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l_ogbq_kdbo�ki_pbZevghkl_c�\mah\��Ho\Zlu\Z_l�jZa^_eu��ebg_cgZy�b�\_dlhjgZy�Ze]_[�

jZ��ZgZeblbq_kdZy�]_hf_ljby��\\_^_gb_�\�ZgZeba��JZkkfhlj_gu�hkgh\gu_�ijb_fu�j_r_�

gby�lbih\uo�aZ^Zq��ij_^eZ]Zxsboky�mqZsbfky�\�I�k_f_klj_� 
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Be������;b[ebh]j�����gZa\�� 
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IJ?>BKEH<B? 
 

>Zggh_�ihkh[b_�hljZ`Z_l�hiul�jZ[hlu�dZn_^ju�\ukr_c�fZl_fZlbdb�

<e=M�kh�klm^_glZfb�aZhqghc�nhjfu�h[mq_gby��Ij_^eZ]Z_fZy�kbkl_fZ�\u�

iheg_gby�k_f_kljh\uo�dhgljhevguo�jZ[hl��k�ihke_^mxs_c�bo�aZsblhc�\h�

\j_fy�k_kkbb��mki_rgh�bkihevam_lky�gZqbgZy�k� ����-���mq_[gh]h� ]h^Z��<�
l_q_gb_� k_f_kljZ� klm^_glu� \uihegyxl� ljb� dhgljhevguo� jZ[hlu�� AZsblZ�

ijh\h^blky�\�nhjf_�kh[_k_^h\Zgby� 
FZl_jbZe��ihkh[by�khhl\_lkl\m_l�ijh]jZff_��-]h�k_f_kljZ�ih�dmjkm�

\ukr_c� fZl_fZlbdb� ^ey� klm^_glh\� bg`_g_jgh-l_ogbq_kdbo� ki_pbZevgh�
kl_c��<�[jhrxjm�\dexq_gu�lbih\u_�aZ^Zqb�b�f_lh^u�bo�j_r_gby� 

H[hagZq_gby�b�l_jfbgheh]by��bkihevam_fu_�\�ihkh[bb��jZ\gh�dZd�b�

kZfb�baeZ]Z_fu_�f_lh^u��� y\eyxlky�h[s_mihlj_[bl_evgufb�b�g_�gm`^Z�

xlky�\�ki_pbZevguo�ihykg_gbyo��Hlf_lbf��h^gZdh��qlh�ihkh[b_�gb�\�dh_c�

f_j_�g_�ijba\Zgh� aZf_gblv�[he__�ih^jh[gu_� �beb�h[sb_�� dmjku� \ukr_c�

fZl_fZlbdb��baeh`_ggu_�\�deZkkbq_kdbo�mq_[gbdZo�b�fhgh]jZnbyo��JZ[hlZ�

k�gbf�ij_^iheZ]Z_l�ij_^\Zjbl_evgh_�b�iZjZee_evgh_�bamq_gb_�khhl\_lkl�

\mxsbo�jZa^_eh\�dmjkZ�fZl_fZlbdb�ih�\ur_mdZaZgguf�dgb]Zf� 
<� jZkkfhlj_gguo� ijbf_jZo� k^_eZgZ� ihiuldZ� ho\Zlblv� dZd� fh`gh�

[he__�rbjhdbc�djm]�\hijhkh\��k\yaZgguo�k�l_fhc�dZ`^hc�aZ^Zqb��Ih^jh[�

gu_�h[tykg_gby�d�j_r_gbyf�gZijZ\e_gu�gZ�nhjfbjh\Zgb_�m�h[mqZxs_]h�

ky�gZmqgh]h�klbey�baeh`_gby��mf_gby�\ujZablv�k\hx�fukev��:\lhju�lZd`_�

khqeb�p_e_khh[jZaguf�Zdp_glbjh\Zlv�hkh[h_�\gbfZgb_�gZ�ijh\_jd_�ihem�

qZ_fuo�ijb�j_r_gbb�j_amevlZlh\� �\�g_dhlhjuo�kemqZyo� -�^Z`_�bkihevamy�
ijb[eb`_ggu_�\uqbke_gby��b�bo� khhl\_lkl\bb� lsZl_evgh� k^_eZgguf�jb�

kmgdZf� 
<� aZdexq_gb_� aZf_lbf�� qlh�ihkh[b_�fh`_l� [ulv�bkihevah\Zgh�ijb�

ih^]hlh\d_�lbih\uo�jZkq_lh\�klm^_glZfb�hqghc�nhjfu�h[mq_gby�� 
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DHGLJHEVG:Y�J:;HL:�� 1. 
WE?F?GLU�EBG?CGHC�B�<?DLHJGHC�:E=?;JU 

 

AZ^ZqZ���� 
 

>ZgZ�kbkl_fZ�ebg_cguo�mjZ\g_gbc� 
7x + 2y + 3z = 15, 
5x – 3y + 2z = 15, 

10x – 11y + 5z =36. 

>hdZaZlv�__�kh\f_klghklv�b�j_rblv�^\mfy�kihkh[Zfb� 
1) f_lh^hf�DjZf_jZ� 
2) kj_^kl\Zfb�fZljbqgh]h�bkqbke_gby� 
K^_eZlv�ijh\_jdm� 
 
J_r_gb_ 
Ijb�bkke_^h\Zgbb�kbkl_fu�gZ�kh\f_klghklv�\hkihevam_fky�l_hj_fhc�

Djhf_d_jZ-DZii_eb��ebg_cgZy�kbkl_fZ�kh\f_klgZ�lh]^Z�b�lhevdh�lh]^Z��dh�
]^Z� jZg]�fZljbpu� kbkl_fu� jZ\_g� jZg]m� jZkrbj_gghc�fZljbpu��<� gZr_f�

kemqZ_�fZljbpZ�e_\hc�qZklb�kbkl_fu�bf__l�\b^� 

>ey� hij_^_e_gby� __� jZg]Z� ij_h[jZam_f� __�� ihemqZy� wd\b\Ze_glgu_�

fZljbpu��k�ihfhsvx�dhf[bgbjh\Zgby�b�i_j_klZgh\hd�kljhd��klj_fykv�ih�

emqblv�^bZ]hgZevgmx�fZljbpm�k�gmeyfb�ih^�]eZ\ghc�^bZ]hgZevx�� 
















−
−

∼
















−−
−
−

∼















−
−

∼
















−
−

3600

150

235

1310

150

235

327

51110

235

51110

235

327

  

Hlkx^Z�ykgh��qlh�_^bgkl\_gguc�fbghj��-]h�ihjy^dZ��dhlhjuc�bf__l�
wlZ�fZljbpZ��hlebq_g�hl�gmey��Ke_^h\Zl_evgh��__�jZg]�jZ\_g�lj_f� 

Ijbf_gyy�ZgZeh]bqgu_�ij_h[jZah\Zgby�d�jZkrbj_gghc�fZljbp_�kbk�

l_fu��k�mq_lhf�klhe[pZ�ijZ\hc�qZklb���ihemqbf� 

⋅
















−
−=

51110

235

327

A

( ) ⋅















−
−

∼
















−−
−
−

∼















−
−

∼
















−
−=

36

6

15

3600

150

235

30

6

15

1310

150

235

15

36

15

327

51110

235

 

36

15

15

51110

235

327

BA
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A^_kv�lZd`_�ihgylgh��qlh�\�dZq_kl\_�[Zabkgh]h�fbghjZ�fh`gh�\aylv�

lhl�`_��qlh�b�\�ij_^u^ms_f�kemqZ_� 

,0

3600

150

235

≠−
−

 

l�_�� b� a^_kv� jZg]� hdZau\Z_lky� jZ\guf� lj_f�� LZdbf� h[jZahf��

( ) 3rangrang == BAA ��Ke_^h\Zl_evgh��kbkl_fZ�kh\f_klgZ� �b�bf__l�_^bgkl\_g�

gh_�j_r_gb_�� 

L_i_jv�j_rZ_f�kbkl_fm�kh]eZkgh�ijZ\bem�DjZf_jZ��<uqbkey_f�]eZ\�

guc�b�\kihfh]Zl_evgu_�hij_^_ebl_eb�kbkl_fu�kihkh[hf�KZjjxkZ� 

( ) ( ) ( ) ( ) 2551127103310221153537

51110

235

327

⋅⋅−−⋅⋅−⋅−⋅−⋅⋅+−⋅⋅+⋅−⋅=
−
−==∆ A  

= −36. :gZeh]bqgh 

 36

361110

1535

1527

36

53610

2155

3157

72

51110

235

3215

;; −=
−
−=∆−==∆−=

−
−=∆ ZYX . 

Hlkx^Z�gZoh^bf� 1z  ,1y   ,2 =
∆
∆=−=

∆
∆==

∆
∆= zyx

x . 

Ijb� j_r_gbb� kbkl_fu� kj_^kl\Zfb� fZljbqgh]h� bkqbke_gby� h[hagZ�

qbf�q_j_a�X�fZljbpm-klhe[_p�g_ba\_klguo�x, y, z.  

Lh]^Z�e_\mx�qZklv�kbkl_fu�fh`gh�aZibkZlv�\�\b^_�ijhba\_^_gby� 

XA

z

y

x

zyx

zyx

zyx

⋅=















⋅

















−
−=

















+−
+−
++

51110

235

327

51110

235

327

, 

Z�\kx�kbkl_fm�–�\�\b^_� BXA =⋅ ��]^_�















=

36

15

15

B  -�klhe[_p�ijZ\hc�qZklb��Ih�

kdhevdm� 0≠=∆ A �kf��\ur_���lh�fZljbpZ�A�bf__l�h[jZlgmx�A-1��Mfgh`b\�gZ�

g__�h[_�qZklb�jZ\_gkl\Z�A⋅ X = B� ��ihemqbf��A-1 ⋅ A⋅ X = A-1 ⋅B� ��gh�A-1 ⋅ A = E 

�_^bgbqgZy�fZljbpZ���Z�E⋅ X = X��ihwlhfm�X = A-1 ⋅ B −�fZljbqgZy�nhjfZ�aZib�

kb�j_r_gby�^Zgghc�kbkl_fu� 
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Qlh[u�\hkihevah\Zlvky�_x��gZc^_f�y\guc�\b^�h[jZlghc�fZljbpu�A-1: 

,
11- ∨⋅= A
A

A ]^_� ∨A −� ijbkh_^bg_ggZy� fZljbpZ�� hij_^_ey_fZy� ih� nhjfme_�

,

332313

322212

312111
















=∨

AAA

AAA

AAA

A  Aij -�Ze]_[jZbq_kdb_�^hiheg_gby�we_f_glh\�aij�fZljbpu�

dhwnnbpb_glh\�A��<uqbkebf�bo� 

( ) ( ) ( ) ;25
1110

35
1;5

510

25
1;7

511

23
1 22

13
21

12
11

11 −=
−
−

⋅−=−=⋅−==
−
−

⋅−= +++ AAA  

( ) ( ) ( ) ;97
1110

27
1;5

510

37
1;43

511

32
1 32

23
22

22
12

21 =
−

⋅−==⋅−=−=
−

⋅−= +++ AAA  

( ) ( ) ( ) .31
35

27
1;1

215

37
1;13

23

32
1 33

33
23

32
13

31 −=
−

⋅−==⋅−==
−

⋅−= +++ AAA  

L_i_jv�ihkljhbf� .

319725

155

13437

















−−
−

−
=∨A  

>Ze__��ihkdhevdm�A = -36��lh�ih�nhjfme_�X = A-1⋅B�ihemqZ_f� 

,

1

1

2

36

36

72

36

1

11161455375

367575

468645105

36

1

36

15

15

319725

155

13437

36

1
















−=

















−

−
−=

















−+−
++−
+−

−=















⋅

















−−
−

−
−=
















=

z

y

x

X

l�_�� .1,1,2 =−== zyx  

Ijh\_jdZ:               7⋅2 + 2⋅(−1) + 3⋅1 = 15 

5⋅2 − 3⋅(−1) + 2⋅1 = 15 

10⋅2 – 11⋅(−1) + 5⋅1 = 36. 

Ih^klZgh\dZ�gZc^_gguo�agZq_gbc�g_ba\_klguo�x, y, z�\�bkoh^gu_�mjZ\g_gby�

kbkl_fu�ih^l\_j`^Z_l�bo�bklbgghklv� 
Hl\_l: x = 2, y = −1, z = 1. 

 
AZ^ZqZ���� 

 

GZclb�h[s__�j_r_gb_�kbkl_fu�ebg_cguo�mjZ\g_gbc� 
2x +  y −  z − 3t = 2, 

4x     +     z − 7t = 3, 

        2y − 3z + t  =1, 

2x + 3y − 4z −2t = 3. 
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K^_eZlv�ijh\_jdm�b� aZibkZlv� hl\_l� \� \_dlhjghc�nhjf_�� mdZaZ\� jZa�

f_jghklv�ijhkljZgkl\Z�j_r_gbc� 
 
J_r_gb_ 
;m^_f�^_ckl\h\Zlv�ih�f_lh^m�=ZmkkZ��ihke_^h\Zl_evgh�bkdexqZy�g_�

ba\_klgu_� k� ihfhsvx� jZ\ghkbevguo� �we_f_glZjguo�� ij_h[jZah\Zgbc�

mjZ\g_gbc�kbkl_fu��>ey�mijhs_gby�aZibkb�[m^_f�jZ[hlZlv�k�jZkrbj_gghc�

fZljbp_c�dhwnnbpb_glh\�kbkl_fu� 

( )




















−−
−

−
−−

=

3

1

3

2

2432

1320

7104

3112

BA . 

<u[jZ\�\�dZq_kl\_�\_^ms_c�i_j\mx�kljhdm��mfgh`bf�__�ihhq_j_^gh�

gZ��-���b��-���b�keh`bf�khhl\_lkl\_ggh�kh��-c�b��-c�kljhdZfb��Ihemqbf�wd�
\b\Ze_glgmx�fZljbpm� 

( )



















−

−
−

−−
−−

∼
1

1

1

2

1320

1320

1320

3112

BA . 

L_i_jv� keh`bf�ihhq_j_^gh� �-x� kljhdm� k� �-c�b� �-c��ij_ke_^my�p_ev�

ihemqblv� gmeb� \h� �-f� klhe[p_� �ih^� ]eZ\ghc� ^bZ]hgZevx� fZljbpu� e_\hc�

qZklb�kbkl_fu���Ihemqbf�gh\mx�fZljbpm��lZd`_�wd\b\Ze_glgmx�bkoh^ghc� 

( ) . 

0

0

1

2

0000

0000

1320

3112

1

1

1

2

1320

1320

1320

3112




















−−−

−−




















−

−
−

−−
−−

∼∼BA  

Wlh�hagZqZ_l��qlh�gZrZ�kbkl_fZ�jZ\ghkbevgZ�ke_^mxs_c� 
2x +  y −  z  −  3t = 2, 

0x − 2y + 3z  − t = -1, 

0x + 0y + 0z + 0t = 0, 
0x + 0y + 0z + 0t = 0. 

Ihke_^gb_� ^\Z� mjZ\g_gby� fh`gh� hl[jhkblv� �hgb� ^m[ebjmxl� ^jm]�

^jm]Z�b�g_�g_kml�ihe_aghc�bgnhjfZpbb� h�g_ba\_klguo�� y\eyykv� lh`^_kl�

\_ggufb���AgZqbl��bkoh^gZy�kbkl_fZ�k\h^blky�d�^\mf�mjZ\g_gbyf� 
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2x +  y −  z  −  3t = 2, 

       2y + 3z  −  t = -1.                                   (*) 
Hlkx^Z� ykgh�� qlh� jZg]� kbkl_fu� r = 2��Ihkdhevdm� dhebq_kl\h� g_ba�

\_klguo�m�gZk�n = 4��lh�fu�fh`_f�\u[jZlv�n − r = 4 − 2 = 2�g_ba\_klguo�\�dZ�

q_kl\_� k\h[h^guo� i_j_f_gguo� �l�_�� ijhba\hevgh� baf_gyxsboky���Imklv��

gZijbf_j��z = u, t = v (u, v – k\h[h^gu_�i_j_f_ggu_���J_rZy�kbkl_fm��mdhjh�

q_ggmx�ih�kjZ\g_gbx�k�bkoh^ghc���hlghkbl_evgh�hklZ\rboky�g_ba\_klguo�

x, y� �[Zabkguo� g_ba\_klguo��� \ujZabf� bo� q_j_a� u, v� b� ihemqbf�

.
4

3

4

7

4

1
;

2

1

2

1

2

3 ++−=+−= vuxvuy  

Ke_^h\Zl_evgh��h[s__�j_r_gb_�kbkl_fu�bf__l�\b^� 

,
2

1

2

1

2

3
4
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


−
−

=
45

23

2325

12

65

21
X . 

Ijh\_jdZ: BAX =





−
−

=





−
−

⋅





−
−

=⋅
65

21

45

23

45

23
��qlh�b�lj_[h\Zehkv��AZ�

^ZqZ�bf__l�_^bgkl\_ggh_�j_r_gb_� 
[��gZclb�\k_�fZljbpu�X��i_j_klZgh\hqgu_�k�^Zgghc�fZljbp_c� 

.
43

21






=A  

 
J_r_gb_ 
NZdlbq_kdb�fu� ^he`gu� gZclb� \k_� j_r_gby�fZljbqgh]h� mjZ\g_gby�

AXXA ⋅=⋅ � �_keb�lZdh\u_�kms_kl\mxl���<\h^y�h[hagZq_gby�x1, x2, x3, x4 ^ey�

g_ba\_klguo� �ihdZ�� we_f_glh\�fZljbpu�X −� ba� mkeh\by� ihgylgh�� qlh� hgZ�
^he`gZ�[ulv��-]h�ihjy^dZ��dZd�b�kZfZ�fZljbpZ�A, −�ihemqZ_f�� 

.
43

21

43

21

43

21

43

21 AX
xx

xx

xx

xx
XA ⋅=











=











=⋅  
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I_j_fgh`Zy�fZljbpu�b�ijbjZ\gb\Zy� j_amevlZlu� �gZ� khhl\_lkl\mx�

sbo�f_klZo���bf__f�kbkl_fm� 










+=+
+=+
+=+

+=+

.4243

,343

,422

,32

4342

4331

2142

2131

xxxx

xxxx

xxxx

xxxx

 

J_rZy�wlm�kbkl_fm� �ih�ZgZeh]bb�k�aZ^Zq_c�������hij_^_ey_f��qlh�__�

jZg]� jZ\_g� ��� Z� h[s__� j_r_gb_� aZ^Z_lky� nhjfmehc��

txtxtxx 3  ,3  ,2  ,0 4321 ==== ��LZdbf�h[jZahf��kms_kl\m_l�p_euc�deZkk�fZljbp��

m^h\e_l\hjyxsbo�mkeh\bx�aZ^Zqb� 
Hl\_l�� fgh`_kl\h� ih^oh^ysbo� fZljbp� aZ^Z_lky� nhjfmehc�







=

tt

t
A

33

20
��]^_�t -�ex[h_�qbkeh� 

Ijh\_jdZ: 





=











tt

t

tt

t

33

20

33

20

43

21
. 

J_amevlZlu� kh\iZ^Zxl�� l�_�� AXXA ⋅=⋅ �� agZqbl�� j_r_gb_� gZc^_gh�

\_jgh� 
 

AZ^ZqZ���� 
 

<uqbkeblv�iehsZ^v�iZjZee_eh]jZffZ��ihkljh_ggh]h�gD�\_dlhjZo� a �b�

b ��Z�lZd`_�m]he�f_`^m�_]h�^bZ]hgZeyfb��>Zlv�ko_fZlbq_kdbc�q_jl_`��bk�

ihevamy�bkoh^gu_�^Zggu_�� 3  ,4  ,2  ,23 ==−=+= qpqpbqpa ��m]he�f_`^m� p  

b�q �jZ\_g� ( )
4

�3
, =
∧

qp . 

 
J_r_gb_ 
IehsZ^v�iZjZee_eh]jZffZ�ABCD �kf��jbk���gZc^_f��bkihevamy�k\hc�

kl\Z�\_dlhjgh]h�ijhba\_^_gby� 

( ) ( )

( ) ( )d\�_^�  4,59242
2

2
347,sin7

70702436223

≈=⋅⋅⋅=⋅⋅=

=×=+×−=×−×+×−×=−×+=×=

∧
qpqp

qpqpqqpqqpppqpqpbaS
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B 
 

         C 

 

              qpa 23 +=  

      p                       p2                    p3  

A 

             qpb −= 2  

q−           D 

M]he� f_`^m� ^bZ]hgZeyfb� AC b� BD� gZc^_f� k� ihfhsvx� kdZeyjgh]h�
ijhba\_^_gby�\_dlhjh\� AC �b�BD: 

B                                               C 
 

a  
ϕ  

 
A                                                  D 

b   
  

( ) ( ) ( ) ( )

.

cos

22

abba

ab

abba

aababbba

abba

abba

ABADBCAB

BBADBCAB

BDAC

BDAC

−⋅+

−
=

=
−⋅+

−−+=
−⋅+
−⋅+=

−⋅+
−⋅+=

⋅
⋅=ϕ

 

<uqbkey_f�fh^meb�\_dlhjh\� 

( ) ( ) ( ) ( )

.272180

34
4

�3
cos34124941292323 22222

−=

=⋅+⋅⋅+⋅=++=+⋅+== qqppqpqpaaa
 

:gZeh]bqgh� ( ) ( ) ,  2247322
2

+=−⋅−== qpqpbbb  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
 23697

963232

,   260409

10255223

2222

2222

−=

=++=−−=−−−=−⋅−=−

−=

=++=+=−++=+⋅+=+

qqppqpqpqpababab

qqppqpqpqpbababa

   

q2
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�fu�bkihevah\Zeb�k\hckl\h�kdZeyjgh]h�d\Z^jZglZ�� 

<�blh]_� �ihke_�ih^klZgh\db�\uqbke_gguo� agZq_gbc�fh^me_c��ihem�

qZ_f�� 2353,0cos ≈ϕ ��ke_^h\Zl_evgh�� $4,76=ϕ . 

 
AZ^ZqZ����� 

 

>Zgu��dhhj^bgZlu��lhq_d���A (0; -2; -1),  B (2; 4; -2),  C (3; 2; 0), D (-11; 8; 

10). 

GZclb�� Z��h[t_f�ibjZfb^u�ABCD��[��^ebgm� \ukhlu�ibjZfb^u��him�

s_gghc�ba� lhqdb�D��\��ijh_dpbx�\_dlhjZ� AD �gZ�\_dlhj� BC �� ]��\_ebqbgm�

m]eZ�gZdehgZ�j_[jZ� AD �d�iehkdhklb�]jZgb�ABC��K^_eZlv�q_jl_`� 

 

J_r_gb_ 

     D        
         
 
          
            C  
 
 

ϕ  

A                                 F 
 
 
                         

       B 

 
<uqbkebf�\gZqZe_�dhhj^bgZlu�\_dlhjh\��bf_xsbo�gZqZeh�\�lhqd_�A: 

( ) ( ){ } { }
( ) ( ){ } { }

( ) ( ){ } { } .  11  10;  ;111--10  ;2--8  ;011

;  1  4;  3;1--0  ;2--2  0;-3

;  1-  6; ;212  ;24  ;02

−=−−=

==

=−−−−−−=

AD

AC

AB

 

 
Z�� h[t_f� ibjZfb^u� gZc^_f� k� ihfhsvx� kf_rZggh]h� ijhba\_^_gby�

\_dlhjh\��gZ�dhlhjuo�ihkljh_gZ�ibjZfb^Z�ABCD: 
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( ) ���

������

���

���

−=
−

−
=⋅× $'$&$% , 

ke_^h\Zl_evgh�� ( ) ( ) ;  dm[�_^�  45270
6

1

6

1 =−⋅=⋅×⋅= ADACABV ABCD
 

 

[��\ukhlZ�ibjZfb^u�H = AF�k\yaZgZ�k�h[t_fhf�nhjfmehc�
ABC

ABCD

S

V
H

  

3

∆

= , 

ihwlhfm�gZc^_f�iehsZ^v�hkgh\Zgby�ibjZfb^u�� 

( ) ( ) ( ). d\�_^�  
2

15
3

2

5
212

2

5

22
2

5
10510

2

1

143

162
2

1

2

1

222

  

=⋅=−+−+=

=−−=−−=−=×=∆ kjikji

kji

ACABS ABC

 

Hlkx^Z�ihemqZ_f� ( )_^�^ebgu 18
215

453 =⋅=H ; 

 

\��dZd�ba\_klgh��ijh_dpby�\_dlhjZ� a �gZ�gZijZ\e_gb_�\_dlhjZ� b  −�wlh�

qbkeh�� hij_^_ey_fh_� jZ\_gkl\hf�� 





⋅=

∧
baaa

b
,cos �� ]^_� 




 ∧
ba,  −� m]he�f_`^m�

\_dlhjZfb�a �b�b ��<�gZr_f�kemqZ_�bf__f��
BC

BCAD
BCADADADBC

⋅=





⋅=

∧
,cos . 

Dhhj^bgZlu�\_dlhjZ� BC �\uqbkebf�lZd�`_��dZd�\uqbkeyeb�dhhj^bgZ�

lu� AD : ( ){ } { }2  2,-  ,120  ,42  ,23 =−−−−=BC ��ihwlhfm� 3441 =++=BC . 

L_i_jv� ( ) ( )
3

3

9

3

211210111 −=−=⋅+−⋅+⋅−=BCAD ��lh��qlh�ijh_dpby�hljb�

pZl_evgZ��hagZqZ_l��qlh�m]he�f_`^m�\_dlhjZfb� AD �b�BC  −�lmihc�� 
]��bkdhfuc�m]he�ϕ �kf��jbk���gZc^_f�ba�]_hf_ljbq_kdbo�khh[jZ`_gbc��

ihkdhevdm� AF ⊥ ABC (AF -� \ukhlZ� ibjZfb^u��� lh� ba� ∆ ADF: 

973,0
342

18

121100121

18
sin ≈=

++
===ϕ

AD

H

AD

AF
���hldm^Z $7,76≈ϕ . 
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DHGLJHEVG:Y�J:;HL:����� 
F?LH>��DHHJ>BG:L��WE?F?GLU�:G:EBLBQ?KDHC�=?HF?LJBB 

 
AZ^ZqZ���� 

 

Ijb\_klb� d� ijhkl_cr_fm� �dZghgbq_kdhfm�� \b^m� mjZ\g_gb_� ebgbb�����

2-]h�ihjy^dZ� 054243 2 =−+−− yxxyx . 

GZjbkh\Zlv�djb\mx��\�kbkl_f_�XOY���gZclb�__�p_glj�b�lhqdb�i_j_k_�

q_gby�k�hkyfb�OX, OY. 
 
J_r_gb_ 

Hlf_lbf��qlh�\�^Zgghf�mjZ\g_gbb�agZq_gby�dhwnnbpb_glh\�lZdh\u��

A= 3, B= -4, C= 0, D= -2, E= 4, F = -5,�^bkdjbfbgZgl� 0164 2 <−=−=∆ BAC ��Ih�

wlhfm�hgh�ghkbl�]bi_j[hebq_kdbc�lbi�b�fh`_l�ij_^klZ\eylv�eb[h�]bi_j�

[hem��eb[h�iZjm�i_j_k_dZxsboky�ijyfuo��MklZgh\bf�wlh�lhqg__��mijhsZy�

mjZ\g_gb_�k�ihfhsvx�i_j_oh^Z�d�gh\hc�kbkl_f_�dhhj^bgZl�� 

<gZqZe_�hkms_kl\bf�ih\hjhl�hk_c�gZ�m]he�ϕ�kh]eZkgh�nhjfmeZf� 





ϕ⋅+ϕ⋅=
ϕ−ϕ⋅=

,cos'sin'

,sin'cos'

yxy

yxx
 

ih^h[jZ\� m]he� ϕ� lZdbf� h[jZahf�� qlh[u� \� kbkl_f_� X'OY ij_h[jZah\Zggh_�

mjZ\g_gb_�ebgbb�g_�kh^_j`Zeh�ijhba\_^_gby�l_dmsbo�dhhj^bgZl� 

Ih^klZ\b\�\�mjZ\g_gb_�ebgbb�\f_klh�x, y�bo�\ujZ`_gb_�q_j_a�i_j_�

f_ggu_�x', y'��gh\u_�dhhj^bgZlu���ihemqbf� 

( ) ( )( ) ( )
( ) .05cos'sin'4

sin'cos'2cos'sin'sin'cos'4sin'cos'3 2

=−ϕ⋅+ϕ⋅+
+ϕ−ϕ−ϕ⋅+ϕ⋅ϕ−ϕ−ϕ−ϕ

yx

yxyxyxyx  

Ijb\h^y�ih^h[gu_��\u^_ebf�dhwnnbpb_gl�\�keZ]Z_fhf��kh^_j`Zs_f�

ijhba\_^_gb_� '' yx ⋅ �� Hg� jZ\_g� ϕ+ϕ−ϕ⋅ϕ− 22 sin4cos4cossin6 �� Ih^[bjZ_f� ϕ, 

h[gmeyy�wlhl�dhwnnbpb_gl��>ey�wlh]h�ijboh^blky�j_rblv�ljb]hghf_ljbq_�

kdh_�mjZ\g_gb_� 

( )   ,0cossin6cossin4 22 =ϕ⋅ϕ−ϕ−ϕ beb� ,02sin32cos4 =ϕ−ϕ−  

hldm^Z�
3

4
2tg −=ϕ . 
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K�ihfhsvx�nhjfme�ljb]hghf_ljbb�e_]dh�mklZgh\blv��qlh�ijb�wlhf�

2

1
tg −=ϕ �beb� 2tg =ϕ .�Wlb�agZq_gby�khhl\_lkl\mxl�^\mf�\aZbfgh�i_ji_g^b�

dmeyjguf� gZijZ\e_gbyf� �qlh� khhl\_lkl\m_l� kf_g_� jhe_c� hk_c�OX' b�OY'). 

>ey�hij_^_e_gghklb�\u[_j_f�m]he� ( )$4,63  2arctg ≈ϕ=ϕ ��^jm]b_�\u[hju�ijb�

\h^yl��\�dhg_qghf�blh]_��d�l_f�`_�j_amevlZlZf� 

Lh]^Z�
5

1
cos  ,

5

2
sin =ϕ=ϕ �� b� \� kbkl_f_� X'OY'� mjZ\g_gb_� ijbgbfZ_l�

\b^�� 05
5

''2
4

5

'2'
2

5

''2

5

'2'
4

5

'2'
3

2

=−




 ++





 −−





 +






 −−





 − yxyxyxyxyx

� beb�� ihke_� mi�

jhs_gbc�� ( ) ( ) 05'
5

8
'

5

6
'4' 22 =+−−− yxyx . 

<u^_eyy�ihegu_�d\Z^jZlu�hlghkbl_evgh�x'�b�y'��ihemqbf� 

04
5

1
'4

5

3
'

22

=+



 +−



 − yx . 

K^_eZ_f�l_i_jv�iZjZee_evguc�i_j_ghk�dhhj^bgZlghc�kbkl_fu�X'OY', 

\\_^y�i_j_f_ggu_�
5

1
'''  ,

5

3
''' +=−= yyxx . 

Ijb�wlhf�gZqZeh�dhhj^bgZl�–�lhqdZ���������hklZ\Z\rZyky�gZ�f_kl_�ijb�

ih\hjhl_�hk_c��i_j_c^_l�\�lhqdm�O': 
5

1
'  ,

5

3
' 00 −== yx ��gh\h_�gZqZeh�dhhj�

^bgZl�–�p_glj�gZr_c�ebgbb�\�kbkl_f_�X'OY'���MjZ\g_gb_�ebgbb�\�kbkl_f_�

dhhj^bgZl��x'', y''��klZg_l�dZghgbq_kdbf� 

( ) ( ) ( ) ( ) 1''
4

'x'
    04''4'' 2

2
22 −=−⇔=+− yyx . 

L_i_jv�ykgh��qlh�^ZggZy�ebgby�–�]bi_j[heZ�F�ihemhkyfb� 2=a �b� 1=b . 

?_�p_glj�bf__l�dhhj^bgZlu� ⇒−==⇒==   
5

1
'  ,

5

3
'    0'''' yxyx �\�kbkl_f_�XOY : 

1
5

1

5

1

5

1

5

3
sin'cos' 00 =⋅





−−⋅=ϕ⋅−ϕ⋅= yxx . 

?_� bah[jZ`_gb_� \� dZghgbq_kdhc� kbkl_f_� ( ) ( ) ( )
1

4

''
'':'',''

2
2 =− x

yyx � �kh�

ijy`_ggZy�]bi_j[heZ�� 
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Y'' 
 
 
 

1 
 

 
-2                                      2                                X'' 

 
-1 

 

 

<�bkoh^ghc�kbkl_f_�XOY dZjlbgdZ�lZdZy� 

Y 

 
X'          X'' 

 
 

Y'' 
 

Y' 

5
4  

O'' 
                                                 -1 

3
5    X 

O                                                     
 
 
 
 
 
 
Lhqdb� i_j_k_q_gby� ebgbb� k� hkyfb� gZc^_f� ihhq_j_^gh�� iheZ]Zy� �\�

mjZ\g_gbb�ebgbb��x = 0��aZl_f�y = 0. 
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K�hkvx�OY:�ijb�x = 0�ihemqbf�
5

4
    054 =⇒=− yy . 

K�hkvx�OX:�ijb�y = 0�ihemqbf�
3

5
,1    0523 21

2 =−=⇒=−− xxxx ��qlh�khhl�

\_lkl\m_l�jbkmgdm�� 
 

AZ^ZqZ���� 
 
KhklZ\blv� mjZ\g_gb_�� hibku\Zxs__� ]_hf_ljbq_kdh_� f_klh� lhq_d��

ijhba\_^_gb_�jZkklhygbc�hl�dhlhjuo�^h�lhq_d� ( )0;31 −F �b� ( )0;32F �ihklhyggh�

b�jZ\gh����>Zlv�ko_fZlbq_kdbc�jbkmghd� 
 
J_r_gb_ 
�Imklv�M (x, y) -�ijhba\hevgZy� �l_dmsZy��lhqdZ�bkdhfh]h�fgh`_kl\Z��

?_�jZkklhygby�hl�lhq_d�F1�b�F2�[m^ml�khhl\_lkl\_ggh� 

;)0()3( 22
1 −++= yxMF  22

2 )0()3( −+−= yxMF . 

Kh]eZkgh�mkeh\bx�� 921 =⋅ MFMF ��ihwlhfm ( ) ( ) 9 33 2222 =+−⋅++ yxyx . 

Ijb\h^y�d�jZpbhgZevghfm�\b^m�b�mijhsZy��ihemqbf� 

   

( )( )
( ) ( )
( ) ( )
( ) ( ). 18

,81368118

,8169

,819696

22222

22222

2222

2222

yxyx

xyxyx

xyx

xyxxyx

+=+

=−++++
=−++

=+−++++

                    (*) 

Wlh� b� _klv� bkdhfh_� mjZ\g_gb_��Wkdba� ebgbb�fh`gh� ihkljhblv�� bk�

ihevamy� lZ[ebpm� khhl\_lkl\mxsbo� agZq_gbc� i_j_f_gguo� x, y� �ij_^\Zjb�

l_evgh�khklZ\b\�lZdmx�lZ[ebpm���gh�_s_�ijhs_�i_j_clb�d�iheyjguf�dhhj�

^bgZlZf� �ih� nhjfmeZf� ϕ=ϕ= sin   ,cos ryrx ��� <� wlhf� kemqZ_� ihemqZ_f��

( ) ( )ϕ−ϕ=ϕ+ϕ 222222222 sincos18sincos rrrr . 

>ey�r > 0�ihemqZ_lky�mjZ\g_gb_�� ϕ= 2cos182r ��beb� ϕ+= 2cos18r . 

Hlkx^Z�ykgh��qlh�ebgby�kms_kl\m_l�lhevdh�ijb�l_o�ϕ��^ey�dhlhjuo�

ϕ2cos >���<�,�d\Z^jZgl_�kbkl_fu�XOY�wlh�khhl\_lkl\m_l�baf_g_gbx�ϕ�hl�0�^h�

90°.�Ijb�ϕ = 0�bf__f� 2318 ==r ��K�\hajZklZgb_f�ϕ�hl�0�^h�45°�\_ebqbgZ�r 

m[u\Z_l��^h�r = 0�ijb�ϕ = 45°���Mqblu\Zy�_s_��qlh�mjZ\g_gb_��
��g_�baf_gy�

_lky�ijb�aZf_g_�x�gZ�(-x)�b�y�gZ��(-y)��l�_��bf__l�f_klh�kbff_ljby��e_]dh�kljh�
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bf�bah[jZ`_gb_�djb\hc�\h�\k_c�h[eZklb��^himklbfuo�agZq_gbc�iheyjgh]h�

m]eZ�ϕ: 
 

Y 

 
 
 

F1                                                   F2                      X 

23−           3−                                                   3            23  
 
 
 
  
 
Hlf_lbf��qlh�lhqdZ�r = 0, ϕ = 45°��khhl\_lkl\_ggh�x = y = 0 –�gZqZeh�dh�

hj^bgZl��lZd`_�\oh^bl�\�bkdhfh_�fgh`_kl\h��wlh�e_]dh�ijh\_jblv��ih^klZ�

\b\�wlb�dhhj^bgZlu�\��
����GZc^_ggZy�djb\Zy�gZau\Z_lky�e_fgbkdZlhc�;_j�

gmeeb� 
 

AZ^ZqZ���� 
 

>Zgh�mjZ\g_gb_�ebgbb�\�iheyjguo�dhhj^bgZlZo�� ( ) ϕ⋅ϕ=ϕ= cosctg2rr . 

Lj_[m_lky� 

Z��ihkljhblv�ebgbx�ih� lhqdZf� �ijb^Z\Zy�ϕ�^himklbfu_� agZq_gby�\�
ij_^_eZo�hl���^h��π); 

[��gZclb�\b^�mjZ\g_gby�\�^_dZjlh\hc�kbkl_f_�dhhj^bgZl��gZqZeh�dh�

lhjhc�kh\iZ^Z_l�k�ihexkhf��Z�iheh`bl_evgZy�ihemhkv�Z[kpbkk�–�k�iheyj�
ghc�hkvx� 

\��mdZaZlv�gZa\Zgb_�ebgbb� 
 
J_r_gb_ 
Z�� ij_`^_� \k_]h� hij_^_ebf� H>A� �^ey� ϕ��� bkoh^y� ba� g_jZ\_gkl\Z��

^he`gh� [ulv� 0≥r � ^ey� \k_o� ^himklbfuo� ϕ�� AgZqbl�� \� gZr_f� kemqZ_�

...),1,0(  ��2�20sin0
sin

cos2
cosctg2

2

±=+⋅<ϕ<⋅⇔>ϕ⇔≥
ϕ

ϕ=ϕ⋅ϕ nnn . 
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L_i_jv�ihkljhbf�lZ[ebpm�khhl\_lkl\mxsbo�agZq_gbc��\�ijhf_`mld_�

hl�0 ^h�2π�^himklbfufb�^ey�ϕ�y\eyxlky�agZq_gby�0 < ϕ < π,�\ghky�\�g__�hd�

jm]e_ggu_�agZq_gby�r. 

 

�kbf\he�∞�^ey�djZcgbo�agZq_gbc�ϕ = 0�b�ϕ = π hagZqZ_l�klj_fe_gb_� r → ∞ 

ijb� ϕ → 0� b� ϕ → π��� Mqblu\Zy� fhghlhgghklv� baf_g_gby� r� gZ� mqZkldZo�

2

�
0 <ϕ< �b� �

2

� <ϕ< �� Z� lZd`_� kbff_ljbx�djb\hc�hlghkbl_evgh�emqZ�
2

�=ϕ , 

bah[jZ`Z_f�ebgbx� 

                                                  Y 

          
4

�3
=ϕ     

3

�2
=ϕ     

12

�7
=ϕ           

12

�5
=ϕ      

3

�
=ϕ       

4

�
=ϕ  

 

6

5π
=ϕ                                                                                          

4

�
=ϕ  

                                                                                            
 
 
                                                     H�                                    X 
 
[�� nhjfmeu� k\yab� ^_dZjlh\uo� b� iheyjguo� dhhj^bgZl�

( )ϕ=ϕ= sin,cos ryrx �ijb\h^yl�d�khhlghr_gbyf��
r

x

y

x =ϕ=ϕ cos  ,ctg ��\�j_amevlZ�

l_�q_]h�gZr_�mjZ\g_gb_�ijbgbfZ_l�\b^� 

( )
y

y
xxyxyxry

r

x

y

x
r

−
=⇒=+⋅⇒=⋅⇒⋅⋅=

2
222

3
222222 . 

Ba�wlh]h�mjZ\g_gby�ykgh��qlh�ijb�y → 2�ihemqZ_lky� ∞→2x ��l�_��y = 2 – 

]hjbahglZevgZy�ZkbfilhlZ�^Zgghc�djb\hc� 

\��k�ihfhsvx�kijZ\hqgbdZ�mklZgZ\eb\Z_f�bfy�ebgbb��pbkkhb^Z. 

 

ϕ 0 
12

�  6
�  4

�  3
�  2

�  3
�2  4

�3  6
�5  12

�11

 

�  

r ∞ 7,21 3 1,41 0,58 0 0,58 1,41 3 7,21 ∞ 



 25 

AZ^ZqZ���� 
 
<� ^_dZjlh\hc� kbkl_f_� dhhj^bgZl� XOY ^Zgu� lhqdb�� A(3; -2), B(2; 1),      

C(9; 4), D(20; -5). 
Lj_[m_lky� 
Z��ijh\_jblv��[_a�q_jl_`Z���qlh�ABCD -�\uimdeuc�q_luj_om]hevgbd� 
[��\uqbkeblv�_]h�iehsZ^v�� 
\��\uqbkeblv��\�dZdhf�khhlghr_gbb�^_eylky�^bZ]hgZeb�AC�b�BD�lhq�

dhc�bo�i_j_k_q_gby�� 
]��gZibkZlv�mjZ\g_gb_�[bkk_dljbku�\gmlj_gg_]h�m]eZ�ijb�\_jrbg_�A; 
^��^Zlv�q_jl_`� 
 
J_r_gb_ 
Z��fgh]hm]hevgbd�bf_gm_lky�\uimdeuf��_keb�hg�p_ebdhf�jZkiheZ]Z�

_lky�ih�h^gm�klhjhgm�hl�ijyfhc��kh^_j`Zs_c�ex[mx�ba�_]h�klhjhg��<�gZ�

r_f� kemqZ_�ijh\_jbf� wlh� k\hckl\h� hlghkbl_evgh�ijyfuo�AB, BC, CD, DA. 

MklZgh\bf�\gZqZe_�mjZ\g_gb_�AB��H[s__�mjZ\g_gb_�ijyfhc� �_keb�hgZ�g_�

iZjZee_evgZ�hkb��bf__l�\b^��y = kx + b (k –�m]eh\hc�dhwnnbpb_gl��b –�\_eb�

qbgZ�kf_s_gby�ih�hkb�hj^bgZl���Ihkdhevdm�bkdhfZy�ijyfZy�ijhoh^bl�qj_a�

lhqdb�A�b�B��lh���ijb\yau\Zy��bo�dhhj^bgZlu�d�mjZ\g_gbx�y = kx + b��ihem�

qbf�kbkl_fm�mjZ\g_gbc� 





+=
+=−

,21

,32

bk

bk
�hldm^Z�k = -3, b = 7. 

BlZd��y = -3x + 7�beb�3x + y – 7 = 0 –�mjZ\g_gb_�ijyfhc��kh^_j`Zs_c�

klhjhgm�AB��Qlh[u�m[_^blvky��qlh�q_luj_om]hevgbd�ABCD�p_ebdhf�e_`bl�

ih�h^gm�klhjhgm�hl�AB��^hklZlhqgh�ijh\_jblv��qlh�\_jrbgu�C�b�D�e_`Zl�ih�

h^gm�klhjhgm�hl�AB���Hldehg_gb_��hl�AB �\�lm�beb�bgmx�klhjhgm��^ey�lhqdb�

k�dhhj^bgZlZfb� �u, v��hij_^_ey_lky�k�ihfhsvx�agZdZ�\_ebqbgu�3u + v – 7.  

>ey � lhqdb � C� bf__f � � 0247493 >=−+⋅ � � ^ey � lhqdb � D :  

04875203 >=−−⋅ .�H[Z�hldehg_gby�bf_xl�h^bg�b�lhl�`_�agZd��ke_^h\Zl_ev�

gh��C�b�D�jZkiheh`_gu�ih�h^gm�klhjhgm�hl�AB. 

:gZeh]bqgh� \uihegyxlky� ijh\_jdb� k\hckl\Z� \uimdehklb� hlghkb�

l_evgh�klhjhg�BC, CD, DA��ijh^_eZcl_�kZfhklhyl_evgh��� 
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[�� 
        Y 
 
 

     L          C      M 
 
 
    B           X 
     H 
              K 

            A 

   N        D 

 
 
>ey�ihbkdZ�iehsZ^b�ABCD�bah[jZabf�_]h�ko_fZlbqgh�\�kbkl_f_�XOY 

b�hdZcfbf�ijyfhm]hevgbdhf��dZd�ihdZaZgh�gZ�jbkmgd_��E_]dh�\b^_lv��qlh�

ijb� wlhf� bkdhfZy� iehsZ^v� \uqbkey_lky� dZd� jZaghklv� iehsZ^_c� �hdZcf�

eyxs_]h�� ijyfhm]hevgbdZ� NLMD� b� ijyfhm]hevguo� lj_m]hevgbdh\� BLC, 
CMD, KBA,�Z�lZd`_�ljZi_pbb�NKAD��IhemqZ_f� 

( ) ( )( )

( ) ( ) ;
2

21
37

2

1
1429

2

1

2

1

;16291854220

=⋅⋅=−⋅−=⋅=

=⋅=−−⋅−=⋅=

LCBL

NLND

S

S

BLC

NLMD

 

ZgZeh]bqgh�gZoh^bf��qlh�
2

57
;

2

3
;

2

99 =+= SSS NKADKBACMD
, hldm^Z�ke_^m_l��qlh�

( ) 725739921
2

1
162 =+++−=SABCD

��d\�_^��� 

\��mklZgh\bf�mjZ\g_gby�^bZ]hgZe_c�:K�b�BD��Ijbf_gyy�lhl�`_�f_lh^��

qlh�b�^ey�klhjhgu�AB��kf��i��Z���ihemqbf��mjZ\g_gb_�AC : 5−= xy ��mjZ\g_�

gb_� BD : 
3

5

3

1 +−= xy �� Lhqdm� bo� i_j_k_q_gby� P� gZc^_f�� j_rZy� kbkl_fm��





+−=
−=

,53

,5

xy

xy
hlkx^Z�x = 5, y = 0, l�_� P(5; 0). 

L_i_jv� jZkkqblZ_f� ^ebgu� hlj_adh\�� ( ) ( )( ) 222035 22 =−−+−=AP ;  

ZgZeh]bqgh� 105;10;24 === DPBPCP �� ihke_� q_]h� gZoh^bf� bkdhfu_� hl�

ghr_gby�� 5:1:;2:1: == DPBPCPAP ; 
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]��imklv�M(u; v) –�lhqdZ�i_j_k_q_gby�[bkk_dljbku�m]eZ�A k�hlj_adhf�BC 
(beb�_]h�ijh^he`_gb_f�� 

MjZ\g_gb_�ijyfhc�BC�mklZgZ\eb\Z_lky��ijb\yadhc��dhhj^bgZl�lhq_d�

B(2; 1)�b�C(9; 4)�d�h[s_fm�mjZ\g_gbx�ijyfhc�ZgZeh]bqgh�lhfm��dZd�wlh�^_eZ�

ehkv� \� i�� Z�� ^ey� hij_^_e_gby� mjZ\g_gby� AB�� Ihemqbf��
7

13 += x
y � beb�

0173 =+− yx ��Ihkdhevdm�lhqdZ�M e_`bl�gZ�wlhc�ijyfhc��lh�__�dhhj^bgZlu�

(u, v)� ih^qbgyxlky� mkeh\bx� 3u - 7v + 1 = 0�� Djhf_� lh]h�� \_dlhj�

( ){ } { }2  ;32  ;3 +−=−−−= vuvuAM �gZijZ\e_g�\^hev�[bkk_dljbku�⇒�khklZ\ey_l�

h^bgZdh\u_� m]eu� k� \_dlhjZfb� ( ){ }21  ;32 −−−=AB � b�

( ){ } { }3  ;1725  ;320 −=−−−−=AD ��gZijZ\e_ggufb�\^hev�klhjhg�m]eZ��Ihwlhfm�











=









 ∧∧
ADAMABAM ,cos,cos ��hldm^Z�

ADAM

ADAM

ABAM

ABAM

⋅
⋅=

⋅
⋅

�beb��ihke_�khdjZs_�

gby� gZ� 0≠AM , ( ) ( ) ( )
( )

( ) ( )
( )2222 317

23173

31

2313

−+

+−⋅−=
+−

++−⋅− vuvu
�� <� blh]_� ihemqZ_f�

kbkl_fm� mjZ\g_gbc�� ,
298

57317

10

93
,0173







−−=++−
=+−

vuvu
vu

� j_rb\� dhlhjmx�� ihemqbf�

43,3;67,7 ≈≈ vu . 

L_i_jv�� ihkdhevdm� hdZaZehkv�� qlh� CB xux << � b� CB yvy << �� ykgh�� qlh�

lhqdZ�M(u; v)�ihiZ^Z_l�\gmljv�hlj_adZ�BC. 
^��jbkmghd�ih^l\_j`^Z_l�ij_^u^msb_�\uqbke_gby� 

 
    Y 

 
C 

    M 

 
             B          X 

����H    P 
      : 

 

D 
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AZ^ZqZ���� 
 

GZclb�dhhj^bgZlu�lhqdb�M′��kbff_ljbqghc�lhqd_�M(-2; 0; 3)�hlghkb�
l_evgh�iehkdhklb�π��aZ^Zgghc�mjZ\g_gb_f� 011022 =++− zyx ��>Zlv�ko_fZlb�
q_kdbc�q_jl_`� 

 
J_r_gb_ 

Ijh\_^_f�q_j_a�lhqdm�M ijyfmx�l i_ji_g^bdmeyjgh�iehkdhklb�π��Dh�
hj^bgZlu�gZijZ\eyxs_]h�\_dlhjZ�ijyfhc�hij_^_eyxlky�dhwnnbpb_glZfb�

mjZ\g_gby�iehkdhklb�� { }10  ;2  ;2 −=n ��Z�\�dZq_kl\_�gZqZevghc�lhqdb�\havf_f�

kh[kl\_ggh�lhqdm�M��Ihemqbf�dZghgbq_kdh_�mjZ\g_gb_�ijyfhc�l : 
( )

10

3

2

0

2

2 −=
−
−=−− zyx . 

>Ze__�gZc^_f�lhqdm�i_j_k_q_gby�l�k�iehkdhklvx�π −�lhqdm�P��>ey�wlh�
]h�� i_j_c^y� d� iZjZf_ljbq_kdhc� nhjf_� aZibkb� mjZ\g_gby� ijyfhc�� j_rbf�

kbkl_fm� 










=++−
+=

−=
−=

,011022

,310

,2

,22

zyx

tz

ty

tx

 

hldm^Z�

( ) ( ) ( )
2

1
;

2

1
;

2

5

4

1
027108013101022222 ==−=⇒−=⇔=+⇔=+++−⋅−− tyxttttt . 

BlZd�� 




−

2

1
  ;

2

1
  ;

2

5
P ��Ba�gZr_]h�ihkljh_gby�ykgh��qlh�bkdhfZy�lhqdZ�M′ 

e_`bl�gZ�ijyfhc� l (M′∈l)�b��djhf_�lh]h��MP = M′P��l�_��P –�k_j_^bgZ�hlj_adZ�
MM′.�AgZqbl��__�dhhj^bgZlu�ih^qbg_gu� 

nhjfmeZf� ( );
2

1
'MMP xxx +=                                          M 

( ) ( ). 
2

1
; 

2

1
'' MMPMMP zzzyyy +=+=  

Hlkx^Z�e_]dh�gZoh^bf��qlh�          P 

( ) 32
2

5
22' −=−−





−⋅=−= MPM

xxx ; 

�ZgZeh]bqgh� 2,1 '' −==
MM

zy .              F
 

Hl\_l��M′(-3; 1; -2).              l    



 29 

AZ^ZqZ���� 
 
>Zgu�dZghgbq_kdb_�mjZ\g_gby�^\mo�ijyfuo�\�ijhkljZgkl\_�� 

 
0

2

3

1

5

0
  b  

1

9

4

1

3

8
21

+=−=−=−=+=−= zyx
l

zyx
l . 

Hp_gblv�bo�\aZbfgh_�jZkiheh`_gb_�b�gZclb�jZkklhygb_�f_`^m�gbfb��>Zlv�

ko_fZlbq_kdbc�jbkmghd� 
 

J_r_gb_ 

GZijZ\eyxsb_�\_dlhju�ijyfuo� { }1 ;4 ;31 =n �b� { }0 ;3 ;52 =n �g_�y\eyxlky�

dheebg_Zjgufb��l�d��
0

1

3

4

5

3 ≠≠ ���ihwlhfm�l1�b�l2�g_�iZjZee_evgu��IhiulZ_fky�

gZclb�bo�lhqdm�i_j_k_q_gby��>ey�wlh]h�j_rbf�kbkl_fm�mjZ\g_gbc� 









+=−=−

−=+=−

.
0

2

3

1

5

0

,
1

9

4

1

3

8

zyx

zyx

 

I_j_ibkZ\�wlb�khhlghr_gby�\�iZjZf_ljbq_kdhc�nhjf_��ihemqbf��qlh�

^ey� l1: ;9  ;14  ;83 +=−=+= uzuyux �^ey� l2: 220  ;13  ;5 −=−⋅=+== tztytx � �a^_kv�

u, t -�ijhba\hevgu_�qbkeZ� �iZjZf_lju���k�ihfhsvx�dhlhjuo�gZoh^ylky�dh�

hj^bgZlu�lhq_d�gZ�ijyfuo�l1�b�l2���Ba�ihke_^g_]h�jZ\_gkl\Z�ke_^m_l�� qlh�

z = -2�^ey�ex[uo� t��lh]^Z�ba�jZ\_gkl\Z�z = u + 9 = -2�ke_^m_l��qlh� �u = -11 ⇒ 
( ) ( ) 451114  ;258113 −=−−⋅=−=+−⋅= yx �� <ha\jZsZykv� l_i_jv� d� t�� ihemqZ_f��

qlh� 5255 −=⇒−== ttx ��gh�lh]^Z� ( ) 4514153 −≠−=+−⋅=y ��Wlh�ijhlb\hj_qb_�

ihdZau\Z_l��qlh�gZrZ�kbkl_fZ�g_kh\f_klgZ��l�_�� l1�b� l2�g_�bf_xl�h[sbo�lh�

q_d��g_�i_j_k_dZxlky�� 
BlZd��l1�b�l2 g_�iZjZee_evgu�b�g_�i_j_k_dZxlky��agZqbl��hgb�y\eyxlky�

kdj_sb\Zxsbfbky� �l�_�� \� lj_of_jghf� ijhkljZgkl\_� g_� e_`Zl� \� h^ghc�

iehkdhklb�� 
>ey�gZoh`^_gby�jZkklhygby�f_`^m�l1�b�l2�ihkljhbf�h[sbc�i_ji_g^b�

dmeyj�d�gbf�−�\_dlhj� AB �lZdhc��qlh� 2121  ; ; ; lBlAnABnAB ∈∈⊥⊥ . 

?]h�^ebgZ�b�[m^_l�bkdhfuf�jZkklhygb_f��Ihwlhfm�bs_f�dhhj^bgZlu�

lhq_d�A�b�B��L_dmsZy�lhqdZ�ijyfhc��l1 – A(3u + 8; 4u – 1; u + 9);�ijyfhc�l2 – B(5t; 

3t+1; -2),�]^_� Rtu ∈, ��AgZqbl�� { }11   ;243   ;835 −−+−−−= uututAB . 
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<�kbem�i_ji_g^bdmeyjghklb� AB �\_dlhjZf� 1n �b� 2n �khhl\_lkl\mxsb_�

kdZeyjgu_�ijhba\_^_gby�jZ\gu�gmex� 

( ) ( ) ( )
( ) ( ) ( )




=⋅−−+⋅+−+⋅−−
=⋅−−+⋅+−+⋅−−

⇔




=⋅
=⋅

.001132435835

,011142433835

,0

,0

2

1

uutut

uutut

nAB

nAB
 

Ihke_�mijhs_gbc�




=−−
=−−

,0342734

,0272627

ut

ut
�hldm^Z�u = 0, t = 1. 

AgZqbl��A(8; -1; 9)�b�B(5; 4; -2),�lh]^Z� { }11 ;5 ;3 −−=AB ��JZkklhygb_�f_`^m�

ijyfufb�jZ\gh� ( ) ( ) ( ) 54,121551153, 222
21 ≈=−++−=ρ= llAB �_^��� 

 

l1 

: 
 
 
 
 

                  l2 

< 
 
 

 
AZ^ZqZ���� 

 
>Zgu�dhhj^bgZlu�\_jrbg�lj_m]hevgbdZ��A(4; 3); B(16; -6); C(20; 16). 

GZclb�� Z�� iZjZf_lju� lj_m]hevgbdZ� �i_jbf_lj�� m]eu�� iehsZ^v�����������

[��lhqdm�i_j_k_q_gby�K�\ukhlu�CD�k�f_^bZghc�AE�b�^ebgm�\ukhlu��\��dhhj�

^bgZlu�p_gljZ�\ibkZgghc�hdjm`ghklb��__�jZ^bmk� �ijb�g_h[oh^bfhklb�hd�

jm]eyy�\uqbke_gby�^h��������]��k^_eZlv�q_jl_`� 

 

J_r_gb_ 

Z�� GZoh^bf� ^ebgu� klhjhg� lj_m]hevgbdZ�� bkihevamy� nhjfmem� jZk�

klhygby�f_`^m�lhqdZfb� ( )111  ; yxM �b� ( )222  ; yxM : 
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( ) ( )
( ) ( )
( ) ( )
( ) ( )( ) .510484166161620

;175169256316420

;158114436416

;

22

22

22

2
12

2
1221

=+=−−+−=

=+=−+−=

=+=−−+−=

−+−==

BC

AC

AB

yyxxMMd

 

 

I_jbf_lj�lj_m]hevgbdZ�khklZ\ey_l�\_ebqbgm� 

( ) 58521735 ≈++=++ BCACAB �_^�^e�� 

L_i_jv�mklZgh\bf�mjZ\g_gby�klhjhg�lj_m]hevgbdZ��ZgZeh]bqgh�lhfm��

dZd�wlh�^_eZehkv�\�aZ^Zq_�������bkihevamy�f_lh^��ijb\yadb��lhq_d�d�mjZ\�

g_gbx�\b^Z� bkxy += ��ihemqbf�^ey�:<: 




+=−
+=

,166

,43

bk

bk
hldm^Z� 6,

4

3 =−= bk ��l�_��

6
4

3 +−= xy  −�mjZ\g_gb_�AB. 

LZdbf�`_�h[jZahf�^ey�AC: 
8

11

16

13 += xy ��^ey�BC: 94
2

11 −= xy . 

DZd�ba\_klgh��m]he�f_`^m�ijyfufb�k�m]eh\ufb�dhwnnbpb_glZfb� 1k  

b� 2k �hij_^_ey_lky�k�ihfhsvx�nhjfmeu��
21

22

1
tg

kk

kk

+
−=ϕ . 

M]he�A�h[jZah\Zg�ijyfufb�AB�b�AC��m]eh\u_�dhwnnbpb_glu�dhlhjuo�

gZc^_gu��
16

13
;

4

3 =−= ACAB kk . 

Ihwlhfm�bf__f�� ,4

4

3

16

13
1

4

3

16

13

tg =





−⋅+






−−

=A �hlkx^Z� $76≈∠A . 

LZd�`_�gZoh^bf��qlh� $$ 5,40
7

6
   tg;5,632tg ≈∠⇒=≈∠⇒= CCBB . 

 
Dhgljhev�� $180=∠+∠+∠ CBA ��ijh\_jvl_�� 
IehsZ^v�lj_m]hevgbdZ�� 

150
17

4
1775

2

1

tg1

tg
17515

2

1
sin

2

1
2

=⋅⋅=
+

⋅⋅⋅=⋅⋅⋅=
A

A
AACABS

ABC
��d\�_^�� 

[�� \ukhlZ�CD�i_ji_g^bdmeyjgZ� klhjhg_�AB�� ihwlhfm� m]eh\u_� dhwn�

nbpb_glu� wlbo� ijyfuo� k\yaZgu� mkeh\b_f�� 1−=⋅ ABCD kk �� hlkx^Z�
3

4=CDk . 
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Ihke_� wlh]h�� agZy� dhhj^bgZlu� lhqdb� K� (20; 16),� mklZgZ\eb\Z_f� mjZ\g_gb_�

CD: 
3

32

3

4 −= xy . 

>ey�hij_^_e_gby�mjZ\g_gby�f_^bZgu�AE�gZoh^bf�\gZqZe_�dhhj^bgZ�

lu�lhqdb�E -�k_j_^bgu�klhjhgu�BC��ijbf_gyy�nhjfmeu�^_e_gby�hlj_adZ��\�

^Zgghf�kemqZ_�–�hlj_adZ�BC ��\�hlghr_gbb� 1:1� = : 

18
2

2016

�1

� =+=
+
+= CB

E

xx
x ��ZgZeh]bqgh� 5

2

166 =+−=Ey ��BlZd, E(18; 5). 

AgZy�dhhj^bgZlu�lhq_d�A�b�E��e_]dh�gZclb�mjZ\g_gb_�f_^bZgu�AE��ih�

ke_��ijb\yadb��ihemqbf�j_amevlZl��
7

17

7

1 += xy . 

Dhhj^bgZlu�lhqdb�K��i_j_k_q_gby�hlj_adh\�CD�b�AE��bs_f�q_j_a�kbk�

l_fm�mjZ\g_gbc�
( )

( )







+=

−=

,  
7

17

7

1

,  
3

32

3

4

AExy

CDxy
��hldm^Z� 4,11 == yx ��l�_��K(11; 4). 

GZc^_f�l_i_jv�lhqdm�D –�hkgh\Zgb_�\ukhlu�CD.�I_j_k_dZy�CD k�AB , 

j_rbf�kbkl_fm�mjZ\g_gbc��
( )

( )







+−=

−=

,  6
4

3

,  
3

32

3

4

ABxy

CDxy
��hlkx^Z� 0,8 == yx ��l�_��D(8; 0). 

>ebgZ�\ukhlu�–�wlh�jZkklhygb_�f_`^m�C�b�D��hgh�jZ\gh�� 

( ) ( ) 20016820 22 =−+−=CD . 

 

Dhgljhev�� k� ^jm]hc� klhjhgu�� l�d�� ABS
ABC

⋅=
2

1
�� ^he`gh� [ulv��

AB

S
CD ABC2

= ��<�gZr_f�kemqZ_�wlh�^Z_l� 20
15

1502 =⋅  –�lhl�`_�j_amevlZl� 

\�� p_glj� \ibkZgghc� \� lj_m]hevgbd� hdjm`ghklb� � gZoh^blky� \� lhqd_�

i_j_k_q_gby�[bkk_dljbk�wlh]h�lj_m]hevgbdZ��ihwlhfm�gZf�^hklZlhqgh�gZc�

lb�mjZ\g_gby�ohly�[u�^\mo�ba�gbo� 

Imklv�\_dlhj� { }vua  ;=  −�gZijZ\eyxsbc�^ey�ijyfhc��y\eyxs_cky�[bk�

k_dljbkhc� m]eZ� A�� Lh]^Z� hg� khklZ\ey_l� jZ\gu_� m]eu� k� \_dlhjZfb�

{ }9 ;12 −=AB � b { }13 ;16=AC �� l�_�� 











=











 ∧∧
ACaABa ,cos,cos �� hldm^Z� ih� nhjfme_�
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kdZeyjgh]h� ijhba\_^_gby� ihemqZ_f�
175

1316

15

9121316912 vuvu

ACa

vu

ABa

vu +=−⇒
⋅
+=

⋅
− , 

qlh�ijb\h^bl�ihke_�mijhs_gbc�d�ijb[eb`_gghfm�jZ\_gkl\m� vu 1032 ≈ ��AgZ�

qbl�� \� dZq_kl\_� gZijZ\eyxs_]h� \_dlhjZ� [bkk_dljbku�fh`gh� \aylv� �k� g_�

[hevrhc� ih]j_rghklvx�� \_dlhj� { }2;103=a �� Lh]^Z�� bkihevamy� lhqdm� A(4,3) 

dZd� gZqZevgmx�� ihemqbf�� qlh�
2

3

103

4 −=− yx  –� dZghgbq_kdh_� mjZ\g_gb_� [bk�

k_dljbku�m]eZ�A. 

Kh\_jr_ggh� ZgZeh]bqgh�� gZc^y� \_dlhju� { }9 ;12−=BA � b� { }22 ;4=BC , 

fh`gh�ihemqblv�gZijZ\eyxsbc�\_dlhj�[bkk_dljbku�m]eZ�B��ijb[eb`_ggh�

{ }5 ;2−=b ��b��khhl\_lkl\_ggh��mjZ\g_gb_�wlhc�[bkk_dljbku��
5

6

2

16 +=
−
− yx . 

Lhqdm�i_j_k_q_gby�[bkk_dljbk�gZc^_f��j_rZy�kbkl_fm� 
( ) ( )
( ) ( )




+−=−
−=−

.62165

,310342

yx

yx
 

 
Hlkx^Z� 16,3;34,12 00 ≈≈ yx ��BlZd��Q(12,34; 3,16) –� p_glj� \ibkZgghc� � \�

lj_m]hevgbd�ABC�hdjm`ghklb��JZ^bmk�wlhc�hdjm`ghklb�\uqbkebf��bkoh^y�

ba�nhjfmeu�� Spr =⋅ ��]^_�p –�ihemi_jbf_lj�lj_m]hevgbdZ��GZoh^bf�� 

17,5
5821

150 ≈
⋅

==
p

S
r . 

 
Dhgljhev���jZ^bmk�jZ\_g�jZkklhygbx�hl�p_gljZ�Q�^h�ex[hc�ba�klhjhg�

lj_m]hevgbdZ�� Ijh\_jbf� wlh�� gZijbf_j�� ^ey� klhjhgu� <K�� ?_� mjZ\g_gb_��

94
2

11 −= xy ��beb� 0188211 =−− yx ��ihwlhfm�jZkklhygb_ 

( )
( ) ( )

24,5
211

188211
;

22

00 ≈
−+

−−
=ρ

yx
BCO . 

Wlh�khhl\_lkl\m_l�h`b^Z_fhfm�j_amevlZlm� 
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]�      Y          C 
               

 
 
 
 
 
 
 

                E 

                K 
 

          A                                        Q     

                  r 
                H                                                                                                                               X 

D 
 
 
 
 
 

B 
 
 

 
AZ^ZqZ����� 

 
>Zgu�dhhj^bgZlu�lhq_d��A(0; -2; -1); B(2; 4; -2); C(3; 2; 0;); D(-11; 8; 10).  

Lj_[m_lky��Z��gZclb�lhqdm�i_j_k_q_gby�\ukhlu�ibjZfb^u��ijh\_^_g�

ghc�ba�lhqdb�D��k�iehkdhklvx�hkgh\Zgby�ABC��[��dhhj^bgZlu�p_gljZ�b�jZ�

^bmk�rZjZ��hibkZggh]h�\hdjm]�ibjZfb^u�ABCD. 
 
J_r_gb_ 
Z�� imklv� M(x; y; z) –� l_dmsZy� lhqdZ� iehkdhklb� ABC.� Lh]^Z� \_dlhju�

  , , ACABAM dhfieZgZjgu� b�� ke_^h\Zl_evgh�� bo� kf_rZggh_� ijhba\_^_gb_�

jZ\gh�gmex��l�_�  
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( ) ( )
( ) ( )
( ) ( )

0

143

162

12

102203

122402

1720

=−
++

=
−−−−−
−−−−−−

−−−−− zyxyx

. 

JZkdju\Zy�hij_^_ebl_ev��ihemqbf�mkeh\b_��dhlhjhfm�^he`gu�m^h\�

e_l\hjylv�dhhj^bgZlu�x ,y, z: 

( ) ( ) 01102510 =+−+− zyx �beb� 0422 =−−− zyx − 

mjZ\g_gb_�iehkdhklb��ijhoh^ys_c�q_j_a� lhqdb�A, B, C� �iehkdhklb�hkgh\Z�

gby�ibjZfb^u�� 

Hlkx^Z�ykgh��qlh�gZijZ\eyxsbc�\_dlhj�\ukhlu�ibjZfb^u��hims_g�

ghc�gZ�hkgh\Zgb_�ABC��bf__l�dhhj^bgZlu�� { }2 ;1 ;2 −−=n ��ihwlhfm�dZghgbq_�

kdh_�mjZ\g_gb_�wlhc�\ukhlu�lZdh\h� 

( )
2

10

1

8

2

11

−
−=

−
−=−− zyx . 

Bs_f� lhqdm� i_j_k_q_gby� wlhc� ijyfhc� k� iehkdhklvx� ABC�� aZibkZ\�

mjZ\g_gby�ijyfhc�\�iZjZf_ljbq_kdhc�nhjf_� 
102,8,112 +−=+−=−= tztytx . 

Ih^klZ\eyy�wlb�khhlghr_gby�\�mjZ\g_gb_�iehkdhklb��ihemqZ_f�� 
( ) ( ) ( ) 04102281122 =−+−−+−−− ttt ��hldm^Z 

2,2,160549 −==−⇒=⇒=− zyxtt ��l�_��P(1; 2; -2) – hkgh\Zgb_�\ukhlu�ibjZ�

fb^u� 
 

Dhgljhev��^ebgZ�\ukhlu�ihemqZ_lky�jZ\ghc 

( )( ) ( ) ( ) 1810282111 222 =−−+−+−−=DP . 

Wlh� kh\iZ^Z_l� k� \uqbke_gbyfb�� ijb\_^_ggufb� \� j_r_gbb� aZ^Zqb����

����ba�dhgljhevghc�jZ[hlu������]^_�bkke_^m_lky�lZ�`_�ibjZfb^Z��qlh�b�\�

^Zgghc�aZ^Zq_� 

[��_keb�Q(a; b; c) –�p_glj�kn_ju��hibkZgghc�\hdjm]�ibjZfb^u�ABCD��lh�

^he`gu�\uihegylvky�jZ\_gkl\Z��QA = QB = QC = QD = R��]^_�R –�\_ebqbgZ�jZ�

^bmkZ�kn_ju��<ha\h^y�\�d\Z^jZl�b�ih^klZ\eyy�dhhj^bgZlu�lhq_d�A, B, C, D, 

ijboh^bf�d�kbkl_f_�mjZ\g_gbc�hlghkbl_evgh�a, b, c�b�R: 
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











=−+−+−
=−+−++

=++−+−
=+++++

.)0()2()3(

,)10()8()11(

,)2()4()2(

,)1()2()0(

2222

2222

2222

2222

Rcba

Rcba

Rcba

Rcba

 

<uqblZy�ihhq_j_^gh�ba� �-]h� mjZ\g_gby� \k_� hklZevgu_��ihke_� mijh�
s_gbc�ihemqbf� 







=++
=++−

=−+

. 443

,140111011

,192124

cba

cba

cba

 

J_rb\� wlm� kbkl_fm� �gZijbf_j�� ih� ijZ\bem� DjZf_jZ��� gZc^_f�� qlh�

86,3 ;98,3 ;26,5 ≈≈−≈ cba ��Ihke_�wlh]h�m`_�e_]dh�gZclb��qlh� 32,9≈R . 

 
 

DHGLJHEVG:Y�J:;HL:�� 3. 
<<?>?GB?�<�F:L?F:LBQ?KDBC�:G:EBA 

 
AZ^ZqZ���� 

 
Ihkljhblv�]jZnbd�nmgdpbb� ( ) BbaxAfy ++= �iml_f�ihke_^h\Zl_evguo�

we_f_glZjguo� ij_h[jZah\Zgbc� ]jZnbdZ� ( )xfy = ��MdZaZlv� lhqdb� i_j_k_q_�

gby�k�hkyfb�dhhj^bgZl� 
 
1.1. ( ) 112sin3 ++−= xy . 

J_r_gb_ 
<�^Zgghf�kemqZ_�A = -3, B = 1, a = 2, b = 1, ( ) xxf sin= ��wlhl�]jZnbd�kqblZ�

_lky�ba\_klguf�� 

AZibr_f�gZrm�nmgdpbx�\�\b^_� 1
2

1
2sin3 +













 +−= xy . 

Hl�]jZnbdZ� �d�bkdhfhfm�fh`gh�i_j_clb�k�ihfhsvx�ke_^mxs_c�p_�

ihqdb�ij_h[jZah\Zgbc�� ,
2

1
2sin      ,

2

1
sin 21 













 +=





 += xyxy  

.1
2

1
2sin3      ,

2

1
2sin3 43 +













 +−=













 +−= xyxy  
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=_hf_ljbq_kdb�wlh�ijb\h^bl�d�ke_^mxsbf�ihkljh_gbyf� 

1) kljhbf�kbgmkhb^m� xy sin= �b�kf_sZ_f�__�lhqdb�gZ� 




−

2

1
�hlghkbl_evgh�

gZijZ\e_gby� hkb�OX�� lh� _klv� gZ� 




−

2

1
� \e_\h� –� ihemqbf� �kf_s_gguc��

]jZnbd� 




 +=

2

1
sin1 xy ; 

2) Z[kpbkku�lhq_d�]jZnbdZ��ihkljh_ggh]h�\�i����mf_gvrZ_f�\^\h_��g_�ba�

f_gyy�bo�hj^bgZl�l_f�–�kZfuf��k`bfZ_f��]jZnbd�\�^\Z�jZaZ�\^hev�hkb�

OX��ijboh^y�d�]jZnbdm� 












 +=

2

1
2sin2 xy ; 

3) hj^bgZlu�lhq_d�ihemq_ggh]h�\�i��� ]jZnbdZ�m\_ebqb\Z_f�\�ljb�jZaZ��Z�

aZl_f�f_gy_f�bo�agZdb�gZ�ijhlb\hiheh`gu_��g_�f_gyy�Z[kpbkk���lZdbf�

h[jZahf��fu�ihemqZ_f�]jZnbd� 












 +−=

2

1
2sin33 xy ��y\eyxsbcky�j_amev�

lZlhf��jZkly`_gby��ij_^u^ms_]h�]jZnbdZ�\^hev�hkb�OY�\ljh_��k�ihke_�

^mxsbf�a_jdZevguf�hljZ`_gb_f�hlghkbl_evgh�hkb�OX); 

4) hj^bgZlu�lhq_d�ihke_^g_]h�ba�ihkljh_gguo�]jZnbdh\�m\_ebqb\Z_f�gZ�

_^bgbpm� �[_a�baf_g_gby�Z[kpbkk�� -� l�_�� �kf_sZ_f�� ]jZnbd�gZ�_^bgbpm�

\\_jo�\^hev�hkb�OY��Wlbf�rZ]hf�fu�ihemqZ_f�lj_[m_fuc�]jZnbd� 

LhqdZ� i_j_k_q_gby� ]jZnbdZ� k� hkvx� OY�� ijb�

( ) 52,111sin31102sin30 −≈=−=++⋅−=⇒= yx ��gZihfgbf��qlh�ih�hkb�OX hldeZ�

^u\Z_lky�jZ^bZggZy�f_jZ�m]eZ�� 

>ey� ihbkdZ� lhq_d� i_j_k_q_gby� k� hkvx�OX� iheZ]Z_f� 0=y � b� j_rZ_f�

mjZ\g_gb_�� ( ) 112sin30 ++−= x ���hldm^Z�ihemqZ_f�k_jbx�j_r_gbc� 

( ) 



 −+−= 1�

3

1
arcsin1

2

1
kx k ��]^_� ...  ,2  ,1  ,0 ±±=k  

>ey�m^h[kl\Z�ihkljh_gby�fh`gh�\aylv�
9

�

3

1
arcsin ≈ . 
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                                                                        Y 
 

                                                                       4 
 
 

          y=-3sin(2x+1)+1→ 

 
                                                                       1 
 

                     y=sinx→ 

                                              -�                      H                 �              2�           X 

 
                                                                      -1 
                                                            -1,52  
 

-2 
 

1.2. 
126

310

−
−=

x

x
y . 

 
J_r_gb_� 
Ij_h[jZamy�^jh[v��ihemqbf� 

2

1

3

2

2

1

)2(6

4

6

3

)2(6
3

4
)2(3

)2(6

)
3

10
(3

−
⋅+−=

−
+−=

−





 −−−

=
−

−−
=

xxx

x

x

x
y . 

A^_kv� \� dZq_kl\_� ( )xf � m^h[gh� \aylv� ( )
x

xf
1= � �]jZnbd� h[jZlgh�

ijhihjpbhgZevghc�aZ\bkbfhklb�−�]bi_j[heZ��� 2,1,
2

1
,

3

2 −==−== baBA . 

>_ckl\my�^Ze__�ih�ko_f_�j_r_gby�aZ^Zqb������ijboh^bf�d�bkdhfhfm�

]jZnbdm��Wlh�]bi_j[heZ�k�ZkbfilhlZfb 2=x �b�
2

1
−=y . 

Lhqdb� i_j_k_q_gby� k� hkyfb�� ijb�
6

5

12

10
0 −=−=⇒= yx � �hkv� OY��� ijb�

3

10
0 =⇒= xy ��hkv�OX). 
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Y 

 
 

126

310

−
−=

x

x
y  

 
H                                                    X 

2 
 
 

x
y

1=  

 
 

 
AZ^ZqZ���� 

 
>ZgZ�nmgdpby� ( )xfy = ��Lj_[m_lky��Z��gZclb�lhqdb�jZaju\Z��_keb�hgb�

kms_kl\mxl��[��mklZgh\blv�kdZqhd�nmgdpbb�\�lhqd_�jZaju\Z��\��^Zlv�ko_fZ�

lbq_kdbc�q_jl_`� 

( )






≥−
<<−

−≤+
=

.1  _keb   ,24

;1 2- _keb   ,4

;2  _keb   ,2
2

xx

xx

xx

xf  

J_r_gb_ 
Z��^ZggZy�nmgdpby�hij_^_e_gZ�b�g_ij_ju\gZ�gZ� bgl_j\ZeZo�� ( )2 ; −∞− , 

( )1  ;2− �b� ( )∞+  ;1 ��l�d��aZ^ZgZ�gZ�wlbo�mqZkldZo�dZd�we_f_glZjgZy��Z�we_f_g�

lZjgu_� nmgdpbb� y\eyxlky� g_ij_ju\gufb� \� k\h_c� h[eZklb� hij_^_e_gby��

Ijb� 2−=x � b� 1=x � f_gy_lky� ZgZeblbq_kdh_� \ujZ`_gb_� nmgdpbb� ( )xf �� b�

lhevdh�\�wlbo�lhqdZo�hgZ�fh`_l�bf_lv�jZaju\u��Hij_^_ebf�h^ghklhjhggb_�

ij_^_eu�\�wlbo�lhqdZo�� 
( ) ( ) ( ) ( ) .02    ;02 limlimlimlim

2

2

2

2

2

2
2
2

=+==+=

−>
−→

−>
−→

−<
−→

−<
−→

xxfxxf

x

x

x

x

x

x
x
x

 

H^ghklhjhggb_�ij_^_eu� \� lhqd_� 2−=x � kh\iZ^Zxl��d� lhfm�`_�b� ( ) 02 =−f  

�ih�hij_^_e_gbx���ihwlhfm�nmgdpby�g_ij_ju\gZ�\�lhqd_� 2−=x ��>Ze__  
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−
−

− 11
1

3 5555�
3 2xx �ijb� 2−→x �� lh�fu�bf__f�^_eh� k�g_hij_^_�

e_gghklvx�\b^Z� ( )∞1 �l�_���lbiZ�_ ". 

<hkihevah\Z\rbkv� k\hckl\Zfb� ij_^_evguo� i_j_oh^h\� ^ey� ihdZaZ�

l_evghc�b�eh]Zjbnfbq_kdhc�nmgdpbc��ih^h[gh�lhfm��dZd�wlh�[ueh�\�aZ^Zq_�

������aZibr_f�� 

( )( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ){ }2cosln�2secln�

2

�2secln

2

�

2

limlimlim2seclim 2

+⋅−+⋅

−→

+

−→−→
−→===+ xxxx

y

xx

y

x

y
xeeex . 

 

Ij_^_e� \� ihdZaZl_e_� \uqbkebf� hl^_evgh�� <gZqZe_� k^_eZ_f� aZf_gm�

��kf_s_gb_���i_j_f_gghc�� 2+= xt ��lZd��qlh[u� 0→t �ijb� 2−→x ��Lh]^Z��^ey 
0→t ��fu�fh`_f�ijbf_gblv�wd\b\Ze_glghklb��
��−��


��b�ihemqblv� 
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( )[ ] ( ) ( ) ( ){ } ,155�  ;
22

2
2

sin2
2

sin21lncosln2cosln
1

13
22

22 3 2 −
−− −⋅=−=





⋅−≈−≈





 −==+ xx

tttt
tx

ijb�wlhf� ( ) ( ) 3123 23 23 2 41344323 tttttx −+=−+−=−−=− ��ke_^h\Zl_evgh� 

( ) ( ) ( ) ( ) ( ) ( ) �OQ�
�

�
a��a���

�

�
a����� ��

�

�
������� �

�� �

⋅−−−⇒−−−+=−− −−−
WWWWWW[

WW[ . 

L_i_jv� 

( ) ( )[ ]{ }
( ) ( )

.0
40

0

5ln10

3

4
lim

5ln10

3

5ln410

3
lim

5ln4
3

1
5

2

1

lim2cosln�lim
002

2

02

=
−

⋅=

=
−

⋅=
−

⋅+=
−⋅

−
−=+⋅−

→→→−→ t

t

t

t

tt

t
xx

tttx
 

AgZqbl��bkdhfuc�ij_^_e�jZ\_g� ( ) 10 =e . 

 
AZ^ZqZ���� 

 

GZclb�dhjgb�mjZ\g_gby� ( ) 0=xf ��ijb[eb`_ggh�–�k�lhqghklvx�^h�������

^ey�nmgdpbb� ( ) ( ) 32 xxf x −= �f_lh^hf�iheh\bggh]h�^_e_gby� 

 

J_r_gb_ 

MdZaZlv�dhj_gv� 0x �k�lhqghklvx�^h������–�wlh�agZqbl�gZclb�lZdh_�qbk�

eh� ∗x ��qlh�aZ\_^hfh�[m^_l�\uiheg_gh�g_jZ\_gkl\h�� 

05,005,0 0 +≤≤− ∗∗ xxx ��l�_�� [ ]05,0;05,00 +−∈ ∗∗ xxx . 

<gZqZe_�i_j_ibr_f�mjZ\g_gb_�\�\b^_� 32 xx = ��hldm^Z�ykgh��qlh�dhjgb�

fh]ml�gZoh^blvky� lhevdh�gZ�ijhf_`mld_� ( )∞,0 ��Eh]Zjbnfbjmy�ih�hkgh\Z�

gbx����ihemqbf�jZ\ghkbevgh_�mjZ\g_gb_�� ( ) ( ) xxxx
2

3
22 log3log2log =⇒= . 

Ihkljhb\� �gZ� fbeebf_ljh\hc� [mfZ]_�� ]jZnbdb� nmgdpbc� xy =1 � b�

xy 22 log3= � �e_\hc�b�ijZ\hc�qZkl_c� wlh]h�mjZ\g_gby���g_keh`gh� aZf_lblv��

qlh�djb\u_�i_j_k_dZxlky�\�^\mo�lhqdZo��:�b�<���Z[kpbkku�dhlhjuo�b�y\ey�

xlky�bkdhfufb�dhjgyfb�mjZ\g_gby�� 

Ijb�wlhf�ykgh��qlh� 109   ,21 <<<< AA xx ��l�_��]jZnbq_kdb�fu�gZoh^bf�

dhjgb�\�i_j\hf�ijb[eb`_gbb�� 
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   Y 
B 

 
xy 2log3=  

 
 

xy =  

 
 

A 

 

H      1      2                                               9      10    X 

 
 

>Zevg_crbc�ihbkd�dhjg_c�[m^_l�hibjZlvky�gZ�l_hj_fm��bfy�__�Z\lh�

jZ� mklZgh\bl_� kZfhklhyl_evgh�� h[jZlb\rbkv� d� ebl_jZlmj_��� _keb� g_ij_�

ju\gZy�nmgdpby� ( )xf �gZ�dhgpZo�hlj_adZ� [ ]ba; �ijbgbfZ_l�agZq_gby�jZaguo�

agZdh\��l�_�� ( ) ( ) 0<⋅ bfaf ��lh�\gmljb�hlj_adZ� [ ]ba; �bf__lky��ih�f_gvr_c�f_j_��

h^gZ�lhqdZ� 0x ��lZdZy��qlh� ( ) 00 =xf ��Wlhl�dhj_gv�[m^_l�_^bgkl\_gguf��_keb�

( )xf �fhghlhggZ�gZ�jZkkfZljb\Z_fhf�hlj_ad_��<�gZr_f�kemqZ_�[m^_f�jZk�

kfZljb\Zlv�nmgdpbx� ( ) ( ) 32 xxf x −= ��GZ�hlj_ad_� [ ] [ ]2  ;1; =ba � �]^_�fu�ba�]jZ�

nbdZ� �m\b^_eb�� i_j\uc� dhj_gv�� wlZ�nmgdpby� y\ey_lky� g_ij_ju\ghc� �dZd�

jZaghklv� ^\mo� we_f_glZjguo� nmgdpbc� \� _kl_kl\_gghc� h[eZklb� hij_^_e_�

gby���fhghlhgghc��wlh�mklZgZ\eb\Z_lky�iml_f�bamq_gby�agZdZ�ijhba\h^ghc�

( )xf ' ��gh�g_�kms_kl\_ggh�^ey�kZfh]h�ihbkdZ�dhjgy���Z�lZd`_�f_gy_l� agZd��

l�_�� ( ) ( ) 01121 31 >=−=f , ( ) 04222 32 <−=−=f .  

JZa^_ebf�hlj_ahd� [ ]2;1 �ihiheZf� �lhqdhc�
2

3=x ��b� \uykgbf� agZq_gb_�

nmgdpbb�\�lhqd_�–�k_j_^bg_�hlj_adZ��IhemqZ_f 

( ) 0375,3828,2
2

3
2

2

3
3

2
3

<−≈




−=







f . 

Mqblu\Zy��qlh� �kf��\ur_�� ( ) 01 >f ��^_eZ_f�\u\h^��qlh�nmgdpby� ( )xf  

baf_gbeZ�agZd�gZ�hlj_ad_� [ ]2
3;1 ��ke_^h\Zl_evgh��ih�l_hj_f_���gZ�wlhf�hlj_a�
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d_�kh^_j`blky�dhj_gv�mjZ\g_gby� ( ) 0=xf ��AZf_lbf��qlh�_keb�[u�hdZaZehkv��

qlh� 0
2

3 =






f ��lh�wlh�hagZqZeh�[u��qlh�fu�gZreb�lhqgh_�agZq_gb_�dhjgy��b�

ihbkd�[u�ij_djZlbeky��LZdbf�h[jZahf��ijhf_`mlhd�ihbkdZ�dhjgy� �kmabe�

ky��k�i_j\hgZqZevgh]h�[ ]2;1 �^h� [ ]2
3;1 .  

Kgh\Z�ijbf_gbf�lhl�`_�ijb_f��jZa^_eyy�hlj_ahd [ ]2
3;1 �ihiheZf�lhq�

dhc� 4
5=x ��gZoh^bf� ( ) 095,1378,2

4

5
2

4

5
3

4
5

>−≈




−=







f ��Ihkdhevdm�jZg__��mk�

lZgh\e_gh��qlh� 0
2

3 <






f �� lh�^_eZ_f�\u\h^��qlh� ( )xf �baf_gbeZ� agZd�gZ�hl�

j_ad_� 





2

3
;

4

5
��agZqbl� ��dhj_gv�gZoh^blky�gZ�wlhf���_s_�[he__��km`_gghf����

ijhf_`mld_� 
Ih\lhjyy� ijhp_^mjm� iheh\bggh]h� ^_e_gby� _s_� g_kdhevdh� jZa�� fu�

ihemqZ_f� km`Zxsmxky� ihke_^h\Zl_evghklv� hlj_adh\�� kh^_j`Zsbo� bkdh�

fuc�dhj_gv� 

 
( )

.375,13125,1     
8

11
;

16

21
0261,2484,2

16

21

2

81145

;
8

11
;

4

5
0597,2594,2

8

11
2

8

11

2

2345

`_  beb

3

8
11

<<




∈⇒>−≈





=





 +






∈⇒<−≈





−=





=





 +

AA

A

xxff

xff

 

Ihkdhevdm�^ebgZ�ihke_^g_]h�ijhf_`mldZ� 1,00625,0
16

1

6

21

8

11 <==−=∆ , 

lh�fu�^hklb]eb�gm`ghc� lhqghklb��b�fh`gh� kdZaZlv��qlh�bkdhfuc�dhj_gv�

�Z[kpbkkZ� lhqdb� A�� kh^_j`blky� \� ijhf_`mld_� 




 +−

32

1

32

43
;

32

1

32

43
�� l�_��

( )03,035,1;03,035,1 +−∈Ax ��Mlhqgyy�ih^kq_l��fh`gh�gZclb��qlh� 374,1≈Ax . 

:gZeh]bqguf� h[jZahf� fh`gh� gZclb�� qlh� ����
��

���





∈%[ � l�_��

( )03,097,9;03,097,9 +−∈Bx ��;he__�lhqgh�� 9395,9≈Bx . 

 
Dhgljhevgu_�ijh\_jdb�^he`gu�ih^l\_j^blv�ijZ\bevghklv�jZkq_lh\��

k�ihfhsvx�0.�ihemqZ_f��qlh�
( )

( )



−≈
−≈

 013,09395,9  

;002,0374,1   

^ey
^ey

f

f
�l�_���ihqlb�ghev��� 
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AZ^ZqZ���� 
 

>ey�aZ^Zgghc�nmgdpbb� )(xfy = �b�agZq_gby�Zj]mf_glZ� ax =  

1) gZclb�h[eZklv�hij_^_e_gby��H>A��nmgdpbb� )(xf ; 

2) k�ihfhsvx�we_f_glZjguo�ij_h[jZah\Zgbc�ihkljhblv�]jZnbd� )(xfy = ; 

3) hij_^_eblv�\_ebqbgm� / �lZdmx��qlh� 

Z��_keb� ∈a H>A��lh� 1,00)()( =<− afxf ; 

[��_keb� ∉a H>A��lh� 100)( >xf ��dZd�lhevdh� axax ≠<− ,/ . 

I. >Zgh��� 11
3

sin2)( −




 +== x

xfy ;  7=a . 

 

J_r_gb_ 

GZihfgbf��qlh� ]jZnbdb�nmgdpbc��Z�� )( xf − �� �[��– ( )xf ��\�� ( )axf − �� ]��

( ) Axf + ��^�� ( ) 0>kkxf ; e) ( ) 0>kxfk ��`�� ( )xf �� � a�� ( )axf − �ihemqZxlky�ba�

]jZnbdZ�nmgdpbb� ( )xfy = �ke_^mxsbfb�]_hf_ljbq_kdbfb�ij_h[jZah\Zgby�

fb��Z��hljZ`_gb_f�hlghkbl_evgh�hkb�OY��[��hljZ`_gb_f�hlghkbl_evgh�hkb�

OX��\��kf_s_gb_f�\^hev�hkb�OX gZ�a�_^bgbp��\e_\h�–�_keb�a < 0��\ijZ\h�–�_k�

eb�a > 0���k^\b]hf�\^hev�hkb�OY�gZ�A�_^bgbp��\gba�–�^ey�A < 0��\\_jo�–�^ey����

A > 0���^��k`Zlb_f�\^hev�hkb�OX \� k �jZa��ijb�k < 1��beb�jZkly`_gb_f�\^hev�

hkb�OX�\� k �jZa��ijb�0 < k < 1���_��jZkly`_gb_f��ijb�k < 1��beb�k`Zlb_f��ijb���

0 < k < 1��\� k �jZa�\^hev�hkb�OY��`��hljZ`_gb_f�hlghkbl_evgh�hkb�OX�lhc�qZk�

lb� ]jZnbdZ�� dhlhjZy� e_`bl� gb`_� wlhc� hkb�� a�� hljZ`_gb_f� hlghkbl_evgh�

ijyfhc� ax = �lhc�qZklb�]jZnbdZ��dhlhjZy�e_`bl�ijZ\__�wlhc�ijyfhc� 

 

���\�gZr_f�kemqZ_�nmgdpby� ( )xfy = �hij_^_e_gZ�ijb�ex[uo�agZq_gb�

yo� x �� l�_�� ^_ckl\by�� �aZeh`_ggu_�� \� nhjfme_� ( )xf �� \uihegbfu� ijb�

( )∞+∞−∈ ;x ; 

���aZibkZ\�nmgdpbx�\�\b^_� ( ) ( )
2

1
3

3

1
sin2 −



 +== xxfy �b�mqblu\Zy��qlh� 





<−
≥

=
,0,

,0,

x_kebx

x_kebx
x  
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kljhbf�]jZnbd�ba�^\mo��\_l\_c����
( )

( )









<−



 +−

≥−



 +

=
.0_keb,

2

1
3

3

1
sin2

,0_keb,
2

1
3

3

1
sin2

xx

xx

y  

<ay\� aZ� hkgh\m� ]jZnbd� kbgmkhb^u� [\ VLQ= � b� ijbf_gyy� ihke_^h\Z�

l_evgh�ij_h[jZah\Zgby���� ( ) ( ) ( ) →−



 +→



 +→+→

2

1
3

3

1
sin3

3

1
sin3sin xxxx  

( ) ( )
2

1
3

3

1
sin2

2

1
3

3

1
sin −



 +→−



 +→ xx ��l�_��\���^���]���_���`���ihemqZ_f�]jZnbd�

i_j\hc��\_ldb��–�gZ�mqZkld_� 0≥x ��:gZeh]bqgh�kljhblky��\_ldZ��^ey� 0<x .  
H[sZy�dZjlbgZ�ihemqZ_lky�lZdhc� 

     Y 
 
 
 

     A                                                      D 
 
 
 
                                                        B             C 
 

      X 

                             3
2

9
+−

π                                          3
2

9
−

π     

 
 
 

 
AZf_lbf��qlh�\�^Zgghf�kemqZ_�ihemqZ_lky� ( ) ( )xfxf =− ��q_lgZy�nmgd�

pby�� b� ]jZnbd� kbff_ljbq_g� hlghkbl_evgh� hkb�OY��Hlf_lbf� oZjZdl_jgu_�

lhqdb�� i_j_k_q_gb_� k� hkvx�OY� ijhbkoh^bl� ijb� 68,011sin20 0 ≈−=⇒= yx ; 

lhqdb�i_j_k_q_gby�k�hkvx�OX�jZkkqblu\Zxlky�ba�mjZ\g_gby�� 

( ) ( ) ⇒=



 +⇒=

2

1
3

3

1
sin0 xxf ( ) ⇒+⋅−=

+
k

x k �
6

�
1

3

3
 

H 

1 

3 

3
2

3
+−

π
 3

2

3
−

π
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 ( ) 3�3
2

�
1 −+⋅−=⇒ kx k   ...,2,1,0 ±±=k  

:gZeh]bqgh� jZkkqblu\Zxlky� dhhj^bgZlu� �\_jomr_d�� A, B, C, D, 
jZkiheh`_gguo�gZ�mjh\gyo� 1=y �b� 3=y ��kf��jbkmghd�� 

���^ey�\uiheg_gby�wlh]h�aZ^Zgby� �g_h[oh^bfh�j_rblv�g_jZ\_gkl\h�

( ) ( ) 0<− afxf � \� hdj_klghklb� lhqdb� ax = �� <� gZr_f� kemqZ_� bf__f�� 1,00 = ;  

( ) ( ) 38,11
3

10
sin211

3

7
sin27 ≈−





=−





 +== faf ��\k_�m]eu�[_jmlky�\�jZ^bZgghf�

baf_j_gbb�� 
                           Y 

 
 
       y = 1,48 

 
 
 
 
        y = 1,28 

 

                                          3
2

�5 −    6,84   7   7,14                                                  X 

   
 

 
J_rZy�ijb[eb`_ggh�� k�ihfhsvx�FD�g_jZ\_gkl\h� � ( ) ( ) 1,07 <− fxf , 

ihemqZ_f� ( ) 1,038,11,0 <−<− xf � l�_�� ( ) 48,128,1 << xf �� Ih^klZ\eyy� \ujZ`_gb_�

^ey� ( )xf �� ijboh^bf� d� g_jZ\_gkl\m� � 48,111
3

sin228,1 <−





+<

x
�� hlkx^Z��

14,01
3

sin24,0 −<





+<−

x
,  ( ) ( ) ( ) ( ) k

x
k kk �14,0arcsin11

3
�24,0arcsin1 +−⋅−<+<+−⋅− . 

>ey�hdj_klghklb�lhqdb� 7== ax �ih^[bjZ_f� 1=k �b�ihemqZ_f�hdhgqZ�

l_evgh�� 14,784,6 << x ��khhl\_lkl\mxsbc�ijhf_`mlhd�\u^_e_g�gZ�jbkmgd_���

Ijb�wlhf�hldehg_gb_�Zj]mf_glZ� x �hl�lhqdb�a� ��g_�^he`gh�ij_\urZlv�bk�

dhfhc�\_ebqbgu� / ��Hp_gb\Z_f�wlh�hldehg_gb_�fh^me_f�jZaghklb� 7−x �b�

H 

1,38 
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\b^bf��qlh��ihkdhevdm� 14,0716,0 <−<− x �� lh�\h�\kydhf� kemqZ_� 14,07 <−x . 

BlZd��\�dZq_kl\_�/ �fu�\u[bjZ_f�qbkeh� 14,0/ = . 

 

II. >Zgh�� ( )
21

12

−−
+==

x

x
xfy ,  1−=a . 

 
J_r_gb_ 

JZkdju\Zy�fh^mev� ( )



<−−
≥−

=−
0,1

,0,1
1

_keb
_keb

xx

xx
x ��ihemqbf 









<
−−
+

>
−
+

=
.1,

1

12

;1,
3

12

_keb

_keb

x
x

x

x
x

x

y                                           (*) 

��� ba� nhjfme� �
�� ykgh�� qlh� a^_kv� H>A� lZdh\Z���

( ) ( ) ( )∞+∪−∪−∞−∈ ;33;11;x ; 

���]jZnbdb�nmgdpbc� �
3

7
2

1

12

−
+=

−
+=

xx

x
y �b� �

1

1
2

1

12

+
+−=

−−
+=

xx

x
y � �ih�

emqZxlky�ba�]jZnbdZ� �
x

y
1= � �ij_h[jZah\Zgbyfb��ZgZeh]bqgufb�ijb\_^_g�

guf�\�j_r_gbb�ij_^u^ms_c�aZ^Zqb�b�y\eyxl�kh[hc�\_l\b�]bi_j[he�gZ�mqZ�

kldZo� 1>x �b�� 1<x ��IhemqZ_f�h[smx�dZjlbgdm� 
 
 
 
 
 
 
 
 
 

X 
 
 
 
 
 
 
 
 
 
 
 
 

1 

2 

Y 

X 3 

0 

-2 

-1 
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