines parallel 

to some stationary line is called translation (or slide). 

In translation of figure F any 

segment MN that belongs to figure F 

(Fig. 14) moves parallel to itself.  

Since MN is translated to M'N', 

quadrilateral MM'N'N will be a par-

allelogram, because ��' and NN' are 

parallel and equal; consequently, 

MN||M'N'.  Any segment that is par-

allel to the direction of translation 

(e.g. PQ), slides along itself during 

translation.  

Figure 14 
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Appendix 2. Modeling right angle activity 

Draw a straight line from a given point. This geometrical figure is called 

a ray. If you draw two rays from the same point, then these rays will enclose a 

part of the plane that form a geometrical figure called an angle. Therefore, an 

angle is a part of the plane bounded by two rays starting from the same point 

called the vertex of an angle. 

Children should be first introduced to the concept of an angle by learning 

about right angle. This section provides description of hands-on activity for 

modeling the right angle. Students get sheets of the paper different in size with 

uneven edges. In the middle of the sheet a point is drawn. The children should 

fold the paper so that the crease passes through this point. Then they fold the 

paper once again so that crease lines overlap. As a result of folding the crease 

lines form a right angle. Students can then compare their models by overlaying 

the paper in order to conclude that all right angles are equal to each other. The 

teacher can model the steps as she/he guides the students through the steps of 

the activity. 

In order to fully understand the results of this activity, it is necessary for 

children to have correct understanding of the magnitude of an angle. At this age 

it is sufficient to use the method of comparing the angles by overlaying them 

along with students’ notion of a ray.   

With the model of a right angle students can complete various exercises: 

they overlay this model on angles, notebooks, books and they see for them-

selves that these angles are right; they draw right angles on square grid and 

unruled paper. Students find right angles on various objects. It is necessary to 

draw right angles in various positions on plane. Teacher can provide loose-leaf 

paper with rays drawn on them and students are offered to draw rays to form 

right angles. Students draw them with the help of the model of a right angle and 

by means of a right triangle.

Students can also use GeoGebra program to draw right angles. They can 

verify equality of right angles by sliding them on top of each other. 
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Appendix 3. Instructional techniques for teaching mathematics 

# Instruc-

tional 

Technique

Description Examples

Setting up goals (motivation)

1 Element of 

surprise 

The teacher finds a different 

perspective on the topic that 

even ordinary becomes 

amazing 

We view the photos on which a half of a 

butterfly, a half of a snowflake, a half of a 

person, a half of a car , a half of an umbrella 

are shown. Children, can you say what ob-

jects are shown here? What is missing?  

2 Addition of 

a fantasy el-

ement 

A teacher adds fantasy char-

acter or event to real events 

Winnie the Pooh comes to the lesson with 

swollen left cheek, because he went to get 

some honey, and got stung by the bees. He 

asks children to figure out how to make his 

picture, that does not show swelling. Do 

you think you his face is symmetrical? Can 

it help? 

Explanation of the new material 

3 Connecting 

theory to 

practice 

The teacher introduces the-

ory through a practical task 

which is obviously useful. 

In order to introduce properties of the re-

flection symmetry, the teacher provides stu-

dents with paper, pencil and a mirror and 

asks them to observe reflection of a drawing 

in the mirror.  

4 Watching 

video seg-

ments on the 

topics being 

studied   

1. Without task 

2. With the task given be-

fore viewing 

3. With the task given after 

the viewing 

Presentation of video: symmetric architec-

tural structures, animals, birds, technical de-

vices, reflection in water, etc.  
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Elaboration of the new material

5 Peer review Students compile a series of 

questions about the material 

studied at the lesson. 

Students working in small groups exchange 

their questions with another group. 

  

6 Review with 

extension 

Students develop questions 

that extend acquired 

knowledge to new ideas  

We have studied the topic symmetry of a 

rectangle. What questions can you ask 

about a symmetric figure that is not a rec-

tangle to find out whether it is symmetric?  

7 Student ex-

amples 

Students prepare their own 

examples for the new mate-

rial.  

The class may be split into groups, each of 

them receives its own task, for example 

consider lines of symmetry for 

1 – triangles, 2 – quadrilaterals, 3 – circles 

8 Short story 

   

Develop a short story using 

the terms from the list as 

well as words and word 

combinations such as “be-

cause of”, “so”, “if… then”, 

then tell your story to the 

class.  

What have we learned today? 

What concepts were introduced to you? 

Prepare presentation about your exploration 

of the symmetry of the figure you were as-

signed.  

Homework

9 Integrating 

creativity 

Using creativity students 

elaborate learned material   

Create your own symmetric figures.  

Create incomplete picture for a partner to 

use symmetry and guess the image.  

Games

10 «Yes-no» 

game 

The teacher asks pupils to 

guess about a thing he 

meant. The pupils try to find 

answers asking questions. 

The teacher answers only 

“yes” or “no”.  

Teacher thinks of a symmetric figure. Stu-

dents ask questions about properties of a 

figure until they guess the figure. 
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11 “The third 

wheel” 

game 

In the set of different figures 

students identify one that 

does not fit.  

Problem: to identify the figure that does not 

fit into the set and explain the choice, or to 

create the task for peers by selecting the el-

ements of the set. 

Task: Put the figures that have line of sym-

metry into the first box, all the other figures 

put into the second box. Describe what fig-

ures got into the second box. 

Summative Assessment 

12 Chain ex-

planation 

Explanation of one student 

is interrupted by the teacher 

at any point and another stu-

dent is offered to continue 

explanation.  

  

13 Game show Assessment in the format of 

the game show 

Jeopardy with categories as figures, and 

questions about symmetry and properties, 

with scores corresponding to the complexity 

of the game. 

14 Presentation Individual or group presen-

tations of projects with 

demonstration of results 

Group project – exploration of symmetry in 

architecture, plants, animals. 

15 Logical se-

quence 

Students get set of phrases. 

They need to sequence them 

in logical order using cause-

effect relationship. Each 

previous phrase must be the 

cause for the next one. 

 Example of set of phrases (given in correct 

order here): 1. I drew a rectangle. 2. I found 

midpoints of opposites sides. 3. I drew a 

line through midpoints of opposite sides. 4. 

I folded paper along the line. 5. Parts of rec-

tangle overlapped exactly. 6. My line is line 

of symmetry for rectangle. 
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TECHNOLOGY APPLICATIONS 

Principles of effective use of technology  

in teaching and learning mathematics8

One of the strongest forces in the contemporary growth and evolution of 

mathematics and math teaching is the power of new technologies. In math, 

computers have fostered entirely new fields. In education, they’ve raised the 

importance of certain ideas, made some problems and topics more accessible, 

and provided new ways to represent and handle mathematical information, af-

fording choices about content and pedagogy that we’ve never had before. 

Not everything that can be done should be done. Student learning is af-

fected by a complex system: teachers, educational theories and beliefs, parents, 

curricula, students’ interests and aspirations, resources, cultural expectations, 

technology, and more. There is much to say about all of these considerations, 

but the impact of each cannot be fully understood except in relation to the oth-

ers. This is especially true of technology, which partially explains why there is 

no single, universally accepted view of the best use of technology in class-

rooms. Moreover, the right questions about technology are not broad ones about 

which hardware or software to use, but about how each works in a certain cur-

riculum, right down to its effect on how individual problems are posed to the 

���������������������������������������� �������������������

8 Based on Goldenberg, P. (2000). Thinking (and talking) about technology in math 

classrooms. In Issues in Mathematics Education. Education Development Center, Inc. Re-

trieved from: http://www2.edc.org/mcc/pdf/iss_tech.pdf. 
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student. Each of these is its own unique case to judge as effective and appro-

priate or not. It is the problems that are posed, not the technology with which 

they are attacked, that make all the difference. With computers, as with pencils, 

some problems are great and some are a waste of time. 

With technology, what changes is the pool of problems to choose among 

and the ways they can be presented. Some problems are too hard to be posed in 

a pencils-only classroom. Some lessons require students to experiment with 

certain mathematical objects and see how they respond. Some require visual 

representations — graphs, diagrams, geometric figures, moving images — that 

respond to students’ questions, answers, or commands. 

Per Goldenberg (2000), there are several principles of effective use of 

technology: 

1. Be aware of the different roles of technology - technology needs to be 

chosen to fulfill the classroom goals, right down to the particular needs 

of particular students. Use computers to teach higher-order thinking 

skills. Don't use computer "as flashcards". Merely adding technology as 

a motivational tool only could be irrelevant or even detrimental to student 

learning. 

2. The purpose of using technology should correspond to the purpose of the 

lesson. Allow technology to do "labor" while focusing on concepts. 

When focusing on procedures, use of technology might not be appropri-

ate. Technology should not be a distraction. 

3. Analyzing the process can be a natural route to understanding (rather than 

just memorizing) the main point. Technology that obscures the details 

and skips directly to the answer is no help. The nature of thinking asked 

of students should be supported and not shortcut by technology.  Tech-

nology should be used to help students think about a problem, analyze a 

process, generate a proof, etc. 
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4. Technology should help students develop ways of thinking (higher-order 

thinking) about the problem  - thinking that eventually becomes inde-

pendent of the technology. 

5. Students should be power users of technology, e.g. use it with confidence, 

understand its limits and capabilities, and have clear view of how they 

can use technology to solve challenging problems. 

Technology affords important and exciting new capabilities that expand 

the options for what and how we teach. Some of the newer curricula both es-

tablish a vision for the use of technology and provide re-sources that help teach-

ers gain power and fluency with these new classroom tools. What’s to be done? 

Keep change under control. Keep a clear vision of what is desired of the tech-

nology, responsive to but not governed by changes in what is possible with the 

technology. Think foremost about what you want for your children — the goals 

of the particular classroom, and the needs of each particular student — and after 

deciding on your goals, then assess whether the tools are bringing you closer or 

distracting you away. 

Elementary Geometry using GeoGebra

Emerging computer applications such as GeoGebra offer the opportunity 

to engage students at all grade levels in highly interactive, inquiry-based prob-

lem solving within the study of geometry and measurement while developing 

technological literacy. GeoGebra is free and multi-platform dynamic mathe-

matics software for all levels of education that joins geometry, algebra, tables, 

graphing, statistics and calculus in one easy-to-use package. It has received 

several educational software awards in Europe and the USA. 
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Quick Facts 

� Graphics, algebra and tables are connected and fully dynamic 

� Easy-to-use interface, yet many powerful features 

� Authoring tool to create interactive learning materials as web pages 

� Available in many languages for millions of users around the world 

� Free and open source software 

Online resources 

� Official GeoGebra Web Site (http://www.GeoGebra.org/) - learn more 

about GeoGebra and download GeoGebra here (free shareware)  

� GeoGebra YouTube Channel (https://www.youtube.com/GeoGebraChan-

nel) - video tutorials and examples of GeoGebra use in schools 

� GeoGebra Sharing Site (http://tube.GeoGebra.org/) - GeoGebra user share 

apps and lesson plans

Downloading and Installing GeoGebra on your computer or tablet 

Instructions for use with the computer: 

1. Start Google Chrome and go to offi-

cial GeoGebra website 

http://www.GeoGebra.org/. Click on 

Downloads. 
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2. Select one of the options available for 

Desktops: 

a. Chrome App – adds web app 

and does not require administra-

tive access to the computer, re-

quires access to internet when 

using the APP 

b. Windows, Mac OS X, or Linux 

– downloads software package 

that can be used locally 

Note: in this course we will use web app. 

Instructions for use with the tablet: 

1. Access Apple Store on iOS device or Play 

Store on Android device. 

2. Search for GeoGebra APP 

3. Download APP to your device. 

4. Alternatively, access official website, select 

downloads options and chose option GeoGebra 

for tablets. 



33 

Tutorials for the Basic GeoGebra Geometry Tools 

Some of the GeoGebra tools are intuitive and will be understandable 

even without much formal background in geometry. For these tools, there are 

tutorial files for students as indicated in the table below. The instructions for 

each tutorial are embedded within the GeoGebra (.ggb) file. Each such file en-

courages students to experiment with the tool being addressed. These activities 

are designed to take only a short amount of time, generally about 10-15 

minutes. In the classroom, these tutorials can be used by individual students or 

collectively at an interactive whiteboard. 

For other tools, especially in upper elementary grades, the tool itself rep-

resents a new concept, for example, the PARALLEL LINE tool or the PER-

PENDICULAR LINE tool. These tools are introduced within GeoGebra les-

sons that also introduce and teach the related concept. 

Basic GeoGebra Tools – Tutorial Files 

Download tutorial files to your computer. Then complete each tutorial 

following instructions provided in each file. 

tutorial_1_move_A.ggb  

tutorial_2_move_B.ggb 

MOVE 

A. Move complete objects like lines or 

polygons.  

B. Move points in a line or polygon, thus 

altering the line or polygon. 
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tutorial_3_point.ggb 

POINT 

Construct a point on the plane 

tutorial_4_line.ggb 

LINE  

Use any two points to define a line on the 

plane

tutorial_5_segment.ggb 

SEGMENT 

Use any two points to define a line seg-

ment on the plane 

tutorial_6_dis-

tance_length.ggb 

DISTANCE OR LENGTH 

Compute and display the distance be-

tween two points, the length of a line seg-

ment or the perimeter of a polygon 

tutorial_7_polygon.ggb 

POLYGON 

Construct polygons of any size and type 

tutorial_8_area.ggb 

AREA 

Compute and display the area of a poly-

gon or circle 

tutorial_9_text.ggb 

TEXT 

Create text box labels on the GeoGebra

page

tuto-

rial_10_move_graphics_view

.ggb 

MOVE GRAPHICS VIEW 

Move the display window to other loca-

tions on the overall GeoGebra page. 

tutorial_11_prac-

tice_with_all.ggb 

Use the basic construction tools to create 

geometric art. 
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GeoGebra Lessons for Elementary Geometry 

Introduction 

Each lab activity includes a student handout, essentially the lesson plan, 

and a related GeoGebra file. There are at least three basic strategies for inte-

grating GeoGebra into the teaching- learning process: 

a) Teachers use GeoGebra to create “dynamic worksheets” for individual in-

struction. GeoGebra provides teachers with a tool for creating personalized 

interactive instructional materials, so called dynamic worksheets, by export-

ing dynamic figures into web pages. 

b) Interactive GeoGebra-based presentations, whether in dynamic worksheet 

format or simply standard GeoGebra files, can be used for small or large 

group instruction via the interactive whiteboard technologies now found 

commonly in elementary schools. 

c) Students can be taught to use GeoGebra to make their own geometric con-

structions as they experiment and problem solve with concepts, procedures, 

and mathematics related to geometry. The various GeoGebra geometric con-

struction tools can themselves become instructional tools, for example, ex-

perimenting with the Parallel Line tool to discover the meaning of “parallel.” 

All of these strategies for using GeoGebra are represented in the range 

of geometry activities included in these materials. Though all can be useful 

depending upon specific learning objectives, if a primary goal is to develop 

students’ skills with the GeoGebra software that can be extended throughout 

middle and high school, then having elementary students not only interact 

with teacher- developed dynamic worksheets but use the basic GeoGebra 
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geometric construction and measurement tools to explore concepts and solve 

problems should be a priority. 

These materials use the methods and techniques that promote a philoso-

phy of learning geometry that centered on conceptual understanding through a 

pedagogy based on exploration and guided-inquiry through geometric con-

struction as opposed to learning mathematics as memorization without deep 

understanding. 

FRACTIONS AND AREA (4 LESSONS)  

1. Finding Halves – Rectangles 

Find as many ways as possible to divide a rectangle into halves.     

2. Finding Halves – Non-standard Shapes 

Divide miscellaneous, non-standard shapes into halves. 

3. Finding Thirds – Rectangles 

Find as many ways as possible to divide a rectangle into thirds. 

4. Finding Thirds – Non-standard Shapes 

Divide miscellaneous, non-standard shapes into thirds.  

1. Finding Halves - Rectangles 

Introduction and Background 

In this activity you will find a way to divide rectangles in half, but you 

might have to be creative! Remember, the halves of a rectangle don’t neces-

sarily have to look exactly alike (be congruent). 
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GeoGebra file: 1_finding_halves_rectangles.ggb 

The Challenge

• Use the SEGMENT tool and the MOVE (pointer) tool to 

experiment finding as many ways as you can to divide the 

rectangle into 2 equal pieces -- pieces having the same area. 

• Draw each solution on the rectangles on the GeoGebra

screen.   

Check Your Work

• Test: Each half should have the same area.  Use the GRID 

from TOGGLE STYLE BAR to make sure the areas are the 

same. 

• Test:  If we were to print and cut out your solution and cut 

it out along the line or lines you added, there should only be 

two pieces after cutting. 

• Test:  Each solution must be a new one.  If I can flip or ro-

tate a solution you already have and get the same diagram, 

then it is NOT a new solution. 

Do You Have More Solutions?

• If you can find more than these eight, then move down on 

the drawing pad, draw more rectangles of the same dimen-

sions, and show your additional solutions. 

Print and Discuss 

• When you have found all the ways you can to divide each 

polygon into halves, print the GeoGebra screen. 

• Find a partner who is also finished and compare your line 

segments. 

• Do you agree with each other? Did you find different solu-

tions?
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2. Finding Halves – Non-Standard Shapes 
�

Introduction and Background 

In this activity you will find a way to divide some polygons in half, but 

you might have to be creative! Remember, the halves of a polygon don’t nec-

essarily have to look exactly alike (be congruent).

GeoGebra file: 2_finding_halves.ggb 

The Challenge

• Use the SEGMENT tool to construct a line segment that divides 

each polygon into equal halves. 

• Is there more than one way to do this? 

• If possible, use another line segment to divide the polygon in an-

other way. 

Print and discuss 

• When you have found all the ways you can to divide each poly-

gon into halves, print the GeoGebra screen. 

• Find a partner who is also finished and compare your line seg-

ments. 

• Do you agree with each other?   

• If you see a line segment that you think does not really divide the 

polygon into halves, fair shares, and then discuss why you feel 

that way. 

3. Finding Thirds – Rectangles 

Introduction and Background 

In this activity you will find a way to divide rectangles into thirds, but 

you might have to be creative! Remember, the thirds of a rectangle don’t nec-

essarily have to look exactly alike (be congruent).
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GeoGebra file: 3_finding_thirds_rectangles.ggb 

The Challenge

• Use the SEGMENT tool and the MOVE (pointer) tool to experi-

ment finding as many ways as you can to divide the rectangle 

into 3 equal pieces -- pieces having the same area.

• Draw each solution on the rectangles on the GeoGebra screen.   

Check Your Work

• Test: Each third should have the same area.  Use the GRID from 

TOGGLE STYLE BAR to make sure the areas are the same. 

• Test:  If we were to print and cut out your solution and cut it out 

along the line or lines you added, there should only be three 

pieces after cutting. 

• Test:  Each solution must be a new one.  If I can flip or rotate a 

solution you already have and get the same diagram, then it is 

NOT a new solution. 

Do You Have More Solutions?

• If you can find more than these six, then move down on the 

drawing pad, draw more rectangles of the same dimensions, and 

show your additional solutions. 

Print and Discuss 

• When you have found all the ways you can to divide each poly-

gon into thirds, print the GeoGebra screen. 

• Find a partner who is also finished and compare your line seg-

ments. 

• Do you agree with each other?  Did you find different solutions? 
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4. Finding Thirds – Non-Standard Shapes 

Introduction and Background 

In this activity you will find a way to divide some polygons into thirds, 

but you might have to be creative! Remember, the thirds of a polygon don’t 

necessarily have to look exactly alike (be congruent). 

GeoGebra file: 4_finding_thirds.ggb 

The Challenge

• Use the SEGMENT tool to construct a line segment that divides 

each polygon into thirds. 

• Is there more than one way to do this? 

• If possible, use another line segment to divide the polygon in an-

other way. 

Print and Discuss 

• When you have found all the ways you can to divide each poly-

gon into thirds, print the GeoGebra screen. 

• Find a partner who is also finished and compare your line seg-

ments. 

• Do you agree with each other?   

• If you see a line segment that you think does not really divide the 

polygon into fourths, four fair shares, and then discuss why you 

feel that way. 

QUADRILATERALS (2 LESSONS) 

1. Classifying Quadrilaterals 

Sort various quadrilaterals as rectangles, squares, and rhombuses. In-

cludes non-quadrilaterals. 

2. Art from Quadrilaterals 

Create a design using five different quadrilaterals.  
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1. Classifying Quadrilaterals 

GeoGebra file: 1_classify_quadrilaterals.ggb 

Sort

• Use the MOVE tool to sort the polygons by dragging them into 

the correct containers. 

Construct 

• In the space to the left of the now filled containers, use the POL-

YGON tool to construct new shapes that could go into each of 

the containers: 

a. One rectangle 

b. One square 

c. One  rhombus 

d. One other quadrilateral that is not a rectangle, square, or 

rhombus 

e. One polygon that is not a quadrilateral 

• Do not drag these new shapes into the containers.   Instead, use 

the TEXT tool to label each new shape with its name: 

a. Rectangle 

b. Square 

c. Rhombus 

d. Other quadrilateral 

e. Non-quadrilateral 

Print and Discuss 

• When you have finished your constructions and labeling, print 

the GeoGebra page. 

• Find a partner who has also finished and printed.  
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• Compare your sorting.  Do you agree on all the polygons?  If not, 

discuss how you decided which container the disputed polygon 

belonged in. 

• Examine each other’s constructed polygons.  See if you agree 

that they are labeled correctly. 

2. Art from Quadrilaterals 

Some artists like Piet Mondrian used a great deal of geometry in their 

art, especially quadrilaterals. 

GeoGebra file: 2_art_quadrilaterals.ggb 

The design on the GeoGebra page 

was constructed using various quad-

rilaterals. 

Clear the Workspace 

• Use the EDIT menu to SELECT ALL.  Then use the DELETE 

key on the keyboard to clear the GeoGebra page. 
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Create 

• Use the polygon tool to create a design that includes at least one 

of each of the following: 

a. Parallelogram 

b. Rectangle 

c. Square 

d. Rhombus 

e. Trapezoid 

• It may be easier to design with the GRID turned on, but turn if 

off if you decide to print your design. 

• Once you have selected the POLYGON tool, notice that you can 

select a color and color intensity for your polygons before con-

structing them.

PARALLEL AND PERPENDICULAR LINES AND LINE SEGMENTS 

(2 LESSONS) 

�� The Parallel Line Tool – Just What Does It Do? 

Students use the GeoGebra Parallel Line tool to discover through exper-

imentation and observation the meaning of "parallel". 

�� The Perpendicular Line Tool – Just What Does It Do?

Students use the GeoGebra Perpendicular Line tool to discover through 

experimentation and observation the meaning of "perpendicular". 
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1. The Parallel Line Tool – Just What Does It Do? 

GeoGebra file: 1_discover_parallel.ggb 

Construct 

• One the GeoGebra page you will see four geometric objects: 

a. Point A 

b. Point B 

c. Point C 

d. Line BC 

• On the Tool Bar there is a PARALLEL LINE tool. 

• Click on the PARALLEL LINE tool to select it.  Notice the in-

structions for this GeoGebra tool: 

• Click first on Point A and then click on Line BC.  This will cre-

ate a new, parallel line.   

• But just what is a parallel line? 

Experiment 

• Use the MOVE tool to experiment by moving Points A, B, or C. 

Move the two lines as well. Make observations. 

• If needed, use the ZOOM IN or ZOOM OUT tool to change your 

view. 
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New Construction 

• Use the DELETE OBJECT eraser tool to click on the points and 

lines on the GeoGebra page and delete them. 

• Now use the POINT tool, the LINE tool, and the PARALLEL 

LINE tool to create your own parallel lines and again experiment 

by moving points or lines

Conclusions 

• So just what is a parallel line?  Write your conclusions below: 

2. The Perpendicular Line Tool – Just What Does It Do?

GeoGebra file: 2_discover_perpendicular.ggb 

 Construct 

• One the GeoGebra page you will see four geometric objects: 

a. Point A 

b. Point B 

c. Point C 

d. Line BC 

• On the Tool Bar there is a PERPENDICULAR LINE tool.

Click on the PERPENDICULAR LINE tool to select it.  Notice 

the instructions for this GeoGebra tool: 
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• Click first on Point A and then click on Line BC.  This will cre-

ate a new, perpendicular line.   

• But just what is a “perpendicular line?” 

Experiment 

• Use the MOVE tool to experiment by moving Points A, B, or C. 

Move the two lines as well. Make observations. 

• If needed, use the ZOOM IN or ZOOM OUT tool to change your 

view.

New Construction 

• Use the DELETE OBJECT eraser tool to click on the points and 

lines on the GeoGebra page and delete them. 

• Now use the NEW POINT tool, the LINE THROUGH TWO 

POINTS tool, and the PERPENDICULAR LINE tool to create 

your own perpendicular lines and again experiment by moving 

points or lines. 

Conclusions 

• So just what is a perpendicular line?  Write your conclusions 

below: 



47 

CLASSIFY 2D FIGURES USING PARALLEL AND PERPENDICULAR 

(2 LESSONS)  

1. Constructing Parallelograms 

Construction challenge highlights parallel lines as attribute of some 

quadrilaterals. 

2. Constructing Rectangles 

Construction challenge highlights perpendicular lines as attribute of 

some quadrilaterals. 

1. Constructing Parallelograms 

Background 

How do you know if a certain shape can be called “a paral-

lelogram?” 

What makes a shape a parallelogram? 

This activity will explore one attribute of parallelograms. 

Construction Challenge 

• On the GeoGebra page there are two lines constructed:  Line EB

and Line BC. 

• Using only the PARALLEL LINE tool, can you construct a paral-

lelogram by adding to Line EB and Line BC? 
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Experiment and Conclude 

• Once you have constructed your parallelogram, use the MOVE 

(pointer) tool to drag Points E, B, and C to different locations on 

the grid.  

• Based on this construction, define parallelogram using the con-

cept parallel lines: 

o A parallelogram is a shape that… 

• What other common shapes can you make by manipulating your 

parallelogram? 

• Can you make a rectangle?  A rectangle is just a special type of 

parallelogram. 

• Can you make a square?  A square is just a special type of rectan-

gle. 

2. Constructing Rectangles 

Background 

How do you know if a certain shape can be called “a rec-

tangle?” 

What makes a shape a rectangle? 

This activity will explore one attribute of rectangles. 

Construction Challenge 

• On the GeoGebra page there is the Line AB.

• Using only the PERPENDICULAR LINE tool, can you construct 

a rectangle by adding to Line AB?
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Experiment and Conclude 

• Once you have constructed your rectangle, use the MOVE 

(pointer) tool to drag points and manipulate your rectangle. 

• Based on this construction, define rectangle using the concept of 

perpendicular lines: 

o A rectangle is a quadrilateral that… 

• Can you make a square?  A square is just a special type of rectan-

gle. 

• Since you constructed your rectangle and square with perpendic-

ular lines, what can you say about the angles inside the rectangle 

or square? 

SYMMETRY (7 LESSONS) 

1. Reflections 

Students develop concept of symmetry 

2. Find the Symmetry 

Construct a line of symmetry for given shapes 

3. Symmetry in Nature 

Find symmetry in natural objects 

4. Symmetry Challenges 

Student is challenged to construct shapes that meet criteria with regard 

to symmetry 

5. Folded Art from Symmetry 

Simulation of folding/cutting paper to create design based on symmetry 

6. Create Symmetry Challenge – One Line of Symmetry 

Students construct mystery shape given line of symmetry and piece of 

the missing shape (5 tasks) 
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7. Create Symmetry Challenge – Two Lines of Symmetry 

Students construct mystery shape given lines of symmetry and piece of 

the missing shape (3 tasks) 

1. Reflections 

GeogGebra file: 1_define_symmetry.ggb 

Background 

• Using the MOVE (pointer) tool, click on CLICK TO SEE LINE 

SEGMENTS checkbox. 

• Imagine what design would be created if you could make an ex-

act copy of each shape and then fold it over along the dotted or-

ange lines.  Another way to think about this process is to imagine 

a reflection of each shape in a mirror located along the dotted or-

ange line. 

• GeoGebra will do this reflecting for you. 

Construct Reflections 

• Select the REFLECT ABOUT LINE tool. 

• To use this tool, first click on the red shape then click carefully 

on the dotted orange line segment touching the red shape.  

• Using the MOVE (pointer) tool, click the checkbox to turn off

the dotted orange line segments.  Now you can see your new red 

shape created by reflecting the original red shape along the line 

segment. 

• Using the MOVE (pointer) tool, click on the checkbox again to

turn on the line segments again. 
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• Now use the REFLECT ABOUT LINE tool to reflect the re-

maining five shapes.  Before you do each, try to imagine what 

the resulting shape will look like. 

Where’s the Geometry? 

• Using the MOVE (pointer) tool, click the checkbox to turn off

the dotted orange line segments.  Now you can see all your new 

shapes created by reflecting along the line segment. 

• Each of these new shapes has a characteristic that geometers call 

symmetry. 

• Using the MOVE (pointer) tool, click on the checkbox again to

turn on the line segments again. 

• The dotted orange line segments are called the line of symmetry

of each new shape. 

2. Find the Symmetry 

GeoGebra file: 2_find_single_line_symmetry.ggb 

Construct Lines of Symmetry 

• Each of these shapes has a single line of symmetry.

• Use the SEGMENT tool to construct your best estimate of where 

that line of symmetry is for shape. 

  

For example:        becomes…
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Check Your Work 

• When you have finished constructing all six lines of symmetry, 

use the MOVE (pointer) tool to click the checkboxes to check 

your answer. 

Background 

Symmetry is not just a concept found in the study of geometry.  Sym-

metry is often found in the natural world. 

GeoGebra file: 3_symmetry_nature.ggb 

Find Lines of Symmetry 

• Examine each picture.  Try to discover symmetry in the natural 

object presented. 

• Use the SEGMENT tool to construct a line of symmetry for each 

object from nature. 

Test Your Ideas 

• Using the MOVE (pointer) tool, click on the checkbox.  This will 

display the actual lines of symmetry.  

GeoGebra file: 4_symmetry_challenges.ggb 

• Use either the POLYGON tool or the SEGMENT tool to com-

plete your constructions for these challenges. 
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Challenge 1 

• Construct a shape with exactly one line of symmetry. 

• Label the line of symmetry using the SEGMENT tool. 

Challenge 2 

• Construct a shape with exactly two lines of symmetry. 

• Label the lines of symmetry using the SEGMENT tool.

Challenge 3 

• Construct a shape with no lines of symmetry.

Challenge 4 

• Construct a shape with more than two lines of symmetry. 

• Label the lines of symmetry using the SEGMENT tool.

Follow-up 

• Print your GeoGebra sketches and compare your constructions 

with a partner’s constructions.  Check each other’s work for 

correctness.
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These images are examples of designs created from symmetry.  If you 

have ever made a folded paper snowflake, then you have created a design using 

symmetry. 

GeoGebra file: 5_folded_art_from_symmetry.ggb 

Create 

• When you open the GeoGebra file, you will see a piece of paper 

folded twice. 

• Use the MOVE tool to unfold the paper using the slider at the top 

of the page: 

• Now use the slider to refold the paper into a small square. 

• Use the MOVE tool to grab and drag the six red points to “cut” a 

new shape in the paper.   

• Try to imagine what your design will look like when you unfold 

the paper.  

• Now use the slider to unfold the paper and see your symmetrical 

design. 

• Experiment with different “cuts.”  If you create a design you es-

pecially like, then print it. 

GeoGebra files: 6_create_symmetry_challenge.ggb (total of 5 files, la-

beled 6a – 6e) 

Background

• On each of the GeoGebra page there are two objects: 

1. A line of symmetry 

2. Half of a symmetrical shape 
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Challenge 

• Given the line of symmetry and half of the shape as clues, create 

the missing half of the shape. 

Suggestions 

• Use the POINT tool and the SEGMENT tool to construct the 

missing half of the symmetrical shape. 

Hint:  This challenge is much easier if you turn on the GRID before 

beginning. 

Check Your Construction 

• After you have completed your construction, check your solution 

using the REFLECT ABOUT LINE tool.  After selecting this 

tool, just click on the original shape and then click on the line of 

symmetry. The REFLECT ABOUT LINE tool will create the 

missing half of the overall shape.   

• Check to see if your construction is indeed the missing half of 

the symmetrical shape. 

GeoGebra files: 7_create_symmetry_challenge.ggb (total of 3 files, la-

beled 7a – 7c) 

 Background 

• On each of the GeoGebra page there are two objects: 

1. Two lines of symmetry (dashed red) 

2. One fourth of a mystery symmetrical shape 

 Challenge 

• Given the lines of symmetry and of the given shape as clues, 

create the mystery symmetrical shape.   

• In other words, construct the other ¾ of the mystery shape. 
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Suggestions 

• Use the POINT tool and the SEGMENT tool to construct the 

missing fourths of the mystery symmetrical shape. 

Hint:  This challenge is much easier if you turn on the GRID before 

beginning. 

Check Your Construction 

• After you have completed your construction, check your solu-

tion using the REFLECT ABOUT LINE tool.  After selecting 

this tool, just click on the original shape and then click on the 

line of symmetry.  The REFLECT ABOUT LINE tool will cre-

ate a missing piece of the overall shape.   

• Repeat this process until you have created an image of the entire 

symmetrical shape. 

• Check to see if your construction is indeed the missing part of 

the symmetrical shape. 

CLASSIFY 2D FIGURES (1 LESSON)  

Regular polygons 

Construct regular polygons, learn their names, and discover the definition of 

regular polygon 
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Background 

• One of the GeoGebra geometric construction tools is the REGU-

LAR POLYGON tool. In this activity, you will use this tool to 

discover what geometers mean by a regular polygon. 

Construct a Regular Polygon with 3 Sides 

• Select the REGULAR POLYGON tool. 

• Notice the instructions in the menu bar:   

• Select a starting point near the top of the page and click.  Select a 

second point and click.  Now you will be asked to enter the num-

ber of sides for your polygon: 

• Change the 4 to a 3 and click OK. 

• You can use the MOVE tool to drag any vertex of the polygon, 

changing its size or orientation.

• Select the ANGLE tool and click on the center of your polygon 

to label the size of all of the interior angles, the angles inside the 

polygon. 

• Select the DISTANCE OR LENGTH tool and label the lengths 

of all of the sides of your polygon. 

• Finally, click on the “3” checkbox to see the name of this poly-

gon that you have constructed. 
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Add to the Data Table 

• Complete the row in the data table for a 3-sided regular polygon. 

• Then delete your polygon and create the next regular polygon in 

the table.  Fill in that row in the table. 

�

Data Table 

Number of Sides Name 
Size of Interior 

Angles 
Length of Sides 

3   

4   

5   

6   

7   

8   

9   

10   

Conclusions 

• Having completed the table, how would you define a regular

polygon? 
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Lesson Plan Template 

Instructions: download this lesson plan template and complete each sec-

tion of the lesson plan template providing details necessary to better under-

stand the flow of your lesson and how you and your students use GeoGebra.  

Student Name: Lesson Title/Topic:

Subject Area: Grade Level: Number 

of students:

Type of classroom (general education, ICT, 

self-contained, etc.): 

Time Allotment:

Description of Lesson (include grouping of students): 

Write a brief, yet concise, description of what occurs in this lesson. Explain how students 

will use GeoGebra and how students will be grouped when working with GeoGebra.

State Curriculum Standards met in this lesson:

Go to the NY state curriculum standards and select the grade content/level appropriate 

standards that are being met in this lesson. Copy and paste here, including standard 

code. 



60 

Instructional Objective(s):

Write the instructional objectives (learning outcomes) that the student should meet in this 

lesson. Start each objective from a new line.

Materials, Resources and Technology:

List the materials, resources and technology required for the lesson. You should also in-

clude a reference to at least one reputable printed or on-line resource used for subject 

knowledge presentation in the lesson (this could be a textbook for a given grade and sub-

ject, curriculum on-line resource, etc.). If students will be using websites, include name 

that could be used for bookmarking and valid URL address for each website. 

Teacher Preparation:

Explain (use the numbering tool) each task that the teacher has to complete to get ready 

for the lesson after this lesson plan has been created, including activities such as gather 

materials, bookmark websites, make copies, schedule labs, gather parent permissions (for 

fieldtrips), etc. List each task separately.

Student Participation:

Explain how the students are actively involved during the lesson. Explain how the stu-

dents move through the lesson and complete the tasks required of them. Make sure to pro-

vide a brief description of each part of the lesson (In a formal lesson plan, this would be a 

step by step guide to the instructional procedures that occur during the lesson. In this for-

mat this section should be in a narrative consisting of 2-3 paragraphs, complete, but con-

cise.) The main emphasis on this section is on tasks that students complete with GeoGe-

bra. This description on its own should be sufficient to evaluate the use of technology in 

the lesson against the principles of the effective use of GeoGebra.
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Assessment/Evaluation:

Describe the evaluation process (both formative and summative) that you will use to 

measure whether the students have successfully achieved the instructional objectives. 

What are the criteria for achievement, and performance level? How will you assess what 

students have learned? The criteria should directly align to the instructional objectives 

and standards. How will you monitor student progress? Also describe your plan for 

providing feedback to your students.

In addition to this template you will provide two separate files: student 

activity handout for the use with GeoGebra and GeoGebra file. Accompanying 

student activity handout will give the students instructions on using technology 

to complete the activity’s tasks. In addition to the tasks, the directions for stu-

dents to follow should include the questions that students are to answer to com-

plete the objectives of the lesson. The handout should be attractive and neat, 

include title, introduction and learning goals for students, and place for student 

name and the date. The use of a related graphic for technology instructions is 

required. Refer to GeoGebra Lessons for Elementary Geometry for example of 

student activity handout and corresponding GeoGebra file (if applicable). 
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CONCLUSIONS 

Dynamic Geometry software such as GeoGebra has been widely adopted 

in the last 20 years and a vast amount of creativity has been brought to bear on 

applying it to the educational process.  Wide exposure of dynamic geometry 

software to millions of creative minds, both teachers and students, has resulted 

in a plethora of pedagogic uses for the tool in school. Recently these tools found 

their way to the elementary schools.  

In this student teaching manual we introduced instructional strategies for 

using GeoGebra in teaching elementary geometry, specifically using topics of 

symmetry and properties of geometric figures. We suggest the readers to ex-

pand these ideas to other topics in the elementary geometry curriculum. 
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