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Ïðåäèñëîâèå

Ïðîöåññ îïòèìèçàöèè ñîñòàâëÿåò îñíîâó íàó÷íûõ èññëåäîâàíèé â
òåõíèêå, ýêîíîìèêå, åñòåñòâîçíàíèè è ìàòåìàòèêå. Òåîðèÿ îïòèìèçà-
öèè ïðîäîëæàåò áóðíî ðàçâèâàòüñÿ, ÷òî îòðàæàåòñÿ íà ôîðìèðîâàíèè
ðàçäåëîâ êóðñà ìàòåìàòèêè äëÿ ïðåïîäàâàíèÿ â ýêîíîìè÷åñêèõ âóçàõ,
âòóçàõ è óíèâåðñèòåòàõ. Áàçîâûå ïîíÿòèÿ òåîðèè îïòèìèçàöèè êàê îñ-
íîâû ñîâðåìåííîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ çàêëàäûâàþòñÿ ïðè
èçó÷åíèèè äèñöèïëèíû �Ìåòîäû îïòèìèçàöèè è âàðèàöèîííîå èñ÷èñ-
ëåíèå�, êîòîðàÿ âñòðå÷àåòñÿ è ïîä äðóãèìè íàçâàíèÿìè.

Ìåòîäû îïòèìèçàöèè â ïîñîáèè ðàññìàòðèâàþòñÿ â êëàññè÷åñêîì
âàðèàíòå â âèäå ýêñòðåìàëüíûõ çàäà÷ ôóíêöèé ìíîãèõ ïåðåìåííûõ.
Ðàññìàòðèâàþòñÿ áåçóñëîâíàÿ è óñëîâíàÿ îïòèìèçàöèè äëÿ ãëàäêèõ
çàäà÷. Â êà÷åñòâå ïðèìåðà ñîâðåìåííîãî ïîäõîäà ïðåäñòàâëåíû ýëå-
ìåíòû âûïóêëîãî àíàëèçà.

Îñíîâíóþ ÷àñòü äèñöèïëèíû ñîñòàâëÿåò âàðèàöèîííîå èñ÷èñëåíèå.
Â êà÷åñòâå ââåäåíèÿ â êóðñ âàðèàöèîííîãî èñ÷èñëåíèÿ ïðåäëîæåíû
ýëåìåíòû ôóíêöèîíàëüíîãî àíàëèçà. Çàäà÷è ðàñïîëîæåíû â ïîðÿä-
êå èõ óñëîæíåíèÿ, íà÷èíàÿ ñ ïðîñòåéøåé çàäà÷è è ïîñòåïåííûì äî-
áàâëåíèåì íîâûõ óñëîâèé. Ïðè ðåøåíèè âàðèàöèîííûõ çàäà÷ òàêæå
ïîäêëþ÷àåòñÿ ìåòîä Ëàãðàíæà, êîòîðûé ðàññìîòðåí â ïåðâûõ ïàðà-
ãðàôàõ ãëàâû �Ýêñòðåìàëüíûå çàäà÷è�.

Ïðåäìåò �Ìåòîäû îïòèìèçàöèè è âàðèàöèîííîå èñ÷èñëåíèå� òðà-
äèöèîííî èçó÷àåòñÿ íà ñòàðøèõ êóðñàõ áàêàëàâðèàòà èëè â ìàãèñòðà-
òóðå, òàê êàê äëÿ åãî âîñïðèÿòèÿ íóæíû áàçîâûå çíàíèÿ íåñêîëüêèõ
ìàòåìàòè÷åñêèõ äèñöèïëèí: ìàòåìàòè÷åñêîãî àíàëèçà, ëèíåéíîé àë-
ãåáðû, äèôôåðåíöèàëüíûõ óðàâíåíèé, ôóíêöèîíàëüíîãî àíàëèçà.

Ïîëó÷åííûå çíàíèÿ è êîìïåòåíöèè ïðîÿâëÿþòñÿ â óìåíèè ðåøàòü
çàäà÷è. Îñîáåííîñòüþ äàííîãî êóðñà ñëóæèò òî, ÷òî âíåøíå ñõîæèå
çàäà÷è ñ åäèíîé îáùåé ñõåìîé ðåøåíèÿ â ïðîöåññå èçó÷åíèÿ ìàòåðèàëà
íà÷èíàþò âêëþ÷àòü â ñåáÿ íîâûå äîïîëíèòåëüíûå ìîìåíòû àíàëèçà è
ïîñòðîåíèÿ ñõåìû ðåøåíèÿ. Òàêèì îáðàçîì, èäåò ïðîöåññ àêòèâàöèè
ïðåæíèõ çíàíèé è ïîäêëþ÷åíèÿ íîâûõ. Ïðè÷åì ñòóäåíòû ïðèó÷àþòñÿ
ê èñïîëüçîâàíèþ ñîêðàùåííûõ îáîçíà÷åíèé òåõ ïîíÿòèé, êîòîðûå íà
ìëàäøèõ êóðñàõ îíè ïðèâûêëè ðàñïèñûâàòü ïîäðîáíî. Ñëåäîâàòåëü-
íî, äàííûé êóðñ ÿâëÿåòñÿ åñòåñòâåííîé ïðîäâèíóòîé ñòóïåíüþ ãëóáî-
êîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ.
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Òåîðåòè÷åñêàÿ ÷àñòü êóðñà ñîäåðæèò ïðîñòûå è åñòåñòâåííûå ìà-
òåìàòè÷åñêèå îñíîâû, êîòîðûå ñîïðîâîæäàþòñÿ äîâîëüíî ãðîìîçäêè-
ìè âûêëàäêàìè ïðè ïðîâåäåíèè ïîäðîáíûõ äîêàçàòåëüñòâ. Ïîýòîìó
â ïðîöåññå ïðåïîäàâàíèÿ äèñöèïëèíû äëÿ ïîäãîòîâêè ñïåöèàëèñòîâ
áîëåå øèðîêîãî ïðîôèëÿ äåëàåòñÿ óïîð íå íà òåîðèþ, à íà ïðàêòèêó.

Â óñëîâèÿõ äèñòàíöèîííîãî îáó÷åíèÿ âåñü ìàòåðèàë, êîòîðûé îáû÷-
íî èçëàãàåòñÿ â àóäèòîðèè ïðåïîäàâàòåëåì, áûë ïîäãîòîâëåí â âèäå
îáðàçöîâ ðåøåíèÿ çàäà÷ ñ îáúÿñíåíèåì òåõ âîïðîñîâ, êîòîðûå âîçíè-
êàëè ó ñëóøàòåëåé. Ïîñêîëüêó âîçìîæíû ðàçíûå ïîäõîäû ê ðåøåíèþ
çàäà÷ ïî âûáðàííîé òåìå, òî â êà÷åñòâå ïðèìåðîâ ïðèâåäåíû íåñêîëü-
êî çàäà÷ ñ ðàçíûìè ïðèåìàìè ðåøåíèÿ. Èìåííî ýòèì äàííîå ïîñîáèå
è îòëè÷àåòñÿ îò òðàäèöèîííûõ ó÷åáíèêîâ, ãäå òåìà ñîïðîâîæäàåòñÿ,
êàê ïðàâèëî, îäíèì ïðèìåðîì. Ïî êàæäîé òåìå òàêæå ïðèâåäåíû ïðè-
ìåðû çàäà÷ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ ñ óêàçàíèÿìè è îòâåòàìè
â êîíöå ãëàâû. Âìåñòå ñ ðàçîáðàííûìè ïðèìåðàìè ïðåäëîæåíî áîëåå
200 çàäà÷. Ìíîãèå èç íèõ âñòðå÷àþòñÿ â ðàçëè÷íûõ êóðñàõ è êíèãàõ è
çàêðåïèëèñü êàê îñíîâíûå ïðèìåðû íà äàííóþ òåìó. Â ïîñîáèè ìíîãî
íîâûõ îðèãèíàëüíûõ ïðèìåðîâ; íàïðèìåð, çàäà÷è ïåðâîãî ïàðàãðàôà
âòîðîé ãëàâû.

Ïðè ïðåïîäàâàíèè äèñöèïëèíû çà îñíîâó âçÿòà êíèãà Ý. Ì. Ãà-
ëååâà [4], êîòîðàÿ ÿâëÿåòñÿ ïåðåðàáîòêîé ó÷åáíèêà Â. Ì. Àëåêñååâà,
Ý. Ì. Ãàëååâà, Â. Ì. Òèõîìèðîâà [1]. Âìåñòå ñ íåé äàííîå ïîñîáèå ñî-
ñòàâëÿåò ïîëíûé êîìïëåêñ ó÷åáíî-ìåòîäè÷åñêèõ ìàòåðèàëîâ äëÿ ïðå-
ïîäàâàíèÿ äèñöèïëèíû �Ìåòîäû îïòèìèçàöèè è âàðèàöèîííîå èñ÷èñ-
ëåíèå� ìàãèñòðàíòàì-ìàòåìàòèêàì. Çàäàíèÿ äëÿ êîíòðîëüíûõ ìåðî-
ïðèÿòèé áåðóòñÿ èç íàáîðà ïðåäëîæåííûõ çàäà÷.
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Ãëàâà 1

Ýêñòðåìàëüíûå çàäà÷è

1.1. Áåçóñëîâíàÿ ãëàäêàÿ îïòèìèçàöèÿ

Çàäà÷åé ãëàäêîé îïòèìèçàöèè íàçûâàåòñÿ çàäà÷à íà ýêñòðåìóì
äëÿ êëàññà äèôôåðåíöèðóåìûõ ôóíêöèé.

Ê ïðîñòåéøåìó òèïó òàêèõ çàäà÷ îòíîñÿòñÿ çàäà÷è îïòèìèçàöèè
íà âñåì ðàññìàòðèâàåìîì ïðîñòðàíñòâå. Çàäà÷è îïòèìèçàöèè áåç äî-
ïîëíèòåëüíûõ îãðàíè÷åíèé íàçûâàþòñÿ çàäà÷àìè áåçóñëîâíîé îïòè-
ìèçàöèè.

Ñëåäóþùàÿ ñòóïåíü êëàññèôèêàöèè äàííûõ çàäà÷ � ïî ðàçìåðíî-
ñòè ïðîñòðàíñòâà X, íà êîòîðîì ðàññìàòðèâàåòñÿ èññëåäóåìàÿ ôóíê-
öèÿ (èëè ôóíêöèîíàë). Çàäà÷è äëÿ ôóíêöèé îäíîé ïåðåìåííîé áûëè
ïðåäñòàâëåíû â êóðñå ìàòåìàòè÷åñêîãî àíàëèçà. Äàëüíåéøèì èõ îáîá-
ùåíèåì ñëóæàò êîíå÷íîìåðíûå ýêñòðåìàëüíûå çàäà÷è áåç îãðàíè÷å-
íèé.

1.1.1. Ïîñòàíîâêà çàäà÷è

Èòàê, ðàññìàòðèâàåòñÿ f : Rn → R � äèôôåðåíöèðóåìàÿ ôóíê-
öèÿ íåñêîëüêèõ (èëè îäíîé ïðè n = 1) äåéñòâèòåëüíûõ ïåðåìåííûõ. Â
áîëåå îáùåì ñëó÷àå f : X → R. Çàäàíèå èññëåäîâàòü ôóíêöèþ íà ýêñ-
òðåìóì áóäåì çàïèñûâàòü f(x) → extr, ÷òî îçíà÷àåò òðåáîâàíèå íàéòè
âñå ëîêàëüíûå ýêñòðåìóìû (ìèíèìóìû è ìàêñèìóìû) è ãëîáàëüíûå
(àáñîëþòíûå) ýêñòðåìóìû.

Òî÷êà x̃ ∈ X íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà äàííîé çà-
äà÷è è îáîçíà÷àåòñÿ x̃ ∈ locminf , åñëè ñóùåñòâóåò îêðåñòíîñòü Ux̃

ýòîé òî÷êè òàêàÿ, ÷òî f(x) ≥ f(x̃) äëÿ âñåõ x èç ýòîé îêðåñòíîñòè. Åñ-
ëè æå f(x) ≤ f(x̃) äëÿ âñåõ x èç íåêîòîðîé îêðåñòíîñòè Ux̃, òî ïèøåì
x̃ ∈ locmaxf è íàçûâàåì x̃ òî÷êîé ëîêàëüíîãî ìàêñèìóìà . Âñå òî÷êè
ëîêàëüíîãî ìèíèìóìà è ëîêàëüíîãî ìàêñèìóìà ñîñòàâëÿþò ìíîæå-
ñòâî òî÷åê ëîêàëüíîãî ýêñòðåìóìà, ÷òî îáîçíà÷àåì x̃ ∈ locextrf äëÿ
êàæäîé òî÷êè (ñëîâî �ëîêàëüíûé� ÷àñòî îïóñêàþò).
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Äëÿ íîðìèðîâàííîãî ïðîñòðàíñòâà X îêðåñòíîñòü îáû÷íî áåðåòñÿ
â âèäå îòêðûòîãî øàðà Ux̃ = {x | ∥x − x̃∥ < ϵ}. Â ïðîñòðàíñòâå Rn

áåðåòñÿ åâêëèäîâà íîðìà ∥x− y∥ =
√∑n

j=1(xj − yj)2.

Òî÷êà x̃ ∈ X íàçûâàåòñÿ òî÷êîé ãëîáàëüíîãî ìèíèìóìà ýòîé çà-
äà÷è, åñëè f(x) ≥ f(x̃) äëÿ âñåõ x ∈ X, ÷òî îáîçíà÷àåì x̃ ∈ absmin.
Â ýòîì ñëó÷àå fmin = f(x̃). Âî ìíîãèõ çàäà÷àõ fmin íå äîñòèãàåòñÿ
â êîíêðåòíîé òî÷êå, ìîæåò áûòü êîíå÷íûì ÷èñëîì (òîãäà êîððåêò-
íåé îáîçíà÷àòü finf � òî÷íàÿ íèæíÿÿ ãðàíü) èëè −∞. Àíàëîãè÷íî
x̃ ∈ X íàçûâàåòñÿ òî÷êîé ãëîáàëüíîãî ìàêñèìóìà ýòîé çàäà÷è, åñëè
f(x) ≤ f(x̃) äëÿ âñåõ x ∈ X, ÷òî îáîçíà÷àåì x̃ ∈ absmax, à fmax = f(x̃).

1.1.2. Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ýêñòðåìóìà

ôóíêöèè îäíîé ïåðåìåííîé

Ïîëàãàåì f(x) äèôôåðåíöèðóåìîé, ÷òî îáîçíà÷àåì f ∈ D(R).
Òåîðåìà 1, Ôåðìà (íåîáõîäèìîå óñëîâèå ýêñòðåìóìà).
Åñëè x̃ ∈ locextrf , òî f ′(x̃) = 0.
Óñëîâèå ðàâåíñòâà íóëþ ïðîèçâîäíîé íå ÿâëÿåòñÿ äîñòàòî÷íûì,

÷òî äåìîíñòðèðóåòñÿ ïðèìåðîì f(x) = x3, äëÿ êîòîðîãî f ′(0) = 0.
Îïðåäåëåíèå 1. Òðåáîâàíèå f ′(x) = 0 íàçûâàåòñÿ óñëîâèåì ñòà-

öèîíàðíîñòè, à òî÷êè, óäîâëåòâîðÿþùèå ýòîìó òðåáîâàíèþ, íàçûâà-
þòñÿ ñòàöèîíàðíûìè òî÷êàìè.

Òåîðåìà 2 (äîñòàòî÷íîå óñëîâèå ýêñòðåìóìà âòîðîãî ïîðÿäêà).
Ïóñòü f ∈ D2(R). Åñëè f ′(x̃) = 0 è f ′′(x̃) > 0, òî x̃ ∈ locminf .

Åñëè f ′(x̃) = 0 è f ′′(x̃) < 0, òî x̃ ∈ locmaxf .
Òåîðåìà 3 (íåîáõîäèìîå óñëîâèå ýêñòðåìóìà âòîðîãî ïîðÿäêà).
Ïóñòü f ∈ D2(R). Åñëè x̃ ∈ locminf , òî f ′(x̃) = 0 è f ′′(x̃) ≥ 0.

Åñëè x̃ ∈ locmaxf , òî f ′(x̃) = 0 è f ′′(x̃) ≤ 0.
Îáîáùåíèåì òåîðåìû 2 ñëóæèò ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 4 (äîñòàòî÷íîå óñëîâèå ýêñòðåìóìà).
Ïóñòü f ∈ D2m(R) è f ′(x̃) = f ′′(x̃) = . . . = f (2m−1)(x̃) = 0. Åñëè

f (2m)(x̃) > 0, òî x̃ ∈ locminf . Åñëè f (2m)(x̃) < 0, òî x̃ ∈ locmaxf .
Àíàëîãè÷íî ñòðîèòñÿ îáîáùåíèå òåîðåìû 3 ñ çàìåíîé ñòðîãîãî íåðà-

âåíñòâà íà íåñòðîãîå: ïðè óñëîâèè f ′(x̃) = f ′′(x̃) = . . . = f (2m−1)(x̃) = 0

èç x̃ ∈ locminf âûòåêàåò f (2m)(x̃) ≥ 0, à èç x̃ ∈ locmaxf âûòåêàåò
f (2m)(x̃) ≤ 0.
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Ñõåìà ðåøåíèÿ çàäà÷è äëÿ äâàæäû äèôôåðåíöèðóåìîé ôóíê-
öèè.

1. Ñîñòàâëÿåì óñëîâèå ñòàöèîíàðíîñòè f ′(x) = 0 è íàõîäèì âñå
ñòàöèîíàðíûå òî÷êè xk.

2. Äëÿ êàæäîé ñòàöèîíàðíîé òî÷êè âû÷èñëÿåì f ′′(xk).
Åñëè f ′′(xk) > 0, òî xk ∈ locmin; åñëè f ′′(xk) < 0, òî xk ∈ locmax;

åñëè f ′′(xk) = 0, òî òðåáóåòñÿ äîïîëíèòåëüíîå èññëåäîâàíèå (÷åðåç
ñòàðøèå ïðîèçâîäíûå).

3. Èññëåäóåì ôóíêöèþ íà ãëîáàëüíûé ýêñòðåìóì. Äëÿ ýòîãî îáû÷-
íî ïðèõîäèòñÿ ñ÷èòàòü limx→±∞ f(x). Òàêæå ÷àñòî ïðèìåíÿåì òåîðåìó
Âåéåðøòðàññà äëÿ íåïðåðûâíûõ ôóíêöèé íà êîìïàêòå.

Òåîðåìà 5, Âåéåðøòðàññà. Íåïðåðûâíàÿ ôóíêöèÿ f : Rn → R íà
çàìêíóòîì îãðàíè÷åííîì ìíîæåñòâå V (íà êîìïàêòå) äîñòèãàåò â
íåêîòîðûõ òî÷êàõ ñâîåãî íàèáîëüøåãî è íàèìåíüøåãî çíà÷åíèé íà V .

Äëÿ ôóíêöèè îäíîé ïåðåìåííîé èñïîëüçóåì ñëåäóþùåå ñëåäñòâèå.
Ñëåäñòâèå 1. Åñëè f ∈ C(R) è limx→±∞ f(x) = +∞, òî fmin äî-

ñòèãàåòñÿ â îäíîé èç òî÷åê ëîêàëüíîãî ìèíèìóìà. Åñëè f ∈ C(R) è
limx→±∞ f(x) = −∞, òî fmax äîñòèãàåòñÿ â îäíîé èç òî÷åê ëîêàëü-
íîãî ìàêñèìóìà.

Ïðèâåäåì ïðèìåðû ðåøåíèÿ çàäà÷.
Ïðèìåð 1.

f(x) = 2x3 − 3x2 → extr.
Ðåøåíèå. Èç óñëîâèÿ ñòàöèîíàðíîñòè 6x2 − 6x = 0 íàéäåì ñòàöèî-

íàðíûå òî÷êè x1 = 0 è x2 = 1.
Íàéäåì f ′′(x) = 12x−6 è åå çíàê â êàæäîé èç ñòàöèîíàðíûõ òî÷åê

f ′′(0) = −6 < 0, f ′′(1) = 6 > 0. Çíà÷èò, 0 ∈ locmax, 1 ∈ locmin.
Âû÷èñëèì limx→−∞(2x3−3x2) = −∞ è limx→+∞(2x3−3x2) = +∞.

Îòâåò. 0 ∈ locmax, 1 ∈ locmin; fmin = −∞, fmax = +∞.

Ïðèìåð 2.

f(x) = x4 + x3 → extr.
Ðåøåíèå. Èç óñëîâèÿ ñòàöèîíàðíîñòè 4x3 + 3x2 = 0 íàéäåì ñòàöè-

îíàðíûå òî÷êè x1 = − 3
4 è x2 = 0.

Íàéäåì f ′′(x) = 12x2 + 6x è åå çíàê â êàæäîé èç ñòàöèîíàðíûõ
òî÷åê: f ′′(−3/4) = 9/4 > 0, f ′′(0) = 0. Çíà÷èò, − 3

4 ∈ locmin. Â òî÷êå
x = 0 ïðîäîëæèì èññëåäîâàíèå f ′′′(x) = 24x + 6, f ′′′(0) = 6 > 0.
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Ïîñêîëüêó ïåðâàÿ íåíóëåâàÿ ïðîèçâîäíàÿ â òî÷êå x = 0 íå÷åòíîãî
ïîðÿäêà, òî 0 /∈ locextr.

Íà ãëîáàëüíûé ýêñòðåìóì ñ÷èòàåì limx→±∞(x4 + x3) = +∞. Ïî
ñëåäñòâèþ 1 òî÷êà − 3

4 ñëóæèò òî÷êîé ãëîáàëüíîãî ìèíèìóìà. Âû÷èñ-
ëèì f(− 3

4 ) = − 27
256 .

Îòâåò. 0 /∈ locextr, − 3
4 ∈ absmin; fmin = − 27

256 , fmax = +∞.

Ïðèìåð 3.

f(x) = (x2 + x+ 1)ex → extr.
Ðåøåíèå. f ′(x) = (x2+x+1)′ex+(x2+x+1)(ex)′ = (x2+3x+2)ex;

ïðèðàâíÿâ åå ê íóëþ, íàéäåì ñòàöèîíàðíûå òî÷êè x1 = −2 è x2 = −1.
Íàéäåì f ′′(x) = (x2+5x+5)ex è åå çíàê â êàæäîé èç ñòàöèîíàðíûõ

òî÷åê f ′′(−2) = −e−2 < 0, f ′′(−1) = 1
e > 0. Çíà÷èò, −2 ∈ locmax,

−1 ∈ locmin.
Âû÷èñëèì limx→−∞(x2+x+1)ex = 0 è limx→+∞(x2+x+1)ex = +∞.

Çàìåòèì, ÷òî f(x) > 0 âñåãäà.

Îòâåò. −2 ∈ locmax, −1 ∈ locmin; finf = 0, fmax = +∞.

1.1.3. Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ýêñòðåìóìà

ôóíêöèè ìíîãèõ ïåðåìåííûõ

Â ñîêðàùåííîì âèäå äëÿ f ∈ D2(Rn) íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ýêñòðåìóìà çàïèñûâàþòñÿ òåìè æå òåîðåìàìè 1, 2 è 3. Ñóùå-
ñòâåííî ìåíÿåòñÿ òðàêòîâêà ïðèìåíÿåìûõ îáîçíà÷åíèé.

Çàïèñü f ′(x) = 0 äëÿ ôóíêöèè n ïåðåìåííûõ òðàêòóåòñÿ êàê ðà-
âåíñòâî íóëþ ãðàäèåíòà ýòîé ôóíêöèè â òî÷êå x = (x1, x2, . . . , xn), èëè
ðàâåíñòâà íóëþ âñåõ åå ÷àñòíûõ ïðîèçâîäíûõ (â ýòîé òî÷êå)

∂f

∂x1
=

∂f

∂x2
= . . . =

∂f

∂xn
= 0. (1.1)

Óñëîâèå (1.1) íàçûâàåòñÿ óñëîâèåì ñòàöèîíàðíîñòè. Ðåøåíèÿ ñè-
ñòåìû (1.1) íàçûâàþòñÿ ñòàöèîíàðíûìè òî÷êàìè.

Åñëè f ′(x) � ýòî âåêòîð ãðàäèåíòà, òî f ′′(x) =
(

∂2f
∂xi ∂xj

)n
i,j=1

� ìàò-

ðèöà âòîðûõ ïðîèçâîäíûõ (ìàòðèöà Ãåññå), êîòîðàÿ ñèììåòðè÷íà. Áó-
äåì îáîçíà÷àòü áóêâîé A åå çíà÷åíèå â ñòàöèîíàðíîé òî÷êå. È ðàñ-
ñìîòðèì òîëêîâàíèå ñîêðàùåííûõ îáîçíà÷åíèé A > 0, A < 0, A ≥ 0
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è A ≤ 0 äëÿ íåå (à òî÷íåå, äëÿ êâàäðàòè÷íîé ôîðìû, çàäàííîé ýòîé
ìàòðèöåé).

Ñèììåòðè÷íàÿ ìàòðèöà A = (aij)
n
i,j=1 çàäàåò êâàäðàòè÷íóþ ôîðìó

n∑
i=1

n∑
j=1

aijxixj = (Ax, x) = xTAx,

ãäå ïðåäëîæåí åå ðàçâåðíóòûé âèä, âåêòîðíûé âèä ÷åðåç ñêàëÿðíîå
ïðîèçâåäåíèå è ìàòðè÷íûé âèä äëÿ x â âèäå ñòîëáöà.

Îïðåäåëåíèå 2.

Ìàòðèöà A íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé (A > 0), åñëè

(Ah, h) > 0 äëÿ âñåõ íåíóëåâûõ h ∈ Rn.

Ìàòðèöà A íàçûâàåòñÿ îòðèöàòåëüíî îïðåäåëåííîé (A < 0), åñëè

(Ah, h) < 0 äëÿ âñåõ íåíóëåâûõ h ∈ Rn.

Ìàòðèöà A íàçûâàåòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé (A ≥ 0), åñëè

(Ah, h) ≥ 0 äëÿ âñåõ h ∈ Rn.

Ìàòðèöà A íàçûâàåòñÿ íåïîëîæèòåëüíî îïðåäåëåííîé (A ≤ 0), åñëè

(Ah, h) ≤ 0 äëÿ âñåõ h ∈ Rn.

Ïóñòü ìàòðèöà A äèàãîíàëüíàÿ. Âñå åå äèàãîíàëüíûå ýëåìåíòû ïî-
ëîæèòåëüíû ïðè A > 0, âñå åå äèàãîíàëüíûå ýëåìåíòû îòðèöàòåëüíû
ïðè A < 0, íà äèàãîíàëè êðîìå ïîëîæèòåëüíûõ åñòü íóëåâûå ýëåìåíòû
ïðè A ≥ 0, íà äèàãîíàëè êðîìå îòðèöàòåëüíûõ åñòü íóëåâûå ýëåìåí-
òû ïðè A ≤ 0. Åñëè æå íà äèàãîíàëè âñòðå÷àþòñÿ ýëåìåíòû ðàçíûõ
çíàêîâ, òî ìàòðèöà A îáùåãî âèäà (çíàêîïåðåìåííàÿ).

Â îáùåì ñëó÷àå òèï ìàòðèöû ìîæíî îïðåäåëèòü ïî êðèòåðèþ Ñèëü-
âåñòðà áåç âû÷èñëåíèÿ åå ñîáñòâåííûõ ÷èñåë. Äëÿ ýòîãî ââåäåì ñëåäó-
þùèå ïîíÿòèÿ.

Ãëàâíûì ìèíîðîì ïîðÿäêà k ìàòðèöû A íàçûâàåòñÿ îïðåäåëèòåëü
åå ïîäìàòðèöû, âûäåëåííîé èç íåå k ñòðîêàìè è k ñòîëáöàìè ñ îäèíà-
êîâûìè íîìåðàìè. Ïîñëåäîâàòåëüíûìè ãëàâíûìè ìèíîðàìè ìàòðèöû
A (êîòîðûå áóäåì îáîçíà÷àòü Mk) íàçûâàþòñÿ îïðåäåëèòåëè åå ïîä-
ìàòðèö, âûäåëåííûõ èç íåå íà÷àëüíûìè ñòðîêàìè è ñòîëáöàìè.
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Òåîðåìà 6, êðèòåðèé Ñèëüâåñòðà.Ïóñòü A ñèììåòðè÷íà.Ìàò-
ðèöà A ïîëîæèòåëüíî îïðåäåëåíà (A > 0) òîãäà è òîëüêî òîãäà, êî-
ãäà âñå åå ïîñëåäîâàòåëüíûå ãëàâíûå ìèíîðû ïîëîæèòåëüíû Mk > 0.

Ìàòðèöà A îòðèöàòåëüíî îïðåäåëåíà (A < 0) òîãäà è òîëüêî
òîãäà, êîãäà âñå åå ïîñëåäîâàòåëüíûå ãëàâíûå ìèíîðû ÷åðåäóþò çíàê,
íà÷èíàÿ ñ ìèíóñà, òî åñòü (−1)kMk > 0.

Ìàòðèöà A íåîòðèöàòåëüíî îïðåäåëåíà (A ≥ 0) òîãäà è òîëüêî
òîãäà, êîãäà âñå åå ãëàâíûå ìèíîðû íåîòðèöàòåëüíû.

Ìàòðèöà A íåïîëîæèòåëüíî îïðåäåëåíà (A ≤ 0) òîãäà è òîëüêî
òîãäà, êîãäà âñå åå ãëàâíûå ìèíîðû íå÷åòíîãî ïîðÿäêà íåïîëîæè-
òåëüíû, à ÷åòíîãî � íåîòðèöàòåëüíû.

Ñõåìà ðåøåíèÿ çàäà÷è íà áåçóñëîâíóþ îïòèìèçàöèþ.
1. Ñîñòàâëÿåì óñëîâèå ñòàöèîíàðíîñòè f ′(x) = 0 è íàõîäèì âñå

ñòàöèîíàðíûå òî÷êè Sk ∈ Rn.
2. Âû÷èñëÿåì ìàòðèöó Ãåññå f ′′(x) è åå êîíêðåòíûé âèä A äëÿ êàæ-

äîé ñòàöèîíàðíîé òî÷êè Sk.
Åñëè A > 0, òî òî÷êè Sk ∈ locmin; åñëè æå A < 0, òî Sk ∈ locmax;

åñëè A ≥ 0, òî â òî÷êå Sk ìîæåò áûòü locmin, åñëè A ≤ 0, òî â òî÷êå Sk

ìîæåò áûòü locmax, íî åùå òðåáóåòñÿ äîïîëíèòåëüíîå èññëåäîâàíèå;
åñëè A çíàêîïåðåìåííàÿ, òî Sk /∈ locextr.

3. Èññëåäóåì ôóíêöèþ íà ãëîáàëüíûé ýêñòðåìóì. Äëÿ ýòîãî ñ÷è-
òàåì lim|x|→∞ f(x) ïî âñåì íàïðàâëåíèÿì. Åñëè ýòîò ïðåäåë ðàâåí ∞
ñ ôèêñèðîâàííûì çíàêîì, òî ïðèìåíÿåì ñëåäñòâèå 1 èç òåîðåìû Âåé-
åðøòðàññà.

1.1.4. Ïðèìåðû ðåøåíèÿ ãëàäêèõ çàäà÷ íà ýêñòðåìóì

Ïðèìåð 4.

f(x, y) = x3 − y3 + 3xy → extr.
Ðåøåíèå. I. Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂f

∂x
= 3x2 + 3y,

∂f

∂y
= −3y2 + 3x.

Çàïèøåì óñëîâèå ñòàöèîíàðíîñòè, ïðèðàâíÿâ èõ ê íóëþ,{
3x2 + 3y = 0,

−3y2 + 3x = 0.
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Îòñþäà

{
y = −x2,
x = y2.

Ïîäñòàâèì ïåðâîå âî âòîðîå x − x4 = 0, èëè

x(1−x3) = 0. Ïîëó÷èì äâà âîçìîæíûõ çíà÷åíèÿ äëÿ x è äâà ðåøåíèÿ
ñèñòåìû (ñòàöèîíàðíûå òî÷êè): (0, 0) è (1,−1).

II. Ñîñòàâèì ìàòðèöó Ãåññå (ìàòðèöó âòîðûõ ïðîèçâîäíûõ)

G =

(
6x 3

3 −6y

)
.

Èññëåäóåì â ñòàöèîíàðíûõ òî÷êàõ.

Â òî÷êå (0, 0): G|(0,0) =

(
0 3

3 0

)
ïîñëåäîâàòåëüíûå ãëàâíûå ìèíî-

ðû ðàâíû M1 = 0, M2 = −9 < 0. Çíà÷èò, ìàòðèöà îáùåãî âèäà, îíà íå
îòíîñèòñÿ íè ê îäíîìó èç ÷åòûðåõ âûäåëåííûõ òèïîâ. Ïîýòîìó òî÷êà
(0, 0) íå ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî ýêñòðåìóìà (ò. å. (0, 0) /∈ locextr).

Â òî÷êå (1,−1): G|(1,−1) =

(
6 3

3 6

)
ãëàâíûå ìèíîðû M1 = 6 > 0,

M2 = 36 − 9 = 27 > 0. Ïîñêîëüêó îíè âñå ïîëîæèòåëüíû, òî ìàòðèöà
ïîëîæèòåëüíî îïðåäåëåííàÿ. Ïîýòîìó (1,−1) ∈ locmin.

III. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì.
Óñòðåìèì x→ +∞ ïðè y = 0 è ïîëó÷èì f → +∞.
Óñòðåìèì x→ −∞ ïðè y = 0 è ïîëó÷èì f → −∞.

Îòâåò. (0, 0) /∈ locextr, (1,−1) ∈ locmin; fmin = −∞, fmax = +∞.

Ïðèìåð 5.

f(x, y, z) = x2 + y2 + z2 − xy + x− 2z → extr.
Ðåøåíèå. I. Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂f

∂x
= 2x− y + 1,

∂f

∂y
= 2y − x,

∂f

∂z
= 2z − 2.

Çàïèøåì óñëîâèå ñòàöèîíàðíîñòè, ïðèðàâíÿâ èõ ê íóëþ,
2x− y + 1 = 0,

2y − x = 0,

2z − 2 = 0.

Îòñþäà x = − 2
3 , y = − 1

3 , z = 1 � êîîðäèíàòû ñòàöèîíàðíîé òî÷êè.
II. Ñîñòàâèì ìàòðèöó Ãåññå (ìàòðèöó âòîðûõ ïðîèçâîäíûõ)
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G =

 2 −1 0

−1 2 0

0 0 2

 .

Ïîñëåäîâàòåëüíûå ãëàâíûå ìèíîðû ðàâíûM1 = 2 > 0,M2 = 3 > 0,
M3 = 6 > 0. Çíà÷èò, G > 0 è (− 2

3 ,−
1
3 , 1) ∈ locmin.

III. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì. Âûäåëèì ïîëíûå êâàä-
ðàòû ó ôóíêöèè

f = (
x

2
−y)2+(

3x2

4
+x)+(z2−2z) = (

x

2
−y)2+(

x

2
+1)2+(z−1)2+

x2

2
−2.

Î÷åâèäíî, ÷òî f(x, y, z) > −2 âñþäó è lim|(x,y,z)|→∞ = +∞. Çíà÷èò,
òî÷êà (− 2

3 ,−
1
3 , 1) ëîêàëüíîãî ìèíèìóìà äîñòàâëÿåò è ãëîáàëüíûé ìè-

íèìóì. Âû÷èñëèì f(− 2
3 ,−

1
3 , 1) =

4
9 + 1

9 + 1− 2
9 − 2

3 − 2 = − 4
3 .

Îòâåò. (− 2
3 ,−

1
3 , 1) ∈ absmin; fmin = − 4

3 , fmax = +∞.

Ïðèìåð 6.

f(x, y) = x2 − 4xy2 + 3y4 → extr.
Ðåøåíèå. I. Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂f

∂x
= 2x− 4y2,

∂f

∂y
= −8xy + 12y3.

Çàïèøåì è ðåøèì óñëîâèå ñòàöèîíàðíîñòè{
2x− 4y2 = 0,

−8xy + 12y3 = 0,
⇒

{
x = 2y2,

4y(2x− 3y2) = 0.

Èç âòîðîãî óðàâíåíèÿ ïðè y = 0 ïîëó÷èì ñòàöèîíàðíóþ òî÷êó (0, 0),
à ïðè 2x− 3y2 = 0 ñðàâíåíèåì ñ ïåðâûì óðàâíåíèåì ïðèäåì ê íåé æå.

II. Ñîñòàâèì ìàòðèöó Ãåññå G =

(
2 −8y

−8y 36y2

)
è åå âèä â ñòà-

öèîíàðíîé òî÷êå (0, 0): A = G|(0,0) =

(
2 0

0 0

)
. Ïîñêîëüêó ìàòðèöà

íåîòðèöàòåëüíî îïðåäåëåíà (A ≥ 0), òî íåîáõîäèìîå (íî íå äîñòàòî÷-
íîå) óñëîâèå ìèíèìóìà âûïîëíåíî. Ïðè÷åì f(0, 0) = 0.

III. Â ìàëîé îêðåñòíîñòè ñòàöèîíàðíîé òî÷êè (0, 0) âû÷èñëèì çíà-
÷åíèå f(2y2, y) = 4y4 − 8y4 + 3y4 = −y4 < 0 â òî÷êàõ íà ïàðàáîëå
x = 2y2. Çíà÷èò, (0, 0) /∈ locmax.
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Ïðåäîñòåðåæåì îò óïðîùåííîãî (è íåâåðíîãî) èññëåäîâàíèÿ ïî âñåì
ïðÿìûì, ïðîõîäÿùèì ÷åðåç ñòàöèîíàðíóþ òî÷êó (0, 0): y = kx è x = 0.
Äëÿ y = kx èìååì f(x, kx) = x2(3k4x2−4k2x+1) > 0 ïðè x, îòëè÷íûõ
îò íóëÿ, íî ìàëûõ ïî ìîäóëþ. Íà ïðÿìîé x = 0 èìååì f = y4. Èç ýòî-
ãî èññëåäîâàíèÿ íàïðàøèâàåòñÿ (íåâåðíûé) âûâîä î òîì, ÷òî (ÿêîáû)
(0, 0) åñòü òî÷êà ëîêàëüíîãî ìèíèìóìà.

Òî æå íàáëþäåíèå f(2y2, y) = −y4 < 0 ïðèìåíèì ïðè èññëåäîâàíèè
íà ãëîáàëüíûé ýêñòðåìóì äëÿ âûâîäà fmin = −∞. Ñ äðóãîé ñòîðîíû,
f(0, y) = y4 > 0 âëå÷åò fmax = ∞.

Îòâåò. (0, 0) /∈ locextr; fmin = −∞, fmax = +∞.

1.1.5. Çàäà÷è áåçóñëîâíîé ãëàäêîé îïòèìèçàöèè

Â çàäà÷àõ áåç îãðàíè÷åíèé íàéòè âñå ñòàöèîíàðíûå òî÷êè (èëè îöå-
íèòü èõ êîëè÷åñòâî è ðàñïîëîæåíèå â çàäà÷å 1.8), èññëåäîâàòü èõ íà
ýêñòðåìóì, óêàçàòü âñå ëîêàëüíûå è ãëîáàëüíûå òî÷êè ìèíèìóìà è
ìàêñèìóìà, âû÷èñëèòü ìàêñèìàëüíîå è ìèíèìàëüíîå çíà÷åíèÿ ôóíê-
öèè (èëè òî÷íóþ âåðõíþþ è íèæíþþ ãðàíè).

1.1. f(x) = x4 − 4x3 + 4x2 → extr.

1.2. f(x) = x6 − 6x5 → extr.

1.3. f(x) = x5 − 5x4 → extr.

1.4. f(x) = x2ex → extr.

1.5. f(x) = x3ex → extr.

1.6. f(x) = 1
1+x2 → extr.

1.7. f(x) = (arctg x)3 → extr.

1.8. f(x) = arctg x sinx→ extr.

1.9. f(x, y) = 2x2 + 2xy + y2 − 4x→ extr.

1.10. f(x, y) = x2 − y2 − 4x+ 6y → extr.

1.11. f(x, y) = x2 + 4xy + 3y2 − 12x− 8y → extr.

1.12. f(x, y) = x4 + y4 − x2 − 2xy − y2 → extr.

1.13. f(x, y, z) = x2 + y2 + z2 − 2x+ 2y − 4z + 8 → extr.
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1.14. f(x, y) = x2 − y2 + 2e−x2 → extr.

1.15. f(x, y) = sinx− y2 → extr.

1.16. f(x, y, z) = x2 + 2y2 + z2 − 2xy − x+ 2z → extr.

1.17. f(x, y, z) = x2 + y2 + 2z2 + xy + 2xz + 3yz − x→ extr.

1.18. f(x, y, z) = x2 + y2 + 2z2 + xy + 2yz − x→ extr.

1.19. f(x, y) = 3x+ 2y − x3 − y2 → extr.

1.20. f(x, y) = x4 + y4 − (x+ y)4 → extr.

1.21. f(x, y) = x3 + y3 − 3xy → extr.

1.22. f(x, y) = 3xy − x2y − xy2 → extr.

1.23. f(x, y) = 2x4 + y4 − x2 − 2y2 → extr.

1.24. f(x, y) = x2y3(6− x− y) → extr.

1.25. f(x, y) = e2x+3y(8x2 − 6xy + 3y2) → extr.

1.26. f(x, y, z) = xy2z3(7− x− 2y − 3z) → extr.
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1.2. Óñëîâíàÿ ãëàäêàÿ îïòèìèçàöèÿ

Óñëîâíàÿ ãëàäêàÿ îïòèìèçàöèÿ íà ïðÿìîé � ýòî çàäà÷è íà íàèáîëü-
øåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè íà îòðåçêå, êîòîðûå â ðàìêàõ
ýòîãî êóðñà íå ðàññìàòðèâàåì.

Îáùàÿ ïîñòàíîâêà çàäà÷è äëÿ íåêîòîðîé çàìêíóòîé D ⊂ Rn

f(x) → extr ïðè óñëîâèè x ∈ D.

Ê äàííîìó òèïó çàäà÷ îòíîñÿòñÿ çàäà÷è ëèíåéíîãî ïðîãðàììèðî-
âàíèÿ, êîòîðûå òàêæå íå âêëþ÷åíû â ýòîò êóðñ. Ðàññìîòðèì çàäà÷è,
ãäå îáëàñòü D çàäàåòñÿ íàáîðîì óðàâíåíèé èëè íåðàâåíñòâ, à äëÿ ðå-
øåíèÿ ïðèìåíÿåòñÿ ìåòîä ìíîæèòåëåé Ëàãðàíæà.

1.2.1. Óñëîâíàÿ îïòèìèçàöèÿ ñ îãðàíè÷åíèÿìè â âèäå

ðàâåíñòâ

Ïîñòàíîâêà çàäà÷è

f0(x) → extr ïðè îãðàíè÷åíèÿõ fi(x) = 0, ãäå i = 1, 2, . . . ,m.

Ñõåìà ðåøåíèÿ çàäà÷è.

1. Ñîñòàâëÿåì ôóíêöèþ Ëàãðàíæà

L(x;λ) = λ0f0(x) + λ1f1(x) + . . .+ λmfm(x).

Â ýòîé ñóììå íå ìîãóò âñå ìíîæèòåëè Ëàãðàíæà λk (êîòîðûå ñ÷è-
òàåì ïàðàìåòðàìè ôóíêöèè L, çàâèñÿùåé îò x) ðàâíÿòüñÿ íóëþ.

2. Çàïèñûâàåì óñëîâèå ñòàöèîíàðíîñòè L′(x) = 0, êîòîðîå ðàñïè-
ñûâàåòñÿ â âèäå ñèñòåìû ∂L

∂xk
= 0, k = 1, 2, . . . , n.

3. Äîïîëíÿåì óñëîâèå L′(x) = 0 óðàâíåíèÿìè ñâÿçè fi(x) = 0 ïðè
i = 1, 2, . . . ,m. Ðåøàåì ñèñòåìó ñíà÷àëà â îñîáîì ñëó÷àå λ0 = 0 (ïðè
êîòîðîì îáû÷íî íå ïîëó÷àåì ðåøåíèå), à ïîòîì � â îñíîâíîì ñëó÷àå
λ0 = 1 (äëÿ çàäà÷è íà ìèíèìóì, âìåñòî åäèíèöû ìîæíî âçÿòü ëþáîå
ïîëîæèòåëüíîå ÷èñëî) è λ0 = −1 (äëÿ çàäà÷è íà ìàêñèìóì). Êàæäîå
ðåøåíèå ïðåäñòàâëÿåò ñîáîé ñòàöèîíàðíóþ òî÷êó x̃ ∈ D ⊂ Rn è íàáîð
ìíîæèòåëåé Ëàãðàíæà λk.

4. Èññëåäóåì âñå ñòàöèîíàðíûå òî÷êè íà ýêñòðåìóì. Ýòî ìîæíî
ñäåëàòü íåïîñðåäñòâåííîé ïðîâåðêîé áëèçëåæàùèõ òî÷åê, âûïèñàâ ïðè-
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ðàùåíèå ôóíêöèè. Äðóãîé ñïîñîá � ïðîâåðêîé óñëîâèÿ âòîðîãî ïîðÿä-
êà: âû÷èñëÿåì ìàòðèöó Ãåññå â ñòàöèîíàðíîé òî÷êå A = L′′(x̃) è êàñà-
òåëüíîå ïðîñòðàíñòâî K = {h ∈ Rn | (f ′i(x̃), h) = 0, i = 1, 2, . . . ,m}.

Åñëè ìàòðèöà Ãåññå A ïîëîæèòåëüíî îïðåäåëåíà íà êàñàòåëüíîì
ïðîñòðàíñòâå

(Ah, h) > 0 äëÿ âñåõ íåíóëåâûõ h ∈ K,

òî x̃ ∈ locextr (locmin â ñëó÷àå λ0 = 1 è locmax â ñëó÷àå λ0 = −1).
Åñëè ýòî äîñòàòî÷íîå óñëîâèå íåâåðíî, òî ïðîâåðÿåì íåîáõîäèìîå

óñëîâèå íåîòðèöàòåëüíîé îïðåäåëåííîñòè ìàòðèöû Ãåññå A íà êàñà-
òåëüíîì ïðîñòðàíñòâåK. Íåâûïîëíåíèå ýòîãî óñëîâèÿ áóäåò îçíà÷àòü,
÷òî x̃ /∈ locextr. Â ñëó÷àå åãî âûïîëíåíèÿ âîçâðàùàåìñÿ ê íåïîñðåä-
ñòâåííîé ïðîâåðêå â áëèçëåæàùèõ òî÷êàõ.

5. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì. Åñëè îáëàñòü D, çàäàííàÿ
óñëîâèÿìè ñâÿçè fi(x) = 0, i = 1, 2, . . . ,m, îãðàíè÷åííàÿ è çàìêíóòàÿ
(êîìïàêò), òî ïî òåîðåìå Âåéåðøòðàññà ñ÷èòàåì çíà÷åíèÿ âî âñåõ òî÷-
êàõ ëîêàëüíîãî ìèíèìóìà (îòäåëüíî ìàêñèìóìà) è ñðàâíèâàåì äëÿ
âûáîðà òî÷êè ãëîáàëüíîãî ìèíèìóìà (ìàêñèìóìà). Åñëè îáëàñòü D
íåîãðàðàíè÷åííàÿ, òî âû÷èñëÿåì ïðåäåë öåëåâîé ôóíêöèè f(x) ïðè
ñòðåìëåíèè ïî âñåì äîïóñòèìûì íàïðàâëåíèÿì â áåñêîíå÷íîñòü. Ýòî
íóæíî äëÿ îáíàðóæåíèÿ îãðàíè÷åííîñòè öåëåâîé ôóíêöèè ñíèçó èëè
ñâåðõó. Åñëè òàêîâàÿ åñòü, òî ïðèìåíÿåì ñëåäñòâèå 1 èç òåîðåìû Âåé-
åðøòðàññà.

Ñëåäóåò ó÷èòûâàòü, ÷òî êàêèå-òî èç ýòèõ ïóíêòîâ â îòäåëüíûõ ñëó-
÷àÿõ îêàæóòñÿ òðóäíîðåøàåìûìè. Òîãäà îòâåò çàäà÷è áóäåò íåïîë-
íûì.

1.2.2. Ðåøåíèÿ çàäà÷ íà ýêñòðåìóì ñ îãðàíè÷åíèÿìè â âèäå

ðàâåíñòâ

Ïðèìåð 7. Çàäà÷à ñ îäíèì ðàâåíñòâîì.
f(x, y) = x2 + 2xy + 2y2 → extr

ïðè óñëîâèè x+ y = 1.
Ðåøåíèå. I. Ñîñòàâèì ôóíêöèþ Ëàãðàíæà

L = λ0(x
2 + 2xy + 2y2) + λ1(x+ y − 1).
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Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂L

∂x
= λ0(2x+ 2y) + λ1,

∂L

∂y
= λ0(2x+ 4y) + λ1.

Çàïèøåì óñëîâèå ñòàöèîíàðíîñòè{
λ0(2x+ 2y) + λ1 = 0,

λ0(2x+ 4y) + λ1 = 0

è ïîâòîðèì óñëîâèå ñâÿçè x+ y = 1.
II. Ðåøèì ñíà÷àëà îñîáûé ñëó÷àé λ0 = 0. Ïîëó÷èì λ1 = 0, ÷òî

íåâîçìîæíî (íå ìîãóò âñå ìíîæèòåëè Ëàãðàíæà ðàâíÿòüñÿ íóëþ).
Äëÿ îñíîâíîãî ñëó÷àÿ âîçüìåì, íàïðèìåð, λ0 = 1{

2(x+ y) + λ1 = 0,

(2x+ 4y) + λ1 = 0.

Ïîäñòàâèì â ýòó ñèñòåìó òàêæå óñëîâèå ñâÿçè è ïîëó÷èì{
2 + λ1 = 0,

2 + 2y + λ1 = 0.

Èòàê, λ1 = −2, y = 0. Èç óñëîâèÿ ñâÿçè x = 1.
Âû÷èñëèì f(1, 0) = 1 � çíà÷åíèå â ñòàöèîíàðíîé òî÷êå.
Åñëè âîçüìåì λ0 = −1, òî àíàëîãè÷íî λ1 = 2 è òà æå ñòàöèîíàðíàÿ

òî÷êà.
III. Èññëåäóåì íà ýêñòðåìóì â ñòàöèîíàðíîé òî÷êå ÷åðåç ìàòðèöó

Ãåññå

G =

(
2λ0 2λ0
2λ0 4λ0

)
.

Ïðè λ0 = 1 ïîëó÷èì A =

(
2 2

2 4

)
è M1 = 2 > 0, M2 = 4 > 0;

çíà÷èò, ìàòðèöà A > 0 ïîëîæèòåëüíî îïðåäåëåííàÿ. Â ñòàöèîíàðíîé
òî÷êå (1, 0) ëîêàëüíûé ìèíèìóì.

Çíà÷èò, ïðè λ0 = −1 ýòè âû÷èñëåíèÿ ìîæíî íå ïîâòîðÿòü.
IV. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì.
Ïåðåïèøåì öåëåâóþ ôóíêöèþ f = (x+ y)2 + y2 ñ âûäåëåíèåì ïîë-

íîãî êâàäðàòà. Îòñþäà f(x, y) ≥ 0 âñåãäà.
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Ïðè ñòðåìëåíèè ê áåñêîíå÷íîñòè â êàæäîì èç äâóõ íàïðàâëåíèé
âäîëü óñëîâèÿ ñâÿçè ïîëó÷èì èç ýòîãî æå ïðåäñòàâëåíèÿ f → +∞.
Çíà÷èò, (1, 0) ∈ absmin è fmax = +∞.

Îòâåò. (1, 0) ∈ absmin; fmin = 1, fmax = +∞.

Ïðèìåð 8. Çàäà÷à ñ äâóìÿ îãðàíè÷åíèÿìè.

f(x, y) = x2 + y2 + z2 → extr

ïðè óñëîâèÿõ
x+ y + z = 1, 2x+ 2y − 2z = 1.

Ðåøåíèå. I. Ñîñòàâèì ôóíêöèþ Ëàãðàíæà

L = λ0(x
2 + y2 + z2) + λ1(x+ y + z − 1) + λ2(2x+ 2y − 2z − 1).

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂L

∂x
= 2λ0x+λ1+2λ2,

∂L

∂y
= 2λ0y+λ1+2λ2,

∂L

∂z
= 2λ0z+λ1− 2λ2.

Çàïèøåì óñëîâèå ñòàöèîíàðíîñòè
2λ0x+ λ1 + 2λ2 = 0,

2λ0y + λ1 + 2λ2 = 0,

2λ0z + λ1 − 2λ2 = 0

è ïîâòîðèì óñëîâèÿ ñâÿçè

x+ y + z = 1, 2x+ 2y − 2z = 1.

II. Ðåøèì ñíà÷àëà îñîáûé ñëó÷àé λ0 = 0. Ïîëó÷èì λ1 = λ2 = 0,
÷òî íåâîçìîæíî (íå ìîãóò âñå ìíîæèòåëè Ëàãðàíæà ðàâíÿòüñÿ íóëþ).

Äëÿ ñëó÷àÿ λ0 = 1 ïîëó÷èì x = y = −λ1

2 − λ2, z = −λ1

2 + λ2.
Ïîäñòàâèì x = y â óñëîâèÿ ñâÿçè: 2x + z = 1, 4x − 2z = 1. Ðåøèì èõ
êàê ñèñòåìó óðàâíåíèé è ïîëó÷èì x = 3

8 , z =
1
4 . Íàøëè M( 38 ,

3
8 ,

1
4 ).

Èç ñèñòåìû {
λ1 + 2λ2 = − 3

4 ,

λ1 − 2λ2 = − 1
2

íàéäåì ìíîæèòåëè Ëàãðàíæà λ1 = − 5
8 , λ2 = − 1

16 .
Äëÿ ñëó÷àÿ λ0 = −1 ìåíÿþòñÿ çíàêè âñåõ ìíîæèòåëåé Ëàãðàíæà,

à ñòàöèîíàðíàÿ òî÷êà òà æå.
III. Ñîñòàâèì ìàòðèöó Ãåññå
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G =

 2λ0 0 0

0 2λ0 0

0 0 2λ0

 .

Ïðè λ0 = 1 ýòà ìàòðèöà A = G|M ïîëîæèòåëüíî îïðåäåëåííàÿ.
Çíà÷èò, â ñòàöèîíàðíîé òî÷êå M( 38 ,

3
8 ,

1
4 ) ëîêàëüíûé ìèíèìóì.

Ïðè λ0 = −1 èìååì A < 0, ÷òî íè÷åãî íå äàåò.
IV. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì.
Èìååì f = x2 + y2 + z2 ≥ 0 âñåãäà.
Ïðè ñòðåìëåíèè ê áåñêîíå÷íîñòè â êàæäîì èç äâóõ íàïðàâëåíèé

âäîëü óñëîâèÿ ñâÿçè (ïî ïðÿìîé êàê ëèíèè ïåðåñå÷åíèÿ äâóõ ïëîñêî-
ñòåé) ïîëó÷èì f → +∞. Çíà÷èò, òî÷êà M åñòü òî÷êà è ãëîáàëüíîãî
ìèíèìóìà, à fmax = +∞. Âû÷èñëèì f( 38 ,

3
8 ,

1
4 ) =

11
32 .

Îòâåò. ( 38 ,
3
8 ,

1
4 ) ∈ absmin; fmin = 11

32 , fmax = +∞.

Ïðèìåð 9. Èëëþñòðàöèÿ îñîáîãî ñëó÷àÿ.

f(x, y) = x− y → extr

ïðè óñëîâèè
x2 − 2xy + y2 = 0.

Ðåøåíèå. I. Ñîñòàâèì ôóíêöèþ Ëàãðàíæà

L = λ0(x− y) + λ1(x
2 − 2xy + y2).

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂L

∂x
= λ0 + λ1(2x− 2y),

∂L

∂y
= −λ0 + λ1(−2x+ 2y).

Çàïèøåì óñëîâèå ñòàöèîíàðíîñòè λ0+2λ1(x−y) = 0, ãäå îáà óðàâ-
íåíèÿ ñîâïàëè. Ïîâòîðèì óñëîâèå ñâÿçè x2 − 2xy + y2 = 0.

Ïðè îñîáîì ñëó÷àå λ0 = 0 è λ1 ̸= 0 èìååì x = y. Ïðè ýòîì óñëîâèå
ñâÿçè âûïîëíÿåòñÿ, à öåëåâàÿ ôóíêöèÿ ðàâíà íóëþ.

Ïðåäëàãàåòñÿ ñàìîñòîÿòåëüíî ïîêàçàòü, ÷òî ñëó÷àé λ0 = 1, íàçâàí-
íûé îñíîâíûì, ïðîòèâîðå÷èò óñëîâèþ ñâÿçè.

Îòâåò. Âäîëü ïðÿìîé y = x öåëåâàÿ ôóíêöèÿ ïîñòîÿííà è ðàâíà
íóëþ, fmin = fmax = 0.
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Ýòîò íåìíîãî ñòðàííûé ïðèìåð äåìîíñòðèðóåò, ÷òî è îñîáûì ñëó-
÷àåì λ0 = 0 ïðåíåáðåãàòü íå ñëåäóåò. Â áîëåå ñëîæíûõ ïðèìåðàõ âçà-
èìîñâÿçü öåëåâîé ôóíêöèè è óñëîâèé ñâÿçè ìîæåò ñóùåñòâîâàòü, íî
íå áûòü ñòîëü íàãëÿäíîé.

1.2.3. Óñëîâíàÿ îïòèìèçàöèÿ ñ îãðàíè÷åíèÿìè â âèäå

íåðàâåíñòâ

Ïîñòàíîâêà çàäà÷è

f0(x) → extr ïðè îãðàíè÷åíèÿõ
fi(x) = 0, ãäå i = 1, 2, . . . ,m1 (â âèäå ðàâåíñòâ; ìîãóò îòñóòñòâîâàòü),
fi(x) ≤ 0, ãäå i = m1 + 1,m1 + 2, . . . ,m (è â âèäå íåðàâåíñòâ).

Ñõåìà ðåøåíèÿ çàäà÷è

1. Ñîñòàâëÿåì ôóíêöèþ Ëàãðàíæà

L(x;λ) = λ0f0(x) + λ1f1(x) + . . .+ λmfm(x).

Â ýòîé ñóììå íå ìîãóò âñå ìíîæèòåëè Ëàãðàíæà λk ðàâíÿòüñÿ íóëþ.
2. Çàïèñûâàåì íàáîð óñëîâèé:
à) ñòàöèîíàðíîñòè L′(x) = 0;
á) äîïîëíÿþùåé íåæåñòêîñòè λifi(x) = 0 òîëüêî äëÿ íåðàâåíñòâ

ïðè i = m1 + 1,m1 + 2, . . . ,m;
â) íåîòðèöàòåëüíîñòè ìíîæèòåëåé Ëàãðàíæà λi ≥ 0 äëÿ íåðà-

âåíñòâ ïðè i = m1 + 1,m1 + 2, . . . ,m.
3. Äîïîëíÿåì ýòîò íàáîð óñëîâèé ñîîòíîøåíèÿìè ñâÿçè fi(x) = 0

ïðè i = 1, 2, . . . ,m1 è fi(x) ≤ 0 ïðè i = m1 + 1,m1 + 2, . . . ,m. Ñèñòå-
ìó ïîëó÷åííûõ óðàâíåíèé (íåðàâåíñòâà ïðîâåðÿþòñÿ ïîòîì) ðåøàåì
ñíà÷àëà â îñîáîì ñëó÷àå λ0 = 0 (÷òî ñîîòâåòñòâóåò ëîêàëüíûì êàê ìè-
íèìóìó, òàê è ìàêñèìóìó), à ïîòîì � â äâóõ îñíîâíûõ ñëó÷àÿõ: λ0 = 1

(äëÿ çàäà÷è íà ìèíèìóì) è λ0 = −1 (äëÿ çàäà÷è íà ìàêñèìóì). Êàæ-
äîå ðåøåíèå ïðåäñòàâëÿåò ñîáîé ñòàöèîíàðíóþ òî÷êó x̃ ∈ D ⊂ Rn è
íàáîð ìíîæèòåëåé Ëàãðàíæà λk, óäîâëåòâîðÿþùèõ âûïèñàííûì íåðà-
âåíñòâàì.

Çàìå÷àíèå. Êàæäîå óñëîâèå äîïîëíÿþùåé íåæåñòêîñòè ðàññìàò-
ðèâàåì êàê äâà àëüòåðíàòèâíûõ âàðèàíòà ðàâåíñòâà íóëþ îäíîãî èç
ñîìíîæèòåëåé. Ïðè îäíîì óñëîâèè âèäà á ðåøåíèå ðàñïàäàåòñÿ íà äâà
ñëó÷àÿ; ïðè äâóõ óñëîâèÿõ âèäà á ðåøåíèå ðàñïàäàåòñÿ íà ÷åòûðå ñëó-
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÷àÿ; ïðè òðåõ óñëîâèÿõ âèäà á ðåøåíèå ðàñïàäàåòñÿ íà âîñåìü ñëó÷àåâ
è ò. ä. Ïðè ýòîì ÷àñòî âîçíèêàþò ïîâòîðû ïîëó÷åííûõ ðåøåíèé.

4. Èññëåäóåì âñå ñòàöèîíàðíûå òî÷êè íà ýêñòðåìóì. Ïåðâûé ñïî-
ñîá � íåïîñðåäñòâåííîé ïðîâåðêîé áëèçëåæàùèõ òî÷åê: âûïèñûâàåì
ïðèðàùåíèå ôóíêöèè è îöåíèâàåì.

Âòîðîé ñïîñîá � ïðîâåðêîé óñëîâèÿ âòîðîãî ïîðÿäêà: âû÷èñëÿåì
ìàòðèöó Ãåññå â ñòàöèîíàðíîé òî÷êå A = L′′(x̃) è ñîñòàâëÿåì êîíóñ
äîïóñòèìûõ íàïðàâëåíèé K = {h | (f ′i(x̃), h) = 0 ïðè i = 1, 2, . . . ,m1,

(f ′i(x̃), h) ≤ 0 ïðè i = m1 + 1, . . . ,m}.
Åñëè ìàòðèöà Ãåññå A (ñòðîãî) ïîëîæèòåëüíî îïðåäåëåíà íà êîíóñå

äîïóñòèìûõ íàïðàâëåíèé, ÷òî çàïèñûâàåòñÿ

(Ah, h) ≥ α∥h∥2 äëÿ âñåõ h ∈ K

äëÿ íåêîòîðîãî íàáîðà ìíîæèòåëåé Ëàãðàíæà, óäîâëåòâîðÿþùèõ óñëî-
âèÿì à, á, â, òî x̃ ∈ locextr (locmin â ñëó÷àå λ0 = 1 è locmax â ñëó÷àå
λ0 = −1), òàê êàê âûïîëíåíî äîñòàòî÷íîå óñëîâèå ýêñòðåìóìà.

Çàìå÷àíèå. Ïðîâåðêà óñëîâèÿ A > 0 ïîíÿòíà, òàê êàê ïðîâîäèòñÿ
ïî êðèòåðèþ Ñèëüâåñòðà, à ïðîâåðêà îãðàíè÷åíèÿ ýòîãî óñëîâèÿ íà
êîíóñ äîïóñòèìûõ íàïðàâëåíèé K íå èìååò ÷åòêîé ñõåìû ðåøåíèÿ.

Åñëè äîñòàòî÷íîå óñëîâèå ýêñòðåìóìà íå èìååò ìåñòî, òî ïðîâå-
ðÿåì íåîáõîäèìîå óñëîâèå íåîòðèöàòåëüíîé îïðåäåëåííîñòè ìàòðèöû
A íà êîíóñå äîïóñòèìûõ íàïðàâëåíèé (Ah, h) ≥ 0 äëÿ âñåõ h ∈ K.
Íåâûïîëíåíèå ýòîãî óñëîâèÿ îçíà÷àåò, ÷òî x̃ /∈ locextr. Â ñëó÷àå åãî
âûïîëíåíèÿ âîçâðàùàåìñÿ ê íåïîñðåäñòâåííîé ïðîâåðêå â áëèçëåæà-
ùèõ òî÷êàõ.

5. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì. Åñëè îáëàñòü D, çàäàííàÿ
óñëîâèÿìè ñâÿçè, îãðàíè÷åííàÿ è çàìêíóòàÿ (êîìïàêò), òî ïî òåîðåìå
Âåéåðøòðàññà ñ÷èòàåì çíà÷åíèÿ âî âñåõ òî÷êàõ ëîêàëüíîãî ìèíèìóìà
(îòäåëüíî ìàêñèìóìà) è ñðàâíèâàåì ìåæäó ñîáîé äëÿ âûáîðà òî÷êè
ãëîáàëüíîãî ìèíèìóìà (ìàêñèìóìà). Åñëè îáëàñòü D íåîãðàíè÷åííàÿ,
òî âû÷èñëÿåì ïðåäåë öåëåâîé ôóíêöèè f(x) ïðè ñòðåìëåíèè ïî âñåì
äîïóñòèìûì íàïðàâëåíèÿì â áåñêîíå÷íîñòü. Ýòî íóæíî äëÿ îáíàðóæå-
íèÿ îãðàíè÷åííîñòè öåëåâîé ôóíêöèè ñíèçó èëè ñâåðõó. Åñëè òàêîâàÿ
åñòü, òî ïðèìåíÿåì ñëåäñòâèå 1 èç òåîðåìû Âåéåðøòðàññà.
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1.2.4. Ðåøåíèÿ çàäà÷ íà ýêñòðåìóì ñ îãðàíè÷åíèÿìè â âèäå

íåðàâåíñòâ

Ïðèìåð 10. Çàäà÷à ñ îäíèì íåðàâåíñòâîì.

f(x, y) = x2 + y2 → extr

ïðè óñëîâèè x+ 2y ≤ 1.
Ðåøåíèå. I. Ñîñòàâèì ôóíêöèþ Ëàãðàíæà

L = λ0(x
2 + y2) + λ1(x+ 2y − 1).

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂L

∂x
= λ02x+ λ1,

∂L

∂y
= λ02y + 2λ1.

Çàïèøåì òðè óñëîâèÿ: ñòàöèîíàðíîñòè{
2xλ0 + λ1 = 0,

2yλ0 + 2λ1 = 0;

äîïîëíÿþùåé íåæåñòêîñòè

λ1(x+ 2y − 1) = 0

è íåîòðèöàòåëüíîñòè äëÿ ìíîæèòåëÿ Ëàãðàíæà

λ1 ≥ 0.

II. Ðåøèì îñîáûé ñëó÷àé λ0 = 0. Ïîëó÷èì λ1 = 0, ÷òî íåâîçìîæíî
(íå ìîãóò âñå ìíîæèòåëè Ëàãðàíæà ðàâíÿòüñÿ íóëþ).

Äëÿ îñíîâíîãî ñëó÷àÿ âîçüìåì ñíà÷àëà λ0 = 1 äëÿ èññëåäîâàíèÿ
íà ìèíèìóì. Ïîëó÷èì èç óñëîâèÿ ñòàöèîíàðíîñòè

x = −λ1
2
, y = −λ1.

Èç óñëîâèÿ äîïîëíÿþùåé íåæåñòêîñòè ïîëó÷èì äâà ñëó÷àÿ (à, á),
êîòîðûå ðàññìîòðèì îòäåëüíî:
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a) λ1 = 0

âëå÷åò ñòàöèîíàðíóþ òî÷êó (0, 0), êîòîðàÿ ñëóæèò òî÷êîé ãëîáàëüíîãî
ìèíèìóìà, òàê êàê f(0, 0) = 0 è f(x, y) ≥ 0 âñåãäà;

á) x+ 2y − 1 = 0,

ðåøåíèå êîòîðîãî

−λ1
2

− 2λ1 = 1, λ1 = −2

5
< 0,

÷òî ïðîòèâîðå÷èò óñëîâèþ íåîòðèöàòåëüíîñòè ìíîæèòåëÿ Ëàãðàíæà.
Òåïåðü äëÿ îñíîâíîãî ñëó÷àÿ âîçüìåì λ0 = −1 äëÿ èññëåäîâàíèÿ

íà ìàêñèìóì. Ïîëó÷èì èç óñëîâèÿ ñòàöèîíàðíîñòè

x =
λ1
2
, y = λ1.

Èç óñëîâèÿ äîïîëíÿþùåé íåæåñòêîñòè ïîëó÷èì äâà ñëó÷àÿ:
a) λ1 = 0 âëå÷åò ñòàöèîíàðíóþ òî÷êó (0, 0), êîòîðàÿ óæå èññëåäîâàíà;
á) x+ 2y − 1 = 0, ðåøåíèå êîòîðîãî

λ1
2

+ 2λ1 = 1, λ1 =
2

5
, x =

1

5
, y =

2

5
.

III. Äëÿ âòîðîé ñòàöèîíàðíîé òî÷êè ( 15 ,
2
5 ) ïðîâåðèì óñëîâèÿ âòî-

ðîãî ïîðÿäêà. Ñîñòàâèì ìàòðèöó Ãåññå

A = G|( 1
5 ,

2
5 )

=

(
2λ0 0

0 2λ0

)∣∣∣∣∣
λ0=−1

=

(
−2 0

0 −2

)
.

Îíà îòðèöàòåëüíî îïðåäåëåííàÿ, à äîñòàòî÷íûì óñëîâèåì ñëóæèò
ïðîòèâîïîëîæíîå � íåîòðèöàòåëüíàÿ îïðåäåëåííîñòü. Çíà÷èò, ýòî íå
òî÷êà ìàêñèìóìà.

IV. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì.
Èìååì f = x2 + y2 ≥ 0 âñåãäà.
Ïðè ñòðåìëåíèè ê áåñêîíå÷íîñòè â êàæäîì èç âîçìîæíûõ íàïðàâ-

ëåíèé ïîëó÷àåì, ÷òî f → +∞. Çíà÷èò, fmax = +∞.

Îòâåò. (0, 0) ∈ absmin, ( 15 ,
2
5 ) /∈ locmax; fmin = 0, fmax = +∞.
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Ïðèìåð 11. Çàäà÷à ñ íåñêîëüêèìè íåðàâåíñòâàìè.

f(x, y) = x2 + y2 → extr

ïðè óñëîâèÿõ x+ 2y ≤ 1, x ≥ 0, y ≥ 0.

Ðåøåíèå. I. Ôóíêöèÿ Ëàãðàíæà (ãäå óñëîâèÿ: −x ≤ 0 è −y ≤ 0)

L = λ0(x
2 + y2) + λ1(x+ 2y − 1)− λ2x− λ3y.

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂L

∂x
= λ02x+ λ1 − λ2,

∂L

∂y
= λ02y + 2λ1 − λ3.

Çàïèøåì òðè óñëîâèÿ: ñòàöèîíàðíîñòè{
2xλ0 + λ1 − λ2 = 0,

2yλ0 + 2λ1 − λ3 = 0;

äîïîëíÿþùåé íåæåñòêîñòè
λ1(x+ 2y − 1) = 0,

λ2x = 0,

λ3y = 0

è íåîòðèöàòåëüíîñòè äëÿ ìíîæèòåëåé Ëàãðàíæà

λ1 ≥ 0, λ2 ≥ 0, λ3 ≥ 0.

II. Ðåøèì îñîáûé ñëó÷àé λ0 = 0. Ïîëó÷èì{
λ2 = λ1,

λ3 = 2λ1.

Ïðè ýòîì âàðèàíòå λ1 = 0 íåâîçìîæíî, òàê êàê ýòî âëå÷åò ðàâåíñòâî
íóëþ âñåõ ìíîæèòåëåé Ëàãðàíæà.

Àëüòåðíàòèâà â âèäå λ1 > 0 âëå÷åò ðàâåíñòâî íóëþ âòîðûõ ìíî-
æèòåëåé â êàæäîì óðàâíåíèè ñèñòåìû äîïîëíÿþùåé íåæåñòêîñòè
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x+ 2y − 1 = 0,

x = 0,

y = 0.

Ïîëó÷åííàÿ ñèñòåìà íåñîâìåñòíà.
Äëÿ îñíîâíîãî ñëó÷àÿ âîçüìåì ñíà÷àëà ïîëîæèòåëüíîå λ0 = 1

2 äëÿ
èññëåäîâàíèÿ íà ìèíèìóì. Ïîëó÷èì èç óñëîâèÿ ñòàöèîíàðíîñòè

x = λ2 − λ1, y = λ3 − 2λ1.

Èç óñëîâèÿ äîïîëíÿþùåé íåæåñòêîñòè ïîëó÷èì âîñåìü ñëó÷àåâ,
êîòîðûå ñëåäóåò ðàññìîòðåòü îòäåëüíî. Ïåðâûå ÷åòûðå ñëó÷àÿ

a)


λ1 = 0,

λ2 = 0,

λ3 = 0;

b)


λ1 = 0,

λ2 = 0,

y = 0;

c)


λ1 = 0,

x = 0,

λ3 = 0;

d)


λ1 = 0,

x = 0,

y = 0

(1.2)

ïðèâåäóò ê îäíîé è òîé æå ñòàöèîíàðíîé òî÷êå (0, 0) ñ òðåìÿ íóëå-
âûìè ìíîæèòåëÿìè Ëàãðàíæà. Êàê è â ïðåäûäóùåé çàäà÷å ýòî òî÷êà
ãëîáàëüíîãî ìèíèìóìà.

Ñëåäóþùèå ÷åòûðå ñëó÷àÿ ïîëó÷èì çàìåíîé ïåðâîãî óñëîâèÿ ñè-
ñòåìû (1.2)

e)


x+ 2y − 1 = 0,

λ2 = 0,

λ3 = 0;

f)


x+ 2y − 1 = 0,

λ2 = 0,

y = 0;

g)


x+ 2y − 1 = 0,

x = 0,

λ3 = 0;

h)


x+ 2y − 1 = 0,

x = 0,

y = 0.

Ñëó÷àé e ñîîòâåòñòâóåò ñëó÷àþ á èç ïðèìåðà 10 è ïðèâîäèò ê ñòà-
öèîíàðíîé òî÷êå ( 15 ,

2
5 ) è λ1 = − 1

5 < 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ
íåîòðèöàòåëüíîñòè ìíîæèòåëÿ λ1.

Ñëó÷àé f ïðèâîäèò ê ñòàöèîíàðíîé òî÷êå (1, 0) è λ1 = −1 < 0, ÷òî
ïðîòèâîðå÷èò óñëîâèþ íåîòðèöàòåëüíîñòè ìíîæèòåëÿ λ1.

Ñëó÷àé g ïðèâîäèò ê ñòàöèîíàðíîé òî÷êå (0, 12 ) è λ1 = − 1
4 < 0, ÷òî

ïðîòèâîðå÷èò óñëîâèþ íåîòðèöàòåëüíîñòè ìíîæèòåëÿ λ1.
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Ñëó÷àé h ðàññìîòðåí âûøå è íå ïðèâîäèò ê ñòàöèîíàðíîé òî÷êå
(ïðîòèâîðå÷èâàÿ ñèñòåìà).

Èòàê, äðóãèõ ëîêàëüíûõ ìèíèìóìîâ, êðîìå (0, 0), íåò.
Òåïåðü äëÿ îñíîâíîãî ñëó÷àÿ âîçüìåì îòðèöàòåëüíîå λ0 = − 1

2 äëÿ
èññëåäîâàíèÿ íà ìàêñèìóì. Ïîëó÷èì èç óñëîâèÿ ñòàöèîíàðíîñòè

x = λ1 − λ2, y = 2λ1 − λ3.

Èç óñëîâèÿ äîïîëíÿþùåé íåæåñòêîñòè ïîëó÷èì âîñåìü ñëó÷àåâ,
êîòîðûå ðàññìîòðèì îòäåëüíî. Ïåðâûå ÷åòûðå èç íèõ (1.2) ïðèâîäÿò
ê îäíîé è òîé æå ñòàöèîíàðíîé òî÷êå (0, 0), êîòîðàÿ óæå èññëåäîâàíà
êàê òî÷êà ìèíèìóìà.

Ñëåäóþùèå ÷åòûðå ñëó÷àÿ e, f, g, h âûïèñàíû âûøå.
Ñëó÷àé e ïðèâîäèò ê ñòàöèîíàðíîé òî÷êå ( 15 ,

2
5 ) è λ1 = 1

5 > 0.
Ñëó÷àé f ïðèâîäèò ê ñòàöèîíàðíîé òî÷êå (1, 0) è λ1 = 1.
Ñëó÷àé g ïðèâîäèò ê ñòàöèîíàðíîé òî÷êå (0, 12 ) è λ1 = 1

4 .
Ñëó÷àé h ðàññìîòðåí âûøå è íå ïðèâîäèò ê ñòàöèîíàðíîé òî÷êå

(ïðîòèâîðå÷èâàÿ ñèñòåìà).
III. Ñ ïîìîùüþ ìàòðèöû Ãåññå èññëåäîâàíèå ïîëíîñòüþ íå ïðî-

õîäèò. Ïîýòîìó ïðîâåðèì â òðåõ ïîëó÷åííûõ ñòàöèîíàðíûõ òî÷êàõ
íåïîñðåäñòâåííî, ðàññìàòðèâàÿ âîçìîæíûå ñìåùåíèÿ îò ñòàöèîíàð-
íîé òî÷êè.

Ñòàöèîíàðíàÿ òî÷êà ñ êîîðäèíàòàìè x = 1
5 , y = 2

5 . Êîíóñ äîïóñòè-
ìûõ íàïðàâëåíèé îïðåäåëÿåòñÿ êàê ðàçâåðíóòûé óãîë ñî ñòîðîíàìè
ïî ïðÿìîé x − 2y = 1 ñ âåðøèíîé â ýòîé òî÷êå. Êðàéíèå ñìåùåíèÿ
ñîîòâåòñòâóþò ïåðåìåùåíèþ ïî ñòîðîíàì ýòîãî óãëà è âûðàæàþòñÿ
ïåðåõîäîì ê áëèçëåæàùèì òî÷êàì íà ïðÿìîé âëåâî è âïðàâî

x =
1

5
− 2ε, y =

2

5
+ ε,

ãäå ε ìàëîå, íî ñ ðàçíûìè çíàêàìè (â çàâèñèìîñòè îò âûáðàííîé ñòî-
ðîíû óãëà). Ïîäñòàâèì â öåëåâóþ ôóíêöèþ

f = (
1

5
− 2ε)2 + (

2

5
+ ε)2 =

1

5
+ 5ε2 >

1

5
= f(

1

5
,
2

5
).

Çíà÷èò, ( 15 ,
2
5 ) /∈ locmax, òàê êàê ïðîèñõîäèò ðîñò çíà÷åíèÿ ôóíêöèè.

Ñòàöèîíàðíàÿ òî÷êà ñ êîîðäèíàòàìè x = 1, y = 0 ñëóæèò âåðøèíîé
òðåóãîëüíèêà äîïóñòèìûõ ïëàíîâ (êîòîðûé æåëàòåëüíî íàðèñîâàòü).
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Êðàéíèå ñìåùåíèÿ èëè ïî îñè Ox âëåâî, èëè ïî íàêëîííîé x+ 2y − 1

âëåâî è ââåðõ èìåþò âèä

x = 1− ε, y = 0 èëè x = 1− ε, y =
ε

2
.

Äëÿ ýòèõ êðàéíèõ ñìåùåíèé ïðè ìàëûõ ε > 0

f(1− ε, 0) < f(1− ε,
ε

2
) = (1− ε)2 + (

ε

2
)2 = 1− 2ε+

5ε2

4
< 1 = f(1, 0).

Çíà÷èò, (1, 0) ∈ locmax.
Àíàëîãè÷íî äëÿ òî÷êè (0, 12 ) íàèáîëåå ïðîáëåìíûå áëèçëåæàùèå

òî÷êè íà ãðàíèöå êîíóñà: x = 2ε, y = 1
2 − ε, ε > 0. Äëÿ íèõ

f(2ε,
1

2
− ε) =

1

4
− 1

2
− ε+

5ε2

4
<

1

4
= f(0,

1

2
).

Çíà÷èò, (0, 12 ) ∈ locmax.
IV. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì.
Îáëàñòü äîïóñòèìûõ ïëàíîâ � êîìïàêò (çàìêíóòàÿ è îãðàíè÷åí-

íàÿ). Ïîýòîìó ãëîáàëüíûé ýêñòðåìóì äîñòèãàåòñÿ â òî÷êàõ ëîêàëüíî-
ãî ýêñòðåìóìà è âû÷èñëÿåòñÿ ïðîñòûì ñðàâíåíèåì çíà÷åíèé ôóíêöèè
â ýòèõ òî÷êàõ

f(1, 0) = 1 < f(0,
1

2
) =

1

4
.

Îòâåò. (0, 0) ∈ absmin, (1, 0) ∈ absmax, (0, 12 ) ∈ locmax,
( 15 ,

2
5 ) /∈ locmax; fmin = 0, fmax = 1.

Ïðèìåð 12. Îãðàíè÷åíèÿ â âèäå ðàâåíñòâà è íåðàâåíñòâà.

f(x, y) = x2 + y2 + z2 → extr

ïðè óñëîâèÿõ x+ y + z = 3, 2x+ y − 3z ≤ 5.
Ðåøåíèå. I. Ôóíêöèÿ Ëàãðàíæà

L = λ0(x
2 + y2 + z2) + λ1(x+ y + z − 3) + λ2(2x+ y − 3z − 5).

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

∂L

∂x
= 2λ0x+ λ1 + 2λ2,

∂L

∂y
= 2λ0y+ λ1 + λ2,

∂L

∂z
= 2λ0z + λ1 − 3λ2.

Çàïèøåì òðè óñëîâèÿ: ñòàöèîíàðíîñòè
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2λ0x+ λ1 + 2λ2 = 0,

2λ0y + λ1 + λ2 = 0,

2λ0z + λ1 − 3λ2 = 0;

äîïîëíÿþùåé íåæåñòêîñòè

λ2(2x+ y − 3z − 5) = 0

è íåîòðèöàòåëüíîñòè äëÿ ìíîæèòåëÿ Ëàãðàíæà

λ2 ≥ 0.

II. Ðåøèì îñîáûé ñëó÷àé λ0 = 0. Ïîëó÷èì èç óñëîâèÿ ñòàöèîíàð-
íîñòè λ1 = λ2 = 0, ÷òî íåäîïóñòèìî.

Äëÿ îñíîâíîãî ñëó÷àÿ âîçüìåì ñíà÷àëà λ0 = 1 äëÿ èññëåäîâàíèÿ
íà ìèíèìóì. Ïîëó÷èì èç óñëîâèÿ ñòàöèîíàðíîñòè

2x = −λ1 − 2λ2,

2y = −λ1 − λ2,

2z = −λ1 + 3λ2.

Óñëîâèå äîïîëíÿþùåé íåæåñòêîñòè ðàçîáüåì íà äâà ñëó÷àÿ:
à) λ2 = 0 è á) 2x+ y − 3z − 5 = 0.

Äëÿ ñëó÷àÿ à èìååì x = y = z = −λ1

2 . Ïîäñòàâèì â óñëîâèå ñâÿçè
x+ y + z = 3 è ïîëó÷èì ñòàöèîíàðíóþ òî÷êó S(1, 1, 1) c λ1 = −2.

Äëÿ ñëó÷àÿ á èìååì ñèñòåìó{
x+ y + z = 3,

2x+ y − 3z = 5,
(1.3)

â êîòîðîé ïåðåìåííûå âûðàçèì ÷åðåç ëÿìáäó{
1
2 (−λ1 − 2λ2) +

1
2 (−λ1 − λ2) +

1
2 (−λ1 + 3λ2) = 3,

−λ1 − 2λ2 +
1
2 (−λ1 − λ2)− 3

2 (−λ1 + 3λ2) = 5,
⇒

{
− 3

2λ1 = 3,

−7λ2 = 5.

Ýòî ðåøåíèå íå ïîäõîäèò, òàê êàê λ2 < 0.
Äðóãîé âàðèàíò îñíîâíîãî ñëó÷àÿ λ0 = −1 äëÿ èññëåäîâàíèÿ íà

ìàêñèìóì. Ïîëó÷èì èç óñëîâèÿ ñòàöèîíàðíîñòè
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2x = λ1 + 2λ2,

2y = λ1 + λ2,

2z = λ1 − 3λ2.

Óñëîâèå äîïîëíÿþùåé íåæåñòêîñòè ðàçîáüåì íà òå æå äâà ñëó÷àÿ:
à) λ2 = 0 è á) 2x+ y − 3z − 5 = 0.

Äëÿ ñëó÷àÿ à èìååì ðàâåíñòâî x = y = z = λ1

2 , êîòîðîå ïîäñòàâèì
â óñëîâèå x+y+z = 3 è ïîëó÷èì òó æå ñòàöèîíàðíóþ òî÷êó S(1, 1, 1),
íî c äðóãèì λ1 = 2.

Äëÿ ñëó÷àÿ á â òîé æå ñèñòåìå (1.3) âûðàçèì ïåðåìåííûå ÷åðåç
ëÿìáäó{

1
2 (λ1 + 2λ2) +

1
2 (λ1 + λ2) +

1
2 (λ1 − 3λ2) = 3,

λ1 + 2λ2 +
1
2 (λ1 + λ2)− 3

2 (λ1 − 3λ2) = 5,
⇒

{
3
2λ1 = 3,

7λ2 = 5.

Îòñþäà λ1 = 2, λ2 = 5
7 . Ïîëó÷èì ñòàöèîíàðíóþ òî÷êó Q( 127 ,

19
14 ,−

1
14 ).

III. Âû÷èñëèì ìàòðèöó Ãåññå, êîòîðàÿ îêàæåòñÿ äèàãîíàëüíîé, ñ
2λ0 íà äèàãîíàëè. Åñëè λ0 = 1, òî G|S > 0 è (1, 1, 1) ∈ locmin.

Äëÿ ñòàöèîíàðíîé òî÷êè Q ïðè λ0 = −1 èìååì A = G|Q < 0.
Çíà÷èò, ïî âñåì ìàëûì ñìåùåíèÿì (à íå òîëüêî â êîíóñåK) îò òî÷êèQ
çíà÷åíèå öåëåâîé ôóíêöèè óìåíüøàåòñÿ, ñëåäîâàòåëüíî, Q /∈ locmax.

IV. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì.
Öåëåâàÿ ôóíêöèÿ îãðàíè÷åíà ñíèçó íóëåì, à îáëàñòü íå îãðàíè-

÷åíà. Ïîýòîìó ãëîáàëüíûé ìèíèìóì äîñòèãàåòñÿ â òî÷êå ëîêàëüíîãî
ìèíèìóìà fmin = f(1, 1, 1) = 3 è ôóíêöèÿ íåîãðàíè÷åííî ðàñòåò.

Îòâåò. (1, 1, 1) ∈ absmin, ( 127 ,
19
14 ,−

1
14 ) /∈ locmax; fmin = 3,

fmax = +∞.

1.2.5. Çàäà÷è óñëîâíîé ãëàäêîé îïòèìèçàöèè

Â çàäà÷àõ ñ îãðàíè÷åíèÿìè íàéòè âñå ñòàöèîíàðíûå òî÷êè, èññëå-
äîâàòü èõ íà ëîêàëüíûé è ãëîáàëüíûé ýêñòðåìóìû.

2.1. x2 + y2 → extr ïðè 4x+ 3y = 1.

2.2. 4x+ 3y → extr ïðè x2 + y2 = 25.

2.3. xy − x2 − y2 → extr ïðè x+ y = 1.

2.4. x2 + y2 → extr ïðè xy = 4.
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2.5. xy → extr ïðè 9x2 + 4y2 = 25.

2.6. 2xy − x2 − y2 → extr ïðè x2 − y2 = 1.

2.7. x2 + 12xy + 2y2 → extr ïðè 4x2 + y2 = 25.

2.8. x2 + y2 + z2 → extr ïðè x+ y + z = 3.

2.9. x+ 2y + 3z → extr ïðè x2 + y2 + z2 = 14.

2.10. x3 + y3 → extr ïðè x2 + y2 = 2.

2.11. x2 + y2 → extr ïðè x4 + y4 = 16.

2.12. x+ y + z → extr ïðè x+ y − z = 1, x2 + y2 + z2 = 1.

2.13. x3 + y3 + z3 → extr ïðè x2 + y2 + z2 ≤ 3.

2.14. x2 + y2 + z2 → extr ïðè x4 + y4 + z4 ≤ 1.

2.15. x2 + y2 − 2x− 2y → extr ïðè x+ y ≤ 8, x ≥ 0, y ≥ 0 .

2.16. x2 + y2 − 2x+ 2y → extr ïðè x2 + y2 ≤ 9, y ≥ 0 .

2.17. x+ y + z → extr ïðè x+ y − z = 1, x2 + y2 ≤ 2.

2.18. ex−y − x− y → extr ïðè x+ y ≤ 1, x ≥ 0, y ≥ 0 .

2.19. x2 + y → extr ïðè x2 + y2 ≤ 1, x ≥ 0, y ≥ 0.

2.20. 2x2 + 2x+ 4y − 3z → extr ïðè 8x− 3y + 3z ≤ 40,
−2x+ y + z = −3, y ≥ 0 .

2.21. 2x2 + 2x+ 4y − 3z → extr ïðè 8x− 3y + 3z ≤ 40,
−2x+ y + z ≤ −3, y ≥ 0 .

2.22. 3x2 − 11x− 3y − z → extr ïðè x− 7y + 3z + 7 ≤ 0,
5x+ 2y − z ≤ 2, z ≥ 0 .

2.23. 3y2 − 11x− 3y − z → extr ïðè x− 7y + 3z + 7 ≤ 0,
5x+ 2y − z ≤ 2, z ≥ 0 .
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1.3. Îñíîâû âûïóêëîãî àíàëèçà

1.3.1. Ãëàâíûå ïîíÿòèÿ âûïóêëîãî àíàëèçà

Ïîëàãàåì, ÷òî X � ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî (â êà÷å-
ñòâå êîòîðîãî äëÿ ïðîñòîòû áóäåì áðàòü Rn).

Îïðåäåëåíèå 3. Ìíîæåñòâî A ⊂ X íàçûâàåòñÿ âûïóêëûì, åñëè
äëÿ ëþáûõ a, b ∈ A âñå òî÷êè îòðåçêà (ñ êîíöàìè â ýòèõ òî÷êàõ) ëåæàò
â A

ta+ (1− t)b ∈ A äëÿ âñåõ t ∈ [0, 1].

Òåðìèíîëîãèÿ. Âûïóêëîé (ëèíåéíîé) êîìáèíàöèåé êîíå÷íîãî ìíî-
æåñòâà C := {c1, c2, . . . , cm} ⊂ X íàçûâàåòñÿ ýëåìåíò

v =
m∑
i=1

tici,

ãäå ti ≥ 0,
∑m

i=1 ti = 1.
Îáúåäèíåíèå âñåõ âûïóêëûõ êîìáèíàöèé âñåõ êîíå÷íûõ ïîäìíî-

æåñòâ ìíîæåñòâà C ⊂ X íàçûâàåòñÿ âûïóêëîé îáîëî÷êîé C è îáîçíà-
÷àåòñÿ conv C. Âûïóêëàÿ îáîëî÷êà êîíå÷íîãî ÷èñëà òî÷åê íàçûâàåòñÿ
âûïóêëûì ìíîãîãðàííèêîì.

Óòâåðæäåíèå 1. Âûïóêëàÿ îáîëî÷êà C ñîâïàäàåò ñ ïåðåñå÷åíèåì
âñåõ âûïóêëûõ ìíîæåñòâ, ñîäåðæàùèõ C.

Áóäåì ðàññìàòðèâàòü ðàñøèðåííîå ïîíÿòèå ôóíêöèè (ôóíêöèîíà-
ëà) f : X → R := R ∪ {−∞} ∪ {+∞}.

Îïðåäåëåíèå 4. Ìíîæåñòâî

epif = {(a, x) ∈ R×X | a ≥ f(x)}

êàê ýëåìåíò ïðîñòðàíñòâà R×X íàçûâàåòñÿ íàäãðàôèêîì ôóíêöèè f .
Ôóíêöèÿ f íàçûâàåòñÿ âûïóêëîé, åñëè åå íàäãðàôèê � âûïóêëîå

ìíîæåñòâî.
Ôóíêöèÿ f íàçûâàåòñÿ çàìêíóòîé, åñëè åå íàäãðàôèê � çàìêíóòîå

ìíîæåñòâî.
Ôóíêöèÿ f íàçûâàåòñÿ ñîáñòâåííîé, åñëè èìååì f(x) > −∞ äëÿ

âñåõ x, à òàêæå f(x) íå ðàâíà âñþäó +∞.
Ðàáîòàòü áóäåì ñ âûïóêëûìè ñîáñòâåííûìè ôóíêöèÿìè (îïóñêàÿ

ñëîâî ñîáñòâåííûå).
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Óòâåðæäåíèå 2. Ôóíêöèÿ âûïóêëà òîãäà è òîëüêî òîãäà, êîãäà
âûïîëíåíî íåðàâåíñòâî Éåíñåíà

f(ta+ (1− t)b) ≤ tf(a) + (1− t)f(b)

äëÿ âñåõ a, b ∈ X, t ∈ [0, 1].
Ãðàôè÷åñêîå òîëêîâàíèå íåðàâåíñòâà Éåíñåíà: ñåêóùàÿ âûïóêëîé

ôóíêöèè ëåæèò âûøå ãðàôèêà ôóíêöèè.
Óòâåðæäåíèå 3. Ñóììà äâóõ âûïóêëûõ ôóíêöèé âûïóêëà.
Òåîðåìà 7. Êðèòåðèåì âûïóêëîñòè äâàæäû íåïðåðûâíî äèôôå-

ðåíöèðóåìîé ôóíêöèè ñëóæèò óñëîâèå íåîòðèöàòåëüíîñòè âòîðîé
ïðîèçâîäíîé f ′′(x) ≥ 0, êîòîðîå â ñëó÷àå ôóíêöèè ìíîãèõ ïåðåìåííûõ
òðàêòóåòñÿ êàê íåîòðèöàòåëüíàÿ îïðåäåëåííîñòü ìàòðèöû âòîðûõ
ïðîèçâîäíûõ.

Â ñëó÷àå íåäèôôåðåíöèðóåìûõ ôóíêöèé äëÿ èññëåäîâàíèÿ íà ýêñ-
òðåìóì èñïîëüçóåòñÿ ñëåäóþùåå ïîíÿòèå.

Îïðåäåëåíèå 5. Ñóáäèôôåðåíöèàëîì âûïóêëîé ôóíêöèè f â òî÷-
êå x̃ íàçûâàåòñÿ ñëåäóþùåå ìíîæåñòâî â ñîïðÿæåííîì ïðîñòðàíñòâå
X∗:

∂ f(x̃) = {x∗ ∈ X∗ | (x− x̃, x∗) ≤ f(x)− f(x̃) äëÿ âñåõ x ∈ X}.

Íàïîìíèì, ÷òî ñîïðÿæåííûì ê X ïðîñòðàíñòâîì X∗ íàçûâàåòñÿ
ëèíåéíîå ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ íà X.
Â ñëó÷àå X = Rn èìååì X∗ = Rn.

Óòâåðæäåíèå 4. Ñóáäèôôåðåíöèàë åñòü âûïóêëîå çàìêíóòîå ìíî-
æåñòâî.

Óòâåðæäåíèå 5. Ñóáäèôôåðåíöèàë äèôôåðåíöèðóåìîé ôóíêöèè
ñîâïàäàåò ñ åå ïðîèçâîäíîé.

Äëÿ ôóíêöèè îäíîé ïåðåìåííîé ñóáäèôôåðåíöèàë ∂f(x̃) � ýòî ñî-
âîêóïíîñòü âñåõ óãëîâûõ êîýôôèöèåíòîâ k, ïðè êîòîðûõ âñå ïðÿìûå
y = kx+ b, ïðîõîäÿùèå ÷åðåç (x̃, f(x̃)), ëåæàò ïîä ãðàôèêîì ôóíêöèè
y = f(x). Èçâåñòíî, ÷òî â òî÷êàõ äèôôåðåíöèðóåìîñòè k = f ′(x). Â
êà÷åñòâå ãåîìåòðè÷åñêîé èëëþñòðàöèè îòìåòèì, ÷òî âñå êàñàòåëüíûå
ëåæàò íèæå ãðàôèêà âûïóêëîé ôóíêöèè. Îáúåäèíÿåò èõ ñóáäèôôå-
ðåíöèàë.

Â íåêîòîðîì ñìûñëå ýòî íàáëþäåíèå ïîçâîëÿåò îáîáùèòü ïîíÿòèå
ñóáäèôôåðåíöèàëà íà âûïóêëóþ ôóíêöèþ äâóõ ïåðåìåííûõ. Â òî÷-

32



êàõ, ãäå ôóíêöèÿ äèôôåðåíöèðóåìà, ñóáäèôôåðåíöèàë ðàâåí ãðàäè-
åíòó f ′(x), à â òî÷êàõ èçëîìà ïî ïðÿìîé ñóáäèôôåðåíöèàë ïðåäñòàâ-
ëÿåò ñîáîé îòðåçîê ñ êîíöàìè â âèäå äâóõ âåêòîðîâ ãðàäèåíòà.

Òåîðåìà 8, Ìîðî � Ðîêàôåëëàðà. Ïóñòü f1, f2 � âûïóêëûå
ôóíêöèè è ñóùåñòâóåò òî÷êà x0 ∈ X, â êîòîðîé |f1(x0)| < ∞ (òî
åñòü f1 êîíå÷íà), à f2 íåïðåðûâíà. Òîãäà äëÿ âñåõ x ∈ X

∂(f1 + f2)(x) = ∂f1(x) + ∂f2(x).

Òåîðåìà 9, Äóáîâèöêîãî � Ìèëþòèíà. Ïóñòü f1, f2 � âûïóê-
ëûå ôóíêöèè, êîòîðûå â òî÷êå x̃ íåïðåðûâíû è ñîâïàäàþò. Òîãäà

∂max(f1, f2)(x̃) = conv(∂f1(x̃) ∪ ∂f2(x̃)).

Ïîñòàíîâêà çàäà÷è. Ïóñòü f : X → R � âûïóêëàÿ ôóíêöèÿ èç
ëèíåéíîãî íîðìèðîâàííîãî ïðîñòðàíñòâà X â ðàñøèðåííóþ ïðÿìóþ.
Âûïóêëîé çàäà÷åé áåç îãðàíè÷åíèé íàçûâàåòñÿ çàäà÷à

f(x) → min .

Òåîðåìà 10 (àíàëîã òåîðåìû Ôåðìà). Íåîáõîäèìûì è äîñòàòî÷-
íûì óñëîâèåì ãëîáàëüíîãî ìèíèìóìà x̃ â âûïóêëîé çàäà÷å áåç îãðà-
íè÷åíèé f(x) → min ÿâëÿåòñÿ óñëîâèå

0 ∈ ∂f(x̃).

1.3.2. Ïðèìåðû è çàäà÷è âûïóêëîãî àíàëèçà

Ñíà÷àëà ïîêàæåì ïðèìåðû âû÷èñëåíèÿ ñóáäèôôåðåíöèàëà.
Ïðèìåð 13. Äëÿ ôóíêöèè f(x) = |x| èìååì ∂ f(0) = [−1, 1], à

òàêæå ∂f(x) = f ′(x) = −1 ïðè x < 0, ∂f(x) = f ′(x) = 1 ïðè x > 0.

Ïðèìåð 14. Âû÷èñëèòü ñóáäèôôåðåíöèàë ôóíêöèè äâóõ ïåðåìåí-
íûõ h(x, y) = |x+ y + 2|.

Ðåøåíèå. Â îòêðûòûõ ïîëóïëîñêîñòÿõ ñóáäèôôåðåíöèàë ñ÷èòàåòñÿ
âû÷èñëåíèåì ãðàäèåíòà èëè ÷àñòíûõ ïðîèçâîäíûõ
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∂h = (−1,−1) ïðè x+ y + 2 < 0; ∂h = (1, 1) ïðè x+ y + 2 > 0.

Ïóñòü îáùèé âèä ñóáäèôôåðåíöèàëà ∂h = (α, β) â òî÷êàõ (x0, y0)

íà ãðàíè÷íîé ïðÿìîé, òî åñòü ñ óñëîâèåì x0 + y0 + 2 = 0. Òîãäà (ïî
îïðåäåëåíèþ) äëÿ âñåõ (x, y) èìååì

α(x− x0) + β(y − y0) ≤ |x+ y + 2|.

×òîáû îöåíèòü α, ïîäñòàâèì y = 0: èç íåðàâåíñòâà αx+C1 ≤ |x+2|
âûòåêàåò −1 ≤ α ≤ 1.

×òîáû òåïåðü îöåíèòü β, ïîäñòàâèì x = −y: (α − β)x + C2 ≤ 2.
Çíà÷èò, β = α.

Èòàê, ∂h = (α, α), ãäå |α| ≤ 1, â òî÷êàõ ïðÿìîé x+ y + 2 = 0.
Îòâåò. ∂h = (−1,−1) ïðè x+y+2 < 0, ∂h = (1, 1) ïðè x+y+2 > 0;

∂h = (α, α), ãäå |α| ≤ 1, â òî÷êàõ ïðÿìîé x+ y + 2 = 0.

Ïðèìåð 15. Âû÷èñëèòü ñóáäèôôåðåíöèàë ôóíêöèè äâóõ ïåðåìåí-
íûõ h(x, y) = max{x, y}.

Ðåøåíèå. Â îòêðûòûõ ïîëóïëîñêîñòÿõ ñóáäèôôåðåíöèàë ñ÷èòàåòñÿ
âû÷èñëåíèåì ÷àñòíûõ ïðîèçâîäíûõ

∂h = (1, 0) ïðè x > y; ∂h = (0, 1) ïðè x < y.

Ïî òåîðåìå Äóáîâèöêîãî � Ìèëþòèíà ñóáäèôôåðåíöèàë ìàêñèìó-
ìà åñòü îòðåçîê (âûïóêëàÿ îáîëî÷êà) ýòèõ ãðàäèåíòîâ (1, 0) è (0, 1)

∂h = (1− α, α), ãäå α ∈ [0, 1],

â òî÷êàõ èçëîìà x = y.

Ïåðåõîäèì îò âû÷èñëåíèÿ ñóáäèôôåðåíöèàëà ê çàäà÷àì âûïóêëî-
ãî àíàëèçà, òî åñòü ê çàäà÷àì áåçóñëîâíîé íåãëàäêîé îïòèìèçàöèè.

Ïðèìåð 16.

f(x) = x2 + |x| → min .

Ðåøåíèå. Äëÿ f1(x) = x2 è f2(x) = |x| èìååì f ′1(x) = 2x, à ñóá-
äèôôåðåíöèàë f2 âû÷èñëåí âûøå (ïðèìåð 13). Ïî òåîðåìå Ìîðî �
Ðîêàôåëëàðà
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∂f(x) =


2x− 1, åñëè x < 0,

[ -1,1], åñëè x = 0,

2x+ 1, åñëè x > 0.

Çíà÷èò, 0 ∈ ∂f(0). Ïîýòîìó 0 ∈ absmin, f(0) = 0.

Ïðèìåð 17.

f(x) = |x− 2|+ |2x− 1| → min .

Ðåøåíèå. Äëÿ f1(x) = |x− 2| è f2(x) = |2x− 1| èìååì

∂f1(x) =


−1, åñëè x < 2,

[ -1,1], åñëè x = 2,

1, åñëè x > 2;

∂f2(x) =


−2, åñëè x < 1

2 ,

[ -2,2], åñëè x = 1
2 ,

2, åñëè x > 1
2 .

Êàê ñóììà ýòèõ äâóõ ñóáäèôôåðåíöèàëîâ

∂f(x) =



−3, åñëè x < 1
2 ,

[ -3,1], åñëè x = 1
2 ,

1, åñëè 1
2 < x < 2,

[ 1,3], åñëè x = 2,

3, åñëè x > 2.

Çíà÷èò, 0 ∈ ∂f( 12 ). Ïîýòîìó
1
2 ∈ absmin, fmin = 3

2 .

Ïðèìåð 18.

f(x) = x2 +max{0, x+ 1} → min .

Ðåøåíèå. Âû÷èñëèì ñóáäèôôåðåíöèàë

∂f(x) =


2x, åñëè x < −1,

[ -2, -1], åñëè x = −1,

2x+ 1, åñëè x > −1.

Ðåøàÿ óðàâíåíèå ∂f(x) = 0, ïðèõîäèì ê 2x+ 1 = 0 è x = − 1
2 > −1.

Îòâåò. − 1
2 ∈ absmin, fmin = 3

4 .

Ïðèìåð 19.

f(x, y) = x2 + y2 + |x+ y + 2| → min .

Ðåøåíèå. Âû÷èñëèì ñóáäèôôåðåíöèàë ïî òåîðåìå Ìîðî � Ðîêà-
ôåëëàðà, îïèðàÿñü íà ïðèìåð 14 (çäåñü |α| ≤ 1),
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∂f(x, y) =


(2x− 1, 2y − 1), åñëè x+ y + 2 < 0,

(2x+ α, 2y + α), åñëè x+ y + 2 = 0,

(2x+ 1, 2y + 1), åñëè x+ y + 2 > 0.

Èäåì ñâåðõó âíèç. Òî÷êà ( 12 ,
1
2 ) íå ïðèíàäëåæèò îáëàñòè x+ y+2 < 0.

Åñëè ïðèðàâíÿåì ãðàäèåíò ê íóëþ âî âòîðîì ñëó÷àå, òî ïîëó÷èì
x = y = −α

2 è ïîäñòàâèì ýòî â óñëîâèå x + y + 2 = 0. Íàéäåì α = 2

è òî÷êó (−1,−1), â êîòîðîé (0, 0) ∈ ∂f . Íî äàííîå α = 2 âûõîäèò çà
ãðàíèöû îò −1 äî 1.

Ïðèðàâíÿâ ãðàäèåíò ê íóëþ â òðåòüåì ñëó÷àå, ïîëó÷èì (− 1
2 ,−

1
2 )

èç îáëàñòè x+ y + 2 > 0. Äàëåå f(− 1
2 ,−

1
2 ) =

1
4 + 1

4 + 1 = 3
2 .

Îòâåò. fmin = f(− 1
2 ,−

1
2 ) =

3
2 .

Ïðèìåð 20.

f(x, y) = x2 + y2 + 2max{x, y} → min .

Ðåøåíèå. Âû÷èñëèì ñóáäèôôåðåíöèàë ïî òåîðåìå Ìîðî � Ðîêà-
ôåëëàðà, îïèðàÿñü íà ïðèìåð 15 (çäåñü α ∈ [0, 1]),

∂f(x, y) =


(2x+ 2, 2y), åñëè x > y,

(2x+ 2− 2α, 2y + 2α), åñëè x = y,

(2x, 2y + 2), åñëè x < y.

Ïðèðàâíÿåì ê íóëþ ãðàäèåíò äëÿ îáëàñòè x > y è ïîëó÷èì x = −1,
y = 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ îáëàñòè. Ïðèðàâíÿåì ê íóëþ ãðà-
äèåíò äëÿ îáëàñòè x < y è ïîëó÷èì x = 0, y = −1, ÷òî ïðîòèâîðå÷èò
óñëîâèþ îáëàñòè.

Äëÿ ñëó÷àÿ x = y ðåøèì ñèñòåìó 2x + 2 − 2α = 0, 2y + 2α = 0.
Ïîëó÷èì x = α − 1, y = −α. Îòêóäà α − 1 = −α è α = 1

2 . Çíà÷èò,
(− 1

2 ,−
1
2 ) ∈ absmin, fmin = 1

4 + 1
4 − 1 = − 1

2 .

1.3.3. Çàäà÷è âûïóêëîãî àíàëèçà

Íàéòè ñóáäèôôåðåíöèàëû ôóíêöèé è èññëåäîâàòü íà ìèíèìóì.
3.1. f(x) = |x|+ |x+ 2| → min.

3.2. f(x) = |x|+ 2x→ min.

3.3. f(x) = |x|+ |x+ 1|+ |x+ 2| → min.

3.4. f(x) = |x− 2|+max{0, x3} → min.
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3.5. f(x, y) = x2 + y2 + |x− y| → min.

3.6. f(x, y) = x2 + y2 + |x+ y + 6| → min.

3.7. f(x, y) = x2 + y2 + 4max{x, y} → min.

3.8. f(x, y) = x2 − xy + y2 + 3|x− y − 2| → min.

3.9. f(x, y) = x2 + y2 + 2
√

(x− 1
2 )

2 + (y − 1
2 )

2 → min.

3.10. f(x, y) = x2 + y2 + 2
√
(x− 1)2 + (y − 2)2 → min.

1.4. Îòâåòû ê ãëàâå �Ýêñòðåìàëüíûå çàäà÷è�

Çàäà÷è ðàçäåëà 1.1.5 áåçóñëîâíîé ãëàäêîé îïòèìèçàöèè

1.1. 0 ∈ absmin, 1 ∈ locmax, 2 ∈ absmin; fmin = 0, fmax = +∞.
1.2. 0 /∈ locextr, 5 ∈ absmin; fmin = −3125, fmax = +∞.
1.3. 0 ∈ locmax, 4 ∈ locmin; fmin = −∞, fmax = +∞.
1.4. −2 ∈ locmax, 0 ∈ absmin; fmin = 0, fmax = +∞.
1.5. −3 ∈ absmin, 0 /∈ locextr; fmin = − 27

e3 , fmax = +∞.
1.6. 0 ∈ absmax; finf = 0, fmax = 1.
1.7. 0 /∈ locextr; finf = −π3

8 , fsup = π3

8 .
1.8. {0,±( 3π2 + 2πk + ϵk)} ∈ locmin, {±(π2 + 2πk + δk)} ∈ locmax,

k ∈ N; finf = −π
2 , fsup = π

2 . Áåñêîíå÷íî ìíîãî ëîêàëüíûõ, íî íåò
ãëîáàëüíûõ ýêñòðåìóìîâ.

1.9. (2,−2) ∈ absmin; fmin = −4, fmax = +∞.
1.10. (2, 3) /∈ locextr; fmin = −∞, fmax = +∞.
1.11. (−10, 8) /∈ locextr; fmin = −∞, fmax = +∞.
1.12. (0, 0) /∈ locextr (òàê êàê f(h,−h) = 2h4 > 0), (1, 1) ∈ absmin,

(−1−, 1) ∈ absmin; fmin = −2, fmax = +∞.
1.13. (1,−1, 2) ∈ absmin; fmin = 2, fmax = +∞.
1.14. (0, 0) ∈ locmax, (±

√
ln2, 0) /∈ locextr; fmin = −∞, fmax = +∞.

1.15. (π2 + 2πk, 0) ∈ absmax,( 3π2 + 2πk, 0) /∈ locextr; fmin = −∞,
fmax = 1.

1.16. (1, 12 ,−1) ∈ absmin; fmin = − 3
2 , fmax = +∞.

1.17. ( 12 ,−1, 12 ) /∈ locextr; fmin = −∞, fmax = +∞.
1.18. (1,−1, 12 ) ∈ absmin; fmin = − 1

2 , fmax = +∞.
1.19. (1, 1) ∈ locmax, (−1, 1) /∈ locextr; fmin = −∞, fmax = +∞.
1.20. (0, 0) /∈ locextr; fmin = −∞, fmax = +∞.
1.21. (1, 1) ∈ locmin, (0, 0) /∈ locextr; fmin = −∞, fmax = +∞.
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1.22. (1, 1) ∈ locmax, {(0, 0), (0, 3), (3, 0)} /∈ locextr; fmin = −∞,
fmax = +∞.

1.23. (± 1
2 ,±1) ∈ absmin, (0, 0) ∈ locmax, (0,±1), (± 1

2 , 0) /∈ locextr;
fmin = − 9

8 , fmax = +∞.
1.24. (2, 3) ∈ locmax, (0, y) ∈ locmax ïðè y ∈ (−∞, 0) ∩ (6,+∞),

(0, y) ∈ locmin ïðè y ∈ (0, 6), {(0, 0), (0, 6), (x, 0)} /∈ locextr; fmin = −∞,
fmax = +∞.

1.25. (0, 0) ∈ absmin, (− 1
4 ,−

1
2 ) /∈ locextr; fmin = 0, fmax = +∞.

1.26. (1, 1, 1) ∈ locmax, (0, y, 7−2y
3 ), (x, y, 0) /∈ locextr, ñòàö. òî÷êè

(x, 0, z) äîïóñêàþò ðàçíûå ñëó÷àè ; fmin = −∞, fmax = +∞.
Çàäà÷è ðàçäåëà 1.2.5 óñëîâíîé ãëàäêîé îïòèìèçàöèè

2.1. ( 4
25 ,

3
25 ) ∈ absmin; fmin = 1

25 , fmax = +∞.
2.2. (−4,−3) ∈ absmin, (4, 3) ∈ absmax; fmin = −25, fmax = 25.
2.3. ( 12 ,

1
2 ) ∈ absmax; fmin = −∞, fmax = − 1

4 .
2.4. (2, 2) ∈ absmin, (−2,−2) ∈ absmin; fmin = 8, fmax = +∞.
2.5. {(− 5

√
2

6 , 5
√
2

4 ), ( 5
√
2

6 ,− 5
√
2

4 )} ∈ absmin, fmin = − 25
12 ;

{( 5
√
2

6 , 5
√
2

4 ), (−5
√
2

6 ,− 5
√
2

4 )} ∈ absmax, fmax = 25
12 .

2.6. Ñòàöèîíàðíûõ òî÷åê íåò. fmin = −∞, fsup = 0.
2.7. (−2, 3) ∈ absmin, (2,−3) ∈ absmin, {( 32 , 4), (−

3
2 ,−4)} ∈ absmax;

fmin = −50, fmax = 425
4 .

2.8. (1, 1, 1) ∈ absmin; fmin = 3, fmax = +∞.
2.9. (−1,−2,−3) ∈ absmin, (1, 2, 3) ∈ absmax; fmin = −14,

fmax = 14.
2.10. {(−

√
2, 0), (0,−

√
2)} ∈ absmin, {(

√
2, 0), (0,

√
2)} ∈ absmax,

(1, 1) ∈ locmin, (−1,−1) ∈ locmax; fmin = −2
√
2, fmax = 2

√
2.

2.11. ×åòûðå òî÷êè {±2, 0), (0,±2) ∈ absmin; fmin = 4.
×åòûðå òî÷êè (± 4

√
8,± 4

√
8) ∈ absmax; fmax = 4

√
2.

2.12. (0, 0,−1) ∈ absmin, ( 23 ,
2
3 ,

1
3 ) ∈ absmax; fmin = −1, fmax = 5

3 .
2.13. {(0, 0,−

√
3), (0,−

√
3, 0), (−

√
3, 0, 0)}∈absmin, (0, 0, 0) /∈ locextr,

{(−1,−1,−1), (0,−
√

3
2 ,−
√

3
2 ), (−

√
3
2 , 0,−

√
3
2 ), (−

√
3
2 ,−
√

3
2 , 0)} /∈ locmin,

{(0, 0,
√
3), (0,

√
3, 0), (

√
3, 0, 0)} ∈ absmax, {(1, 1, 1), (0,

√
3
2 ,
√

3
2 ),

(
√

3
2 , 0,

√
3
2 ), (

√
3
2 ,
√

3
2 , 0)} /∈ locmax; fmin = −3

√
3, fmax = 3

√
3.

2.14. (0, 0, 0) ∈ absmin, âîñåìü òî÷åê (± 4

√
1
3 ,±

4

√
1
3 ,±

4

√
1
3 ) ∈ absmax,

òî÷êè òèïà (0,± 4

√
1
2 ,±

4

√
1
2 ) è (0, 0,±1) /∈ locextr; fmin = 0, fmax =

√
3.
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2.15. (1, 1) ∈ absmin, {(8, 0), (0, 8)} ∈ absmax, (0, 0) ∈ locmax,
{(4, 4), (1, 0), (0, 1)} /∈ locmax; fmin = −2, fmax = 48.

2.16. (1, 0) ∈ absmin, (− 3
√
2

2 , 3
√
2

2 ) ∈ absmax,
{(3, 0), (−3, 0))} /∈ locmax; fmin = −1, fmax = 9 + 6

√
2.

2.17. (−1,−1,−3) ∈ absmin, (1, 1, 1)∈ absmax; fmin =−5, fmax = 3.
2.18. (0, 1) ∈ absmin, (1, 0) ∈ absmax, (0, 0) /∈ locextr;

fmin = e−1 − 1, fmax = e− 1.
2.19. (0, 0) ∈ absmin, (

√
3
2 ,

1
2 ) ∈ absmax, (0, 1) /∈ locextr; fmin = 0,

fmax = 5
4 .

2.20. (−2, 0, 7) ∈ absmin; fmin = −17, fmax = +∞.
2.21. (− 5

2 , 0, 20) ∈ absmin; fmin = −52, 5 , fmax = +∞.
2.22. (16, 257, 592) /∈ locextr; fmin = −∞, fmax = +∞.
2.23. (0, 1, 0) ∈ absmin; fmin = 0, fmax = +∞.
Çàäà÷è ðàçäåëà 1.3.3 âûïóêëîãî àíàëèçà

3.1. ∂f : −2 ïðè x < −2, [−2, 0] ïðè x = −2, 0 ïðè x ∈ [−2, 0],
[0, 2] ïðè x = 0, 2 ïðè x > 0; [−2, 0] ∈ absmin; fmin = 2.

3.2. ∂f : 1 ïðè x < 0, [1, 3] ïðè x = 0, 3 ïðè x > 0; fmin = −∞.
3.3. ∂f : −3 ïðè x < −2, [−3,−1] ïðè x = −2, −1 ïðè x ∈ (−2,−1),

[−1, 1] ïðè x = −1, 1 ïðè x ∈ (−1, 0), [1, 3] ïðè x = 0, 3 ïðè x > 0;
−1 ∈ absmin; fmin = 2.

3.4. ∂f : −1 ïðè x < 0, 3x2 − 1 ïðè 0 ≤ x < 2, [11, 13] ïðè x = 2,
3x2 + 1 ïðè x > 2;

√
3
3 ∈ absmin; fmin = 18−2

√
3

9 .

3.5. ∂f : (2x + 1, 2y − 1) ïðè x > y, (2x − 1, 2y + 1) ïðè x < y,
(2x+ α, 2y − α) ïðè x = y, ãäå α ∈ [−1, 1]; (0, 0) ∈ absmin; fmin = 0.

3.6. ∂f : (2x+1, 2y+1) ïðè x+y > −6, (2x−1, 2y−1) ïðè x+y < −6,
(2x + α, 2y + α) ïðè x + y = −6 è α ∈ [−1, 1]; (− 1

2 ,−
1
2 ) ∈ absmin;

fmin = 11
2 .

3.7. ∂f : (2x+ 4, 2y) ïðè x > y, (2x+ 2+ 2α, 2y + 2− 2α) ïðè x = y

è α ∈ [−1, 1], (2x, 2y + 4) ïðè x < y; (−1,−1) ∈ absmin; fmin = −2.

3.8. ∂f : (2x+y+3,−x+2y−3) ïðè x−y > 2, (2x−y−3,−x+2y+3)

ïðè x− y < 2, (2x− y+3α,−x+2y− 3α) ïðè x− y = 2, ãäå α ∈ [−1, 1];
(1,−1) ∈ absmin; fmin = 3.

3.9. ( 12 ,
1
2 ) ∈ absmin; fmin = 1

2 .

3.10. ( 1√
5
, 2√

5
) ∈ absmin; fmin = 2

√
5− 1.
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Ãëàâà 2

Ýëåìåíòû ôóíêöèîíàëüíîãî

àíàëèçà

2.1. Íîðìà ôóíêöèîíàëà

Îòîáðàæåíèå èç ëèíåéíîãî íîðìèðîâàííîãî ïðîñòðàíñòâà X â R
íàçûâàåòñÿ ôóíêöèîíàëîì. Ôóíêöèîíàë J : X → R íàçûâàåòñÿ ëèíåé-
íûì, åñëè J(x + y) = J(x) + J(y) è J(αx) = αJ(x) äëÿ âñåõ x, y ∈ X,
α ∈ R. Äîêàçûâàåòñÿ, ÷òî íåïðåðûâíûé ëèíåéíûé ôóíêöèîíàë îãðà-
íè÷åí, è íàîáîðîò.

Íîðìà ëèíåéíîãî íåïðåðûâíîãî ôóíêöèîíàëà îïðåäåëÿåòñÿ

∥J∥ = sup
x ̸=0

|J(x)|
∥x∥

= sup
∥x∥=1

|J(x)|.

Ñîãëàñíî ýòîìó îïðåäåëåíèþ âû÷èñëåíèå íîðìû ôóíêöèîíàëà ìîæ-
íî îòíåñòè ê çàäà÷àì íà îïòèìèçàöèþ. Â äàëüíåéøåì áóäóò çàäà÷è âà-
ðèàöèîííîãî èñ÷èñëåíèÿ, ãäå èññëåäîâàíèå íà ãëîáàëüíûé ýêñòðåìóì
íå èìååò ÷åòêîé åäèíîé ñõåìû è ÷àñòî ïðîâîäèòñÿ ïîñòðîåíèåì ñî-
îòâåòñòâóþùèõ ïðèìåðîâ ïîñëåäîâàòåëüíîñòåé ëîìàíûõ èëè äðóãèõ
ñòàíäàðòíûõ ôóíêöèé. Çàäà÷è íà âû÷èñëåíèå íîðìû ôóíêöèîíàëà
ïîçâîëÿþò ïîëó÷èòü íà÷àëüíûé íàâûê ïîäîáíûõ ïîñòðîåíèé.

Ëèíåéíûé ôóíêöèîíàë ìîæíî ðàññìàòðèâàòü êàê ÷àñòíûé ñëó÷àé
ëèíåéíîãî íåïðåðûâíîãî îòîáðàæåíèÿ A : X → Y â ëèíåéíûõ íîðìè-
ðîâàííûõ ïðîñòðàíñòâàõ (òî åñòü èç X â Y , ïðè Y = X ýòî ëèíåéíûé
îïåðàòîð). Àíàëîãè÷íî îïðåäåëÿåòñÿ íîðìà ýòîãî îòîáðàæåíèÿ

∥A∥X→Y = sup
x ̸=0

∥A(x)∥Y
∥x∥X

.

2.1.1. Ïðîñòåéøèé ïðèìåð íîðìû ôóíêöèîíàëà

Ôóíêöèþ îäíîé èëè íåñêîëüêèõ ïåðåìåííûõ ìîæíî ðàññìàòðèâàòü
â êà÷åñòâå ïðîñòîãî ïðèìåðà ôóíêöèîíàëà. Ëèíåéíûì ôóíêöèîíàëîì
â Rn ñëóæèò ëèíåéíàÿ ôîðìà J(x) =

∑n
k=1 akxk, êîòîðóþ óäîáíåå
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ïðåäñòàâèòü â âèäå ñêàëÿðíîãî ïðîèçâåäåíèÿ (x, a) ñ ôèêñèðîâàííûì
a ∈ Rn.

Îáû÷íî â Rn ïðèíÿòà åâêëèäîâà íîðìà ∥x∥ = ∥x∥2 =
√∑n

k=1 x
2
k.

Íî ìîæíî ââåñòè è äðóãèå íîðìû: ∥x∥1 =
∑n

k=1 |xk| äëÿ ïðîñòðàíñòâà
Rn

1 , ∥x∥∞ = max |xk| äëÿ ïðîñòðàíñòâà Rn
∞. Ìîäóëü ñêàëÿðíîãî ïðî-

èçâåäåíèÿ ñâåðõó îöåíèâàåòñÿ ïî íåðàâåíñòâó Êîøè � Áóíÿêîâñêîãî

|(x, y)| ≤ ∥x∥2 · ∥y∥2 (2.1)

èëè ïî íåðàâåíñòâó Ãåëüäåðà

|(x, y)| ≤ ∥x∥1 · ∥y∥∞. (2.2)

Îáùàÿ ñõåìà âû÷èñëåíèÿ íîðìû ôóíêöèîíàëà ñëåäóþùàÿ. Ïî îä-
íîìó èç íåðàâåíñòâ (2.1) èëè (2.2) íàõîäèì îöåíêó ñâåðõó

|J(x)| = |(x, a)| ≤ ∥a∥ · ∥x∥ ⇒ ∥J∥ ≤ ∥a∥ = K.

Äëÿ ïîëó÷åíèÿ àíàëîãè÷íîé (∥J∥ ≥ K) îöåíêè ñíèçó ïîäáèðàåì
êîíêðåòíûé ïðèìåð x ∈ X, íà êîòîðîì ýòà îöåíêà äîñòèãàåòñÿ. Îòñþ-
äà äåëàåì âûâîä, ÷òî ∥J∥ = K. Åñëè ñîîòâåòñòâóþùèé ïðèìåð íåâîç-
ìîæíî ïîäîáðàòü, òî èùåì ïîñëåäîâàòåëüíîñòü ýëåìåíòîâ {xn} ∈ X

òàêèõ, ÷òî limn→∞
|J(xn)|
∥xn∥ = K.

Ïðèìåð 21. Âû÷èñëèòü íîðìó ôóíêöèîíàëà, çàäàííîãî ôóíêöèåé
äâóõ ïåðåìåííûõ f(x) = x1 − 2x2, â òðåõ âàðèàíòàõ îòîáðàæåíèé:
à) f : R2

1 → R, á) f : R2
∞ → R, â) f : R2 → R.

Ðåøåíèå. Ñëó÷àé à. Îöåíèì ñâåðõó

|f(x)| = |x1 − 2x2| ≤ |x1|+ 2|x2| ≤ 2(|x1|+ |x2|) = 2∥x∥1,

÷òî ðàâíîñèëüíî ∥f∥ ≤ 2.
Äëÿ ýëåìåíòà x̃ = (0,−1), íîðìà êîòîðîãî ∥x̃∥1 = 1, èìååì f(x̃) = 2.

Çíà÷èò, ∥f∥ ≥ 2. Èç äâóõ íåðàâåíñòâ âûòåêàåò ∥f∥ = 2.
Ñëó÷àé á. Îöåíèì ñâåðõó

|f(x)| = |x1 − 2x2| ≤ |x1|+ 2|x2| ≤ max |xk|+ 2max |xk| = 3∥x∥∞,

÷òî ðàâíîñèëüíî ∥f∥ ≤ 3.
Äëÿ ýëåìåíòà x̃ = (1,−1) ñ íîðìîé ∥x̃∥∞ = 1 èìååì f(x̃) = 3.

Çíà÷èò, ∥f∥ ≥ 3. Èç äâóõ íåðàâåíñòâ âûòåêàåò ∥f∥ = 3.
Ñëó÷àé â. Îöåíèì ñâåðõó ïî íåðàâåíñòâó (2.1)
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|f(x)| = |x1 − 2x2| ≤
√

12 + (−2)2
√
x21 + x22 =

√
5∥x∥2,

÷òî ðàâíîñèëüíî ∥f∥ ≤
√
5.

Äëÿ ýëåìåíòà x̃ = (1,−2) ñ íîðìîé ∥x̃∥2 =
√
5 èìååì f(x̃) = 5.

Çíà÷èò, ∥f∥ ≥
√
5. Èç äâóõ íåðàâåíñòâ âûòåêàåò ∥f∥ =

√
5.

Îòâåò. ∥f∥R2
1→R = 2, ∥f∥R2

∞→R = 3, ∥f∥R2→R =
√
5.

Çàìå÷àíèå ê ðåøåíèþ. Ðàññìàòðèâàëè ôóíêöèîíàë f(x) = (x, a) ñ
âåêòîðîì a = (1,−2), äëÿ êîòîðîãî ∥a∥1 = 3, ∥a∥2 =

√
5, ∥a∥∞ = 2.

Çíà÷èò, îöåíêè ñâåðõó ïî íåðàâåíñòâàì (2.1) è (2.2).
Ïðèíöèï ïîäáîðà ïðèìåðîâ x̃ ∈ Rn

p : ïðè p = 1 âåêòîð ±ej ñòàíäàðò-
íîãî áàçèñà ñ íîìåðîì, ñîîòâåòñòâóþùèì ìàêñèìàëüíîé (ïî ìîäóëþ)
êîîðäèíàòå âåêòîðà a (èç ñîïðÿæåííîãî ïðîñòðàíñòâà); ïðè p = ∞
âåêòîð ñ êîîðäèíàòàìè sign ak = ±1; ïðè p = 2 âûáèðàþò x̃ = a.

2.1.2. Íîðìà ôóíêöèîíàëà â ïðîñòðàíñòâàõ ôóíêöèé

Â êà÷åñòâå îñíîâíûõ ïðîñòðàíñòâX áóäåì áðàòü ïðîñòðàíñòâà ôóíê-
öèé L[a, b], L2[a, b] è C[a, b] ñ íîðìàìè ñîîòâåòñòâåííî

∥x∥1 =

∫ b

a

|x(t)|dt â L[a, b];

∥x∥2 =

√∫ b

a

|x(t)|2dt â L2[a, b];

∥x∥∞ = max
t∈[a,b]

|x(t)| â C[a, b].

Â âàðèàöèîííîì èñ÷èñëåíèè ÷àùå âñòðå÷àåòñÿ ïðîñòðàíñòâî C1[a, b]

ñ íîðìîé

∥x∥C1[a,b] = max{∥x∥∞, ∥x′∥∞},

íî äëÿ íåãî íîðìà èùåòñÿ ñëîæíåå è ñîîòâåòñòâóþùèå çàäà÷è òðóäíåå.
Ïðîñòðàíñòâà L[a, b] è C[a, b] ðàññìàòðèâàåì êàê âçàèìíî ñîïðÿ-

æåííûå, è äëÿ íèõ ñòðîèòñÿ ñêàëÿðíîå ïðîèçâåäåíèå (x, y) äëÿ ýëå-
ìåíòîâ èç ðàçíûõ ïðîñòðàíñòâ, äëÿ êîòîðûõ ïðèìåíÿåì íåðàâåíñòâî
Ãåëüäåðà (2.2). Ïðîñòðàíñòâî L2[a, b] ÿâëÿåòñÿ ãèëüáåðòîâûì (ñàìîñî-
ïðÿæåííûì), â íåì çàäàíî ñêàëÿðíîå ïðîèçâåäåíèå äâóõ ýëåìåíòîâ,
÷åðåç êîòîðîå ââîäèòñÿ íîðìà ∥x∥2 =

√
(x, x).
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Îñíîâíîé âèä ôóíêöèîíàëà J(x(·)) =
∫ b

a
x(t)c(t)dt çàäàåòñÿ â âèäå

ñêàëÿðíîãî ïðîèçâåäåíèÿ (x, c) ñ ôèêñèðîâàííîé ôóíêöèåé c(t) èç ñî-
ïðÿæåííîãî ïðîñòðàíñòâà. Â çàäà÷àõ âàðèàöèîííîãî èñ÷èñëåíèÿ âñòðå-
÷àþòñÿ áîëåå ñëîæíûå ôóíêöèîíàëû B(x) = J(x)+l(x(a), x(b)), ãäå äî-
áàâëÿåòñÿ òåðìèíàëüíîå ñëàãàåìîå â âèäå ôóíêöèè äâóõ ïåðåìåííûõ,
â êà÷åñòâå êîòîðûõ áåðóòñÿ çíà÷åíèÿ ôóíêöèè â êîíöàõ èíòåãðèðîâà-
íèÿ. Â îáùåì ñëó÷àå â òåðìèíàëüíîì ñëàãàåìîì ìîãóò ïðèñóòñòâîâàòü
çíà÷åíèÿ ôóíêöèè è â äðóãèõ òî÷êàõ èç èíòåðâàëà èíòåãðèðîâàíèÿ.
Äîáàâëåíèå òåðìèíàëüíîãî ñëàãàåìîãî èìååò ñìûñë òîëüêî äëÿ ïðî-
ñòðàíñòâà íåïðåðûâíûõ ôóíêöèé è äåëàåò çàäà÷ó ñîäåðæàòåëüíîé.

Ïðèâåäåì ïðèìåð ïðîâåðêè ôóíêöèîíàëà J(x(·)) =
∫ b

a
x(t)c(t)dt íà

ëèíåéíîñòü. Ïðîâåðèì ïåðâîå óñëîâèå

J(x+y) =

∫ b

a

(x(t)+y(t))c(t)dt =

∫ b

a

x(t)c(t)dt+

∫ b

a

y(t)c(t)dt = J(x)+J(y).

Ïðîâåðèì âòîðîå óñëîâèå

J(αx) =

∫ b

a

(αx(t))c(t)dt = α

∫ b

a

x(t)c(t)dt = αJ(x).

Ñîõðàíÿåòñÿ îáùèé ïðèíöèï âû÷èñëåíèÿ íîðìû ôóíêöèîíàëà:
1) ïî íåðàâåíñòâó (2.1) èëè (2.2) íàéäåì îöåíêó ñâåðõó âèäà ∥J∥ ≤ K;
2) ïîäáîðîì êîíêðåòíîãî x ∈ X ïîêàæåì âîçìîæíîñòü äîñòèæåíèÿ
ýòîé ãðàíèöû |J(x)|

∥x∥ = K. Åñëè æå îäèí òàêîé ïðèìåð ïîäîáðàòü íåâîç-
ìîæíî, òî ïîêàæåì, ÷òî ê ýòîé ãðàíèöå ñíèçó ìû ìîæåì ïîäîéòè
êàê óãîäíî áëèçêî. Äëÿ ýòîãî ïîäáåðåì ïîñëåäîâàòåëüíîñòü ýëåìåí-
òîâ xn ∈ X òàê, ÷òî limn→∞

|J(xn)|
∥xn∥ = K.

Ýòî áóäåò îçíà÷àòü, ÷òî ∥J∥ ≥ K. Òîãäà èç äâóõ ïðîòèâîïîëîæíûõ
íåðàâåíñòâ âûòåêàåò, ÷òî ∥J∥ = K.

Ñëåãêà âèäîèçìåíÿþòñÿ ðåêîìåíäàöèè ïî ïîäáîðó ïðèìåðà äëÿ
îöåíêè ñíèçó ôóíêöèîíàëà J(x(·)) =

∫ b

a
x(t)c(t)dt.

Ïðèìåð 22. Íàéòè íîðìó ôóíêöèîíàëà J : X → R â âèäå ñêàëÿð-
íîãî ïðîèçâåäåíèÿ ôóíêöèé

J(x(·)) =
∫ b

a

x(t)c(t)dt

äëÿ ðàçëè÷íûõ ïðîñòðàíñòâ X âèäà L[a, b], L2[a, b] è C[a, b].
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Ðåøåíèå. I. Ñëó÷àé X = L[a, b].
1. Îöåíèì ñâåðõó ïî íåðàâåíñòâó (2.2), ïðèâåäÿ åãî äîêàçàòåëüñòâî,

|J(x)| =

∣∣∣∣∣
∫ b

a

x(t)c(t)dt

∣∣∣∣∣ ≤
∫ b

a

|x(t)| · |c(t)|dt ≤
∫ b

a

|x(t)| ·max
τ

|c(τ)|dt,

èëè |J(x)| ≤ ∥x∥1 · ∥c∥∞. Çíà÷èò, ∥J∥ ≤ ∥c∥∞.
2. Íàéäåì îöåíêó ñíèçó. Äëÿ ýòîãî ïîñòðîèì ôóíêöèè xM (t) ñëåäó-

þùåãî âèäà. Åñëè ìàêñèìóì ìîäóëÿ ôóíêöèè c(t) äîñòèãàåòñÿ â òî÷êå
t0 âíóòðè îòðåçêà [a, b], òî xM (t) = ±M ïðè t ∈ [t0− 1

2M , t0+
1

2M ] ⊂ [a, b]

è xM (t) = 0 âíå ýòîãî îòðåçêà [t0 − 1
2M , t0 +

1
2M ] (çíàê ïåðåä M ñîâ-

ïàäàåò ñî çíàêîì c(t0)). Òîãäà ∥xM∥1 = 1. Äàëåå ïîêàæåì, ÷òî J(xM )

ïðè M , ñòðåìÿùåìñÿ ê +∞, ñòðåìèòñÿ ê |c(t0)|. Îòñþäà âûòåêàåò, ÷òî
∥J∥ ≥ ∥c∥∞. Çíà÷èò, ∥J∥ = ∥c∥∞.

Íàïðèìåð, ïóñòü a = −2, b = 2, c(t) = t2 − 3.
Òîãäà ∥c∥∞ = maxt |c(t)| = |c(0)| = | − 3| = 3; xM (t) = −M ïðè

t ∈ [− 1
2M , 1

2M ], xM (t) = 0 âíå îòðåçêà.
Âû÷èñëèì ∥xM∥1 = 1 è

J(xM ) =

∫ 1
2M

− 1
2M

M(3− t2)dt = 3− 1

12M2
→ 3 ïðèM → +∞.

Ñëåäîâàòåëüíî, ∥J∥ ≥ 3.
Èòàê, ∥J∥ = 3.
II. Ñëó÷àé X = C[a, b].
1. Îöåíèì ñâåðõó ïî íåðàâåíñòâó Ãåëüäåðà

|J(x)| =

∣∣∣∣∣
∫ b

a

x(t)c(t)dt

∣∣∣∣∣ ≤
∫ b

a

|x(t)| · |c(t)|dt ≤
∫ b

a

max
τ

|x(τ)| · |c(t)|dt,

èëè |J(x)| ≤ ∥x∥∞ · ∥c∥1. Çíà÷èò, ∥J∥ ≤ ∥c∥1.
2. Íàéäåì îöåíêó ñíèçó. Äëÿ ýòîãî ïîäáåðåì ìíîæåñòâî ôóíêöèé

xM (t) ñëåäóþùåãî âèäà. Áåç òðåáîâàíèÿ íåïðåðûâíîñòè x(t) èëè ïðè
ñîõðàíåíèè ôóíêöèåé c(t) çíàêà âûáèðàëè áû x(t) = sign(c(t)). Òîãäà
∥x∥∞ = 1, à J(x) = ∥c∥1. Åñëè çíàê c(t) ìåíÿåòñÿ, òî ñòðîèì ïîñëå-
äîâàòåëüíîñòü ëîìàíûõ, ñõîäÿùóþñÿ ê x(t) = sign(c(t)). À âäðóã äëÿ
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äðóãèõ ïðîáíûõ ôóíêöèé x çíà÷åíèå ìîäóëÿ ôóíêöèîíàëà îêàæåòñÿ
áîëüøå? Çíà÷èò, ∥J∥ ≥ ∥c∥1. Îòñþäà âûòåêàåò, ÷òî ∥J∥ = ∥c∥1.

Îáùèé ñëó÷àé ïîêàæåì íà ïðèìåðå ôóíêöèè c(t), ìåíÿþùåé çíàê.
Ïóñòü a = −2, b = 2, c(t) = t. Òîãäà ∥c∥1 =

∫ 2

−2
|t|dt = 4.

Ýêñòðåìàëüíóþ ôóíêöèþ x(t) = sign t çàìåíèì ïîñëåäîâàòåëüíî-
ñòüþ ñõîäÿùèõñÿ ê íåé ëîìàíûõ

xn(t) =


−1 , åñëè t ∈ [−2,−1/n],

nt , åñëè t ∈ [−1/n, 1/n],

1 , åñëè t ∈ [1/n, 2].

Âû÷èñëèì

J(xn) =

∫ − 1
n

−2

(−t)dt+
∫ 1

n

− 1
n

nt t dt+

∫ 2

1
n

tdt = 4− 1

3n2
→ 4

ïðè n→ ∞. Çíà÷èò, ∥J∥ ≥ 4. Îòñþäà âûòåêàåò, ÷òî ∥J∥ = 4.
III. Ñëó÷àé X = L2[a, b].
Ïî íåðàâåíñòâó Êîøè � Áóíÿêîâñêîãî (2.1)

|J(x)| ≤ ∥x∥2 · ∥c∥2.

Çíà÷èò, ∥J∥ ≤ ∥c∥2.
Â êà÷åñòâå ýêñòðåìàëüíîãî ýëåìåíòà x(t) âîçüìåì ôóíêöèþ c(t).

J(c) = (c, c) = (∥c∥2)2;
J(c)

∥c∥2
= ∥c∥2.

Îòñþäà ∥J∥ ≥ ∥c∥2.
Èòàê, ∥J∥ = ∥c∥2.
Äëÿ ïîñòðîåíèÿ ïðèìåðîâ ôóíêöèé âèäà èãîëü÷àòûõ âàðèàöèé èí-

òåðåñíû çàäà÷è íà âû÷èñëåíèå íîðìû ôóíêöèîíàëà, ñîäåðæàùåãî êðî-
ìå èíòåãðàëüíîãî åùå è òåðìèíàëüíûå ñëàãàåìûå. Òàêèå çàäà÷è óìåñò-
íû òîëüêî äëÿ ïðîñòðàíñòâà íåïðåðûâíûõ ôóíêöèé (èç òðåõ ðàññìîò-
ðåííûõ ïðîñòðàíñòâ). Ïðèâåäåì ïðèìåð òàêîé çàäà÷è.

Ïðèìåð 23. Íàéòè íîðìó ôóíêöèîíàëà J : C[0, 1] → R âèäà

J(x(·)) =
∫ 1

0

x(t)dt− x(
1

2
).

Ðåøåíèå. 1. Íàéäåì îöåíêó ñâåðõó
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|J(x(·))| =
∣∣∣∣∫ 1

0

x(t)dt− x(
1

2
)

∣∣∣∣ ≤ ∣∣∣∣∫ 1

0

x(t)dt

∣∣∣∣+ ∣∣∣∣x(12)
∣∣∣∣ ≤

≤
∫ 1

0

max
t

|x(t)| dt+max
t

|x(t)| = max
t

|x(t)|(
∫ 1

0

dt+ 1) = 2∥x∥∞.

Çíà÷èò, ∥J∥ ≤ 2.
2. Â êà÷åñòâå ïðîáíîé ôóíêöèè äëÿ îöåíêè ñíèçó ïîäîøëà áû

ôóíêöèÿ x0(t) = 1 ïðè x ̸= 1
2 è x0(

1
2 ) = −1, êîòîðàÿ ðàçðûâíà. Ïî-

ñòðîèì ïîñëåäîâàòåëüíîñòü íåïðåðûâíûõ ëîìàíûõ, ê íåé ñõîäÿùèõñÿ,

xn(t) =


1 , åñëè t ∈ [0, 12 − 1

n ] ∪ [ 12 + 1
n , 1],

−2nt+ n− 1, åñëè t ∈ [ 12 − 1
n ,

1
2 ],

2nt− n− 1, åñëè t ∈ [ 12 ,
1
2 + 1

n ].

Èíòåãðàë
∫ 1

0
xn(t)dt âû÷èñëèì ïî ãåîìåòðè÷åñêîìó ñâîéñòâó îïðå-

äåëåííîãî èíòåãðàëà êàê ïëîùàäü êâàäðàòà ìèíóñ ïëîùàäü òðåóãîëü-
íèêà ñ âûñîòîé 2 è ñ îñíîâàíèåì 1

2n : J(xn) = 1 − 1
2n − (−1) = 2 − 1

2n .

Ïîýòîìó ∥J∥ ≥ 2. Èòàê, ∥J∥ = 2.

2.1.3. Çàäà÷è íà âû÷èñëåíèå íîðìû ôóíêöèîíàëà

1.1. Ïðîâåðèòü, ÷òî ôóíêöèîíàë J(x(·)) =
∫ 2

0
x(t)dt ëèíååí, è íàé-

òè åãî íîðìó â òðåõ ñëó÷àÿõ èñõîäíîãî ïðîñòðàíñòâà X: L[0, 2], L2[0, 2]

è C[0, 2].
1.2. Ïðîâåðèòü, ÷òî ôóíêöèîíàë J(x(·)) =

∫ 2

−2
x(t)dt ëèíååí, è íàé-

òè åãî íîðìó â òðåõ ñëó÷àÿõ èñõîäíîãî X: L[−2, 2], L2[−2, 2] è C[−2, 2].
1.3. Ïðîâåðèòü, ÷òî ôóíêöèîíàë J : C[−1, 1] → R, çàäàííûé â âèäå

J(x(·)) = x(−1)−
∫ 1

−1
x(t)dt, ëèíååí, è íàéòè åãî íîðìó.

Â çàäà÷àõ 1.4 - 1.11, ïîêàçàâ ëèíåéíîñòü, íàéòè íîðìó ôóíêöèîíàëà
1.4. J : C[0, 1] → R, J

(
x(·)

)
= x(0) +

∫ 1

0
x(t) dt− x(1).

1.5. J : L2[0, 1] → R, J
(
x(·)

)
=
∫ 1

0
(t+ t2)x(t) dt.

1.6. J : C[0, 1] → R, J
(
x(·)

)
=
∫ 1

0
(t− t2)x(t) dt+ x(1).

1.7. J : L2[0, 1] → R, J
(
x(·)

)
= 2

∫ 1/2

0
x(t) dt−

∫ 1

1/2
x(t) dt.

1.8. J : C[0, 1] → R, J
(
x(·)

)
= −2x(0) +

∫ 1

1/2
x(t) dt+ x(1).

1.9. J : L2[0, 1] → R, J
(
x(·)

)
=
∫ 1

0
(t− t2)x(t) dt.

1.10. J : C[0, 1] → R, J
(
x(·)

)
=
∫ 1

0
(t− t2)x(t) dt− x(1/2).

1.11. J : L2[0, 1] → R, J
(
x(·)

)
=
∫ 1/2

0
x(t) dt− 2

∫ 1

1/2
x(t) dt.
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2.2. Äèôôåðåíöèðîâàíèå â ôóíêöèîíàëüíûõ

ïðîñòðàíñòâàõ

2.2.1. Âèäû ïðîèçâîäíûõ â ïðîñòðàíñòâàõ ôóíêöèé

Ðàññìîòðèì îòîáðàæåíèå f : X → Y â ëèíåéíûõ íîðìèðîâàííûõ
ïðîñòðàíñòâàõ.

Îïðåäåëåíèå 6. Îòîáðàæåíèå f èìååò â òî÷êå x ∈ X ïðîèçâîäíóþ
ïî íàïðàâëåíèþ h ∈ X (ãäå ∥h∥ = 1), åñëè ñóùåñòâóåò ïðåäåë ñïðàâà

δ+f(x, h) = lim
λ→+0

f(x+ λh)− f(x)

λ
.

Åñëè ïðîèçâîäíûå ïî ïðîòèâîïîëîæíûì íàïðàâëåíèÿì ñîãëàñóþò-
ñÿ δ+f(x, h) = −δ+f(x,−h), òî ýòà âåëè÷èíà îáîçíà÷àåòñÿ δf(x, h)

(ðàâíÿåòñÿ limλ→0
f(x+λh)−f(x)

λ ) è íàçûâàåòñÿ âàðèàöèåé ïî Ëàãðàíæó
â òî÷êå x îòíîñèòåëüíî íàïðàâëåíèÿ h.

Îïðåäåëåíèå 7. Îòîáðàæåíèå h → δf(x, h) (ïðè óñëîâèè åãî ñó-
ùåñòâîâàíèÿ ïðè âñåõ h ∈ X) íàçûâàåòñÿ âàðèàöèåé ïî Ëàãðàíæó â
òî÷êå x ∈ X.

Îïðåäåëåíèå 8. Åñëè îòîáðàæåíèå δf(x, ·) : X → Y ëèíåéíî è
íåïðåðûâíî ïî (ïðîïóùåííîìó) àðãóìåíòó h, òî ãîâîðÿò, ÷òî èñõîäíîå
îòîáðàæåíèå f äèôôåðåíöèðóåìî ïî Ãàòî â òî÷êå x ∈ X; îòîáðàæåíèå
δf(x, ·) : X → Y íàçûâàåòñÿ äëÿ îòîáðàæåíèÿ f : X → Y ïðîèçâîäíîé
Ãàòî â òî÷êå x è îáîçíà÷àåòñÿ f ′G(x).

Ïðèìåð 24. Äëÿ ôóíêöèè f(x) =

{
x sin 1

x , åñëè x ̸= 0,

0, åñëè x = 0,

êîòîðàÿ íåïðåðûâíà âñþäó, ïðîèçâîäíûå ïî íàïðàâëåíèÿì h = 1 è
h = −1 íå ñóùåñòâóþò

δ+f(0,±1) = lim
λ→+0

f(0 + λh)− f(0)

λ
= lim

λ→+0

λ sin 1
λ

λ
= lim

λ→+0
sin

1

λ
.

Ïðèìåð 25. Äëÿ ôóíêöèè f(x) = |x| èìååì f ′(x) = 1 ïðè x > 0 è
f ′(x) = −1 ïðè x > 0. Ïîýòîìó äëÿ âñåõ x ≥ 0 èìååì δ+f(x, 1) = 1 è
äëÿ âñåõ x ≤ 0 èìååì δ+f(x,−1) = 1. Çíà÷èò, äëÿ f(x) = |x| â òî÷êå
x = 0 ñóùåñòâóþò ïðîèçâîäíûå ïî âñåì íàïðàâëåíèÿì (êîòîðûõ âñåãî
äâà: h = 1 è h = −1), íî íå ñóùåñòâóåò âàðèàöèè ïî Ëàãðàíæó δf(0, h),
òàê êàê íåò ñîãëàñîâàíèÿ δ+f(0, 1) ̸= −δ+f(0,−1).
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Ïðèìåð 26.Äëÿ ôóíêöèè f(x, y) =

{
x2y

x4+y2 , åñëè (x, y) ̸= (0, 0),

0, â òî÷êå (0, 0)
âû÷èñëèì åå çíà÷åíèå f(x, 0) = f(0, y) = 0 íà ãîðèçîíòàëüíîé è âåðòè-
êàëüíîé ïðÿìûõ, à òàêæå íà íàêëîííûõ ïðÿìûõ y = kx: ââåäåì ôóíê-
öèþ ϕ(x) = f(x, kx) = kx

x2+k2 . Ïðîèçâîäíàÿ ïîñëåäíåé ϕ‘(x) = k(k2−x2)
(x2+k2)2

è ϕ‘(0) = 1
k . Çíà÷èò, äëÿ äàííîé ôóíêöèè äâóõ ïåðåìåííûõ ñóùåñòâóåò

â òî÷êå (0, 0) âàðèàöèÿ ïî Ëàãðàíæó

δf((0, 0), h) =

{
t/k, åñëè h = (t, kt), k ̸= 0,

0, åñëè h = (1, 0) èëè h = (0, 1),

êîòîðàÿ çàâèñèò íå òîëüêî îò íàïðàâëåíèÿ h (çàäàííîãî ïàðàìåòðîì
k), íî è îò äëèíû h (ïàðàìåòð t). Òàê êàê âàðèàöèÿ ïî Ëàãðàíæó íå ëè-
íåéíà ïî h: δf((0, 0), (1, 0))+ δf((0, 0), (0, 1)) = 0 ̸= δf((0, 0), (1, 1)) = 1,
òî ïðîèçâîäíîé ïî Ãàòî â òî÷êå (0, 0) äëÿ ýòîé ôóíêöèè íå ñóùåñòâóåò.

Èíòåðåñíî, ÷òî äàííàÿ ôóíêöèÿ ðàçðûâíà â íà÷àëå êîîðäèíàò, õîòÿ
îíà íåïðåðûâíà ïî âñåì ïðÿìûì, ïðîõîäÿùèì ÷åðåç íà÷àëî êîîðäèíàò.
Äåéñòâèòåëüíî, íà ïàðàáîëå y = x2 èìååì f(x, x2) = x4

x4+x4 = 1
2 ̸= 0.

Â íàáîðå ñëåäóþùèõ ïîíÿòèé: ïðîèçâîäíàÿ ïî íàïðàâëåíèþ, âà-
ðèàöèÿ ïî Ëàãðàíæó, ïðîèçâîäíàÿ ïî Ãàòî è ïðîèçâîäíàÿ ïî Ôðåøå
(äëÿ êîòîðîãî âûäåëåí ñëåäóþùèé ïàðàãðàô) � åñòü óïîðÿäî÷åííîñòü.
Ïîñëåäóþùåå ïîíÿòèå âûòåêàåò èç ïðåäûäóùåãî, ñëåäîâàòåëüíî, îíî
áîëåå ñèëüíîå. Ðàçëè÷èå ýòèõ âàæíûõ ïîíÿòèé äåìîíñòðèðóåòñÿ ïðè-
ìåðàìè 24 � 27 (ïðèìåð 27 íèæå).

2.2.2. Äèôôåðåíöèðîâàíèå ïî Ôðåøå

Îïðåäåëåíèå 9. Îòîáðàæåíèå J : X → Y èç íåêîòîðîãî áàíàõîâà
ïðîñòðàíñòâà X â áàíàõîâî ïðîñòðàíñòâî Y íàçûâàþò äèôôåðåíöèðó-
åìûì ïî Ôðåøå â òî÷êå x̃ ∈ X (îáîçíà÷åíèå J ∈ D(x̃)), åñëè ñóùå-
ñòâóþò ëèíåéíûé íåïðåðûâíûé îïåðàòîð J ′(x̃) : X → Y , íàçûâàåìûé
ïðîèçâîäíîé Ôðåøå â òî÷êå, è îòîáðàæåíèå r : X → Y òàêèå, ÷òî

J(x̃+ h) = J(x̃) + J ′(x̃)[h] + r(h), (2.3)

ãäå ∥r(h)∥Y = o(∥h∥X) ïðè ||h∥X → 0.
Ëèíåéíàÿ ÷àñòü ïðèðàùåíèÿ J(x̃+h)−J(x̃), ðàâíàÿ J ′(x̃)[h] çíà÷å-

íèþ ýòîãî îïåðàòîðà íà ïðîèçâîëüíîì ýëåìåíòå h ∈ X, íîñèò íàçâàíèå
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äèôôåðåíöèàë Ôðåøå è ïðåäúÿâëÿåòñÿ â âèäå îòâåòà íà ïðåäëîæåííûå
çàäà÷è (òàê êàê ñàì îïåðàòîð ïðîÿâëÿåòñÿ òîëüêî â ïðîöåññå ñâîåãî
äåéñòâèÿ).

Òåîðåìà 11 î ñóïåðïîçèöèè (îñíîâíàÿ åå ÷àñòü).
Åñëè J : X → Z èìååò âèä J(x) = ψ(ϕ(x)) ñóïåðïîçèöèè îòîáðà-

æåíèé ϕ : X → Y è ψ : Y → Z òàêèõ, ÷òî ϕ ∈ D(x̃), ψ ∈ D(ỹ), ãäå
ỹ = ϕ(x̃), òî J ∈ D(x̃) è

J ′(x̃) = ψ′(ỹ) ◦ ϕ′(x̃),

÷òî â äèôôåðåíöèàëàõ çàïèñûâàåòñÿ â âèäå

J ′(x̃)[h] = ψ′(ỹ)[H] = ψ′(ỹ)[ϕ′(x̃)[h]].

Ïðèìåð 27. Ðàññìîòðèì ôóíêöèþ äâóõ ïåðåìåííûõ

f(x, y) =

{
1, âî âñåõ òî÷êàõ ïàðàáîëû y = x2, êðîìå òî÷êè (0, 0),

0, â îñòàëüíûõ òî÷êàõ ïëîñêîñòè.

Äëÿ íåå f ′G(0, 0) = 0, à ïðîèçâîäíîé ïî Ôðåøå â òî÷êå (0, 0) íå
ñóùåñòâóåò.

Â ñëåäóþùèõ çàäà÷àõ ñèìâîëîì G îáîçíà÷àåì ãèëüáåðòîâî ïðî-
ñòðàíñòâî.

Ïðèìåð 28. Íàéòè ïðîèçâîäíóþ Ôðåøå ôóíêöèîíàëà J : G → R
âèäà J(x) = (a, x) äëÿ ôèêñèðîâàííîãî a ∈ G.

Ðåøåíèå. Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà âàðüèðîâàííîì àð-
ãóìåíòå

J(x+ h) = (a, x+ h) = (a, x) + (a, h)

è ïðèðàùåíèå ôóíêöèîíàëà

J(x+ h)− J(x) = (a, h).

Ýòî âûðàæåíèå ëèíåéíî ïî h, îñòàòîê r(h) îòñóòñòâóåò.
Îòâåò. Äèôôåðåíöèàë Ôðåøå J ′(x)[h] = (a, h) âî âñåõ x ∈ G.

Ïðèìåð 29. Íàéòè ïðîèçâîäíóþ Ôðåøå ôóíêöèîíàëà J : G → R
âèäà J(x) = (x, x).

Ðåøåíèå. Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà âàðüèðîâàííîì àð-
ãóìåíòå
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J(x+h)=(x+h, x+h)=(x, x)+(x, h)+(h, x)+(h, h) = (x, x)+2(x, h)+(h, h)

è ïðèðàùåíèå ôóíêöèîíàëà

J(x+ h)− J(x) = 2(x, h) + (h, h).

Ïåðâîå ñëàãàåìîå ëèíåéíî ïî h, îñòàòîê r(h) = (h, h) = ∥h∥2 âòî-
ðîãî ïîðÿäêà ïî h.

Îòâåò. Äèôôåðåíöèàë Ôðåøå J ′(x)[h] = 2(x, h).

Ïðèìåð 30. Íàéòè ïðîèçâîäíóþ Ôðåøå ôóíêöèîíàëà J : G → R
âèäà J(x) = (x, x)3.

Ðåøåíèå. Ïåðâûé ñïîñîá. Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà âà-
ðüèðîâàííîì àðãóìåíòå

J(x+ h) = (x+ h, x+ h)3 = ((x, x) + 2(x, h) + (h, h))
3
=

= (x, x)3 + 3(x, x)2A+ 3(x, x)A2 +A3,

ãäå A = 2(x, h)+(h, h). Ïîñêîëüêó A2 = O(∥h∥2), A3 = O(∥h∥3), òî ýòè
ñëàãàåìûå îòïðàâëÿþòñÿ â îñòàòîê è íàñ íå èíòåðåñóþò.

Îòñþäà ïðèðàùåíèå ôóíêöèîíàëà

J(x+ h)− J(x) = 3(x, x)2A+ r1(h) = 3(x, x)2(2(x, h) + (h, h)) + r1(h) =

= 6(x, x)2(x, h) + r(h).

Ïåðâîå ñëàãàåìîå ëèíåéíî ïî h, îñòàòîê r(h) = 3(x, x)2(h, h)+r1(h)

âòîðîãî ïîðÿäêà ïî h.
Âòîðîé ñïîñîá. Èìååì J(x) = ψ(ϕ(x)), ãäå y = ϕ(x) = (x, x) �

ïåðâîå, ψ(y) = y3 � âòîðîå îòîáðàæåíèå.
Èç ïðèìåðà 29 èìååì H = ϕ‘(x)[h] = 2(x, h), ψ′(y) = 3y2, òî åñòü

ψ′(y)[H] = 3y2H. Îòñþäà ïî òåîðåìå 11

J ′(x)[h] = 3(x, x)2H = 3(x, x)22(x, h).

Îòâåò. Äèôôåðåíöèàë Ôðåøå J ′(x)[h] = 6(x, x)2(x, h).

Ïðèìåð 31. Íàéòè ïðîèçâîäíóþ Ôðåøå ôóíêöèîíàëà
J : G \ {0} → R âèäà J(x) = ∥x∥ =

√
(x, x).

Ðåøåíèå. Èìååì J(x) = ψ(ϕ(x)), ãäå y = ϕ(x) = (x, x) � ïåðâîå,
ψ(y) =

√
y � âòîðîå îòîáðàæåíèå.
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Ïî òåîðåìå 11 èìååì H = ϕ‘(x)[h] = 2(x, h), ψ′(y) = 1
2
√
y , òî åñòü

ψ′(y)[H] = H
2
√
y ïðè y ̸= 0.

Îòâåò. Äèôôåðåíöèàë Ôðåøå J ′(x)[h] = (x,h)
∥x∥ .

Ïðèìåð 32. Íàéòè ïðîèçâîäíóþ Ôðåøå îòîáðàæåíèÿ
J : G \ {0} → G âèäà J(x) = x∥x∥.

Ðåøåíèå. Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà âàðüèðîâàííîì àð-
ãóìåíòå

J(x+ h) = (x+ h)∥x+ h∥.

Âîñïîëüçóåìñÿ ðåçóëüòàòîì ïðèìåðà 31, çàïèñàííûì â âèäå

∥x+ h∥ = ∥x∥+ (x, h)

∥x∥
+ r1(h),

ïîäñòàâèâ åãî ïðè âû÷èñëåíèè ïðèðàùåíèÿ

J(x+h)−J(x) = x(∥x∥+ (x, h)

∥x∥
+r1(h))+h(∥x∥+

(x, h)

∥x∥
+r1(h))−x∥x∥ =

=
x(x, h)

∥x∥
+ ∥x∥h+ r(h).

Â ïîñëåäíåå ñëàãàåìîå ñîáðàëè âñå, êðîìå ëèíåéíûõ ïî h ñëàãàå-
ìûõ, ÷òî ñîñòàâëÿåò îñòàòîê r(h) âòîðîãî è áîëåå âûñîêîãî ïîðÿäêîâ
ïî h.

Îòâåò. Äèôôåðåíöèàë Ôðåøå J ′(x)[h] = x(x,h)
∥x∥ + ∥x∥h.

Ïðèìåð 33. Íàéòè äèôôåðåíöèàë Ôðåøå äëÿ J(x) =
∫ 1

0
x3(t)dt.

Ðåøåíèå. Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà âàðüèðîâàííîì àð-
ãóìåíòå

J(x+h) =

∫ 1

0

(x(t)+h(t))3dt =

∫ 1

0

x3(t)+3x2(t)h(t)+3x(t)h2(t)+h3(t)dt.

Îòñþäà ïðèðàùåíèå ôóíêöèîíàëà

J(x+ h)− J(x) =

∫ 1

0

3x2(t)h(t)dt+

∫ 1

0

(3x(t)h2(t) + h3(t)) dt.

Îòâåò. Äèôôåðåíöèàë Ôðåøå J ′(x)[h] = 3
∫ 1

0
x2(t)h(t)dt.

Ïðèìåð 34. Íàéòè ïðîèçâîäíóþ Ôðåøå ôóíêöèîíàëà
J : C[0, 1] → R âèäà J(x) = sinx(0).

Ðåøåíèå. Âû÷èñëèì
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J(x+ h)− J(x) = sin(x(0) + h(0))− sinx(0) = sinx(0) cosh(0)+

+cosx(0) sinh(0)− sinx(0) = cosx(0) sinh(0)− sinx(0)(1− cosh(0)).

Äëÿ ëèíåàðèçàöèè âîñïîëüçóåìñÿ ýêâèâàëåíòíûìè áåñêîíå÷íî ìà-
ëûìè (èëè ôîðìóëîé Òåéëîðà) sinα ∼ α, 1− cosα ∼ α2

2 . Ïîëó÷èì

J(x+ h)− J(x) = cosx(0) h(0) + r(h).

Îòâåò. Äèôôåðåíöèàë Ôðåøå J ′(x)[h] = h(0) cosx(0).

2.2.3. Çàäà÷è íà âû÷èñëåíèå ïðîèçâîäíûõ

2.1. Ôóíêöèþ f(x, y) = xy
x2+y2 â òî÷êàõ (x, y) ̸= (0, 0) è f(0, 0) = 0

èññëåäîâàòü íà íåïðåðûâíîñòü â òî÷êå (0, 0) è íàéòè åå ïðîèçâîäíûå
â (0, 0) ïî âñåì íàïðàâëåíèÿì. Ñóùåñòâóåò ëè âàðèàöèÿ Ëàãðàíæà
δf((0, 0), h)?

2.2. Äëÿ ôóíêöèè f(x) = max{0, x} íàéòè ïðîèçâîäíûå â íóëå ïî
âñåì íàïðàâëåíèÿì è âàðèàöèþ ïî Ëàãðàíæó.

2.3. Ôóíêöèþ f(x, y)= x2y
x2+y2 â òî÷êàõ (x, y) ̸=(0, 0), f(0, 0) =0 èñ-

ñëåäîâàòü íà íåïðåðûâíîñòü â òî÷êå (0, 0), íàéòè âàðèàöèþ ïî Ëàãðàí-
æó δf((0, 0), h) è ïðîèçâîäíóþ ïî Ãàòî f ′G(0, 0).

2.4.Äëÿ ôóíêöèè f(x, y) = x2y2

x2+y2 â òî÷êàõ (x, y) ̸= (0, 0), f(0, 0) = 0

íàéòè ïðîèçâîäíûå ïî Ãàòî è Ôðåøå â òî÷êå (0, 0).
Â çàäà÷àõ 2.5 � 2.9, êîòîðûå ñëóæàò àíàëîãàìè ïðèìåðîâ 28 � 32,

íàéòè äèôôåðåíöèàë Ôðåøå.
2.5. Ëèíåéíàÿ ôóíêöèÿ f : R3 → R âèäà f(x, y, z) = x− 2y + 3z.
2.6. Ôóíêöèÿ f : R2 → R âèäà f(x, y) = x2 + y2.
2.7. Ôóíêöèÿ f : R2 → R âèäà f(x, y) = (x2 + y2)3.
2.8. Ôóíêöèÿ f : R2 \ (0, 0) → R âèäà f(x, y) =

√
x2 + y2.

2.9. Îòîáðàæåíèå f : R2 → R2 âèäà f(x, y) =
√
x2 + y2 · (x, y)

â òî÷êå (3, 4).
Â çàäà÷àõ 2.10 � 2.14, êîòîðûå òîæå ñëóæàò àíàëîãàìè ïðèìåðîâ

28 � 32, íàéòè äèôôåðåíöèàë Ôðåøå.
2.10.Ëèíåéíûé ôóíêöèîíàë f : C[0, 1] → R âèäà f(x(·))=

∫ 1

0
tx(t)dt.

2.11. Ôóíêöèîíàë f : C[0, 1] → R âèäà f(x(·)) =
∫ 1

0
x2(t) dt.

2.12. Ôóíêöèîíàë f : C[0, 1] → R âèäà f(x(·)) =
(∫ 1

0
x2(t) dt

)3
.
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2.13. Ôóíêöèîíàë f : L2[0, 1] → R âèäà f(x(·)) =
√∫ 1

0
x2(t) dt.

2.14. Îòîáðàæåíèå f : L2[0, 1] → L2[0, 1] âèäà

f(x(t)) = x(t)
√∫ 1

0
x2(t) dt.

Âû÷èñëèòü ïðîèçâîäíóþ Ôðåøå ñëåäóþùèõ îòîáðàæåíèé.
2.15. Ëèíåéíîå îòîáðàæåíèå A : X → Y ëèíåéíûõ ïðîñòðàíñòâ.

2.16. Íîðìèðîâêà â ãèëüáåðòîâîì ïðîñòðàíñòâå G: f(x) = x
∥x∥ .

2.17. Ôóíêöèîíàë f : C[0, 1] → R âèäà f(x(·)) = x(1).

2.18. Ôóíêöèîíàë f : C[0, 1] → R âèäà f(x(·)) = x2(0)− x(1).

2.19. Îòîáðàæåíèå f : C[0, 1] → C[0, 1] âèäà f(x(t)) = x(1)x(t).

2.20. Ôóíêöèîíàë f : C[0, 1] → R âèäà f(x(·)) = ex(0).

2.21. Îòîáðàæåíèå f : R2 → R2 âèäà f(x, y) = (xy, x2 + y2).

2.22. Ôóíêöèîíàë f : C[0, 1] → R âèäà f(x(·)) =
∫ 1

0
x(t) dt+ 2x(1).

2.23. Ôóíêöèîíàë f : C1[0, 1] → R âèäà f(x(·)) =
∫ 1

0
(x2(t)+ ẋ(t))dt.

2.24. Ôóíêöèîíàë f : C1[0, 1] → R âèäà f(x(·)) =
∫ 1

0
ẋ2(t) dt− ex(1).

2.3. Îòâåòû ê ãëàâå �Ýëåìåíòû ôóíêöèîíàëüíîãî

àíàëèçà�

Çàäà÷è íà âû÷èñëåíèå íîðìû ôóíêöèîíàëà

1.1. ∥J∥L[0,2]→R = 1, ∥J∥L2[0,2]→R =
√
2, ∥J∥C[0,2]→R = 2.

1.2. ∥J∥L[−2,2]→R = 1, ∥J∥L2[−2,2]→R = 2, ∥J∥C[−2,2]→R = 4.
1.3. ∥J∥ = 3.
1.4. ∥J∥ = 3.

1.5. ∥J∥ =
√

31
30 .

1.6. ∥J∥ = 7
6 .

1.7. ∥J∥ =
√
10
2 .

1.8. ∥J∥ = 7
2 .

1.9. ∥J∥ =
√

1
30 .

1.10. ∥J∥ = 7
6 .

1.11. ∥J∥ =
√
10
2 .
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Çàäà÷è íà âû÷èñëåíèå ïðîèçâîäíûõ

2.1. f /∈ C(0, 0), òàê êàê f(x, kx) = k
1+k2 ̸= 0 ïðè k ̸= 0.

δf((0, 0), (1, 0)) = 0, δf((0, 0), (0, 1)) = 0 è δf((0, 0), h) íå ñóùåñòâóåò
ïî íàêëîííûì íàïðàâëåíèÿì h. δ+f((0, 0), (t, kt)) = ±∞, ãäå çíàê íå
çàâèñèò îò çíàêà t.

2.2. δ+f(0,−1) = 0 ̸= δ+f(0, 1) = 1, ïîýòîìó δf(0, h) íå ñóùåñòâóåò.

2.3. f ∈ C(0, 0), δf((0, 0), (cosϕ, sinϕ)) = cos2 ϕ sinϕ; íåò f ′G(0, 0).

2.4. f ′G(0, 0)[h] = f ′(0, 0)[h] = 0.

2.5. f ′(x, y, z)[h] = h1 − 2h2 + h3.

2.6. f ′(x, y)[h] = 2xh1 + 2yh2.

2.7. f ′(x, y)[h] = 6(x2 + y2)2(xh1 + yh2).

2.8. f ′(x, y)[h] = xh1 + yh2√
x2 + y2

.

2.9. f ′(x, y)[h] = 1
5 (34h1 + 12h2, 12h1 + 41h2).

2.10. f ′(x(·))[h(·)] =
∫ 1

0
th(t) dt.

2.11. f ′(x(·))[h(·)] = 2
∫ 1

0
x(t)h(t) dt.

2.12. f ′(x(·))[h(·)] = 6
(∫ 1

0
x2(t) dt

)2 ∫ 1

0
x(t)h(t) dt.

2.13. f ′(x(·))[h(·)] =
∫ 1
0
x(t)h(t) dt√∫ 1
0
x2(t) dt

.

2.14. f ′(x)[h] =
(
x(t)

∫ 1

0
x(t)h(t) dt+ h(t)

∫ 1

0
x2(t) dt

)/√∫ 1

0
x2(t) dt .

2.15. A′ = A.
2.16. f ′(x(·))[h] = h(t)

∥x∥ − x(t)·<x,h>
∥x∥3 .

2.17. f ′(x)[h] = h(1).

2.18. f ′(x)[h] = 2x(0)h(0)− h(1).

2.19. f ′(x)[h] = x(t)h(1) + x(1)h(t).

2.20. f ′(x)[h] = ex(0)h(0).

2.21. f ′(x, y)[h] = {yh1 + xh2, 2xh1 + 2yh2}.
2.22. f ′(x(·))[h(·)] =

∫ 1

0
h(t) dt+ 2h(1).

2.23. f ′(x(·))[h(·)] =
∫ 1

0
(2x(t)h(t) + ḣ(t)) dt.

2.24. f ′(x(·))[h(·)] = 2
∫ 1

0
ẋ(t)ḣ(t) dt− ex(1)h(1).
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Ãëàâà 3

Âàðèàöèîííîå èñ÷èñëåíèå

3.1. Çàäà÷à ñ çàêðåïëåííûìè êîíöàìè

3.1.1. Îñíîâíûå ïîíÿòèÿ è ïîðÿäîê ðåøåíèÿ

Ïðîñòåéøåé çàäà÷åé âàðèàöèîííîãî èñ÷èñëåíèÿ íàçûâàåòñÿ çàäà÷à
îïòèìèçàöèè ôóíêöèîíàëà J : C1[t0, t1] → R âèäà

J(x(·)) =
∫ t1

t0

L(t, x(t), ẋ(t)) dt→ extr; x(t0) = x0, x(t1) = x1. (3.1)

Ôóíêöèÿ òðåõ ïåðåìåííûõ L(t, x, v), äâå èç êîòîðûõ: x = x(t) è
v = ẋ(t) � çàâèñÿò îò âàðüèðóåìîãî àðãóìåíòà ôóíêöèîíàëà, íàçûâà-
åòñÿ èíòåãðàíòîì. Ýêñòðåìóì (ìàêñèìóì è ìèíèìóì) èùåì íà êëàññå
C1[t0, t1] íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé, óäîâëåòâîðÿþùèõ
êðàåâûì óñëîâèÿì x(t0) = x0 è x(t1) = x1, íàçûâàåìûõ äîïóñòèìûìè
ôóíêöèÿìè.

Îïðåäåëåíèå 10. Äîïóñòèìàÿ x̃ ∈ C1[t0, t1] äîñòàâëÿåò ñëàáûé
ëîêàëüíûé ìèíèìóì â çàäà÷å (3.1), ÷òî îáîçíà÷àåòñÿ x̃ ∈ wlocmin,
åñëè ñóùåñòâóåò δ > 0 òàêîå, ÷òî J(x) ≥ J(x̃) äëÿ ëþáîé äîïóñòèìîé
x(t), óäîâëåòâîðÿþùåé óñëîâèþ ∥x− x̃∥C1[t0,t1] < δ.

Òàê êàê òðàäèöèîííî èùåòñÿ ñëàáûé ýêñòðåìóì çàäà÷è (3.1), òî
ýòîò òåðìèí è áóêâó w îïóñêàþò (òî åñòü îáîçíà÷àþò x̃ ∈ locmin èëè
x̃ ∈ locmax â ñëó÷àå ïðîòèâîïîëîæíîãî íåðàâåíñòâà J(x) ≤ J(x̃)).
Èñêëþ÷åíèå ñîñòàâëÿåò ñëó÷àé, êîãäà íàðÿäó ñî ñëàáûì ýêñòðåìóìîì
èùåòñÿ ñèëüíûé, î ÷åì ìû áóäåì ãîâîðèòü â îòäåëüíîì ïàðàãðàôå.
Â áîëüøèíñòâå ñëó÷àåâ ïîíÿòèÿ ñèëüíîãî è ñëàáîãî (weak � ñëàáûé)
ýêñòðåìóìîâ ñîâïàäàþò.

Îïðåäåëåíèå 11. Äîïóñòèìàÿ x̃ ∈ C1[t0, t1] äîñòàâëÿåò (ñëàáûé)
ãëîáàëüíûé ìèíèìóì â çàäà÷å (3.1), ÷òî îáîçíà÷àåòñÿ x̃ ∈ absmin,
åñëè J(x) ≥ J(x̃) äëÿ ëþáîé äîïóñòèìîé x(t).

Ïèøåì x̃ ∈ absmax òîãäà è òîëüêî òîãäà, êîãäà J(x) ≤ J(x̃) äëÿ
ëþáîé äîïóñòèìîé x(t).
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Íàïîìíèì ñîêðàùåííîå îáîçíà÷åíèå Lx = ∂L
∂x , Lẋ = ∂L

∂ẋ ÷àñòíûõ
ïðîèçâîäíûõ, êîòîðûå ÿâëÿþòñÿ òàêæå ôóíêöèÿìè òðåõ ïåðåìåííûõ.
Ïðè ïîäñòàíîâêå â êàæäóþ èç L, Lx è Lẋ êîíêðåòíîé x̃(t) (è åå ïðî-
èçâîäíîé) ïîëó÷èì ôóíêöèþ îäíîé ïåðåìåííîé t, êîòîðóþ áóäåì îáî-
çíà÷àòü L̂ = L(t, x̃(t), ˜̇x(t)), L̂x = L̂x(t) è L̂ẋ = L̂ẋ(t) ñîîòâåòñòâåííî.

Òåîðåìà 12. Ïóñòü L, Lx è Lẋ íåïðåðûâíû, à L̂ẋ ∈ C1[t0, t1].
Åñëè x̃ ∈ wlocmin â çàäà÷å (3.1), òî ôóíêöèÿ x̃(t) óäîâëåòâîðÿåò
óðàâíåíèþ Ýéëåðà íà îòðåçêå [t0, t1]

− d

dt
L̂ẋ + L̂x = 0. (3.2)

Óðàâíåíèå Ýéëåðà ñëóæèò íåîáõîäèìûì óñëîâèåì ýêñòðåìóìà �
óñëîâèåì ñòàöèîíàðíîñòè äëÿ èíòåãðàíòà L(t, x(t), ẋ(t)), à åãî ðåøå-
íèÿ íàçûâàþò ýêñòðåìàëÿìè. Ýêñòðåìàëè, óäîâëåòâîðÿþùèå ãðàíè÷-
íûì óñëîâèÿì (è óñëîâèÿì ãëàäêîñòè), íàçûâàþò äîïóñòèìûìè ýêñ-
òðåìàëÿìè.

Âñå íàéäåííûå äîïóñòèìûå ýêñòðåìàëè íåîáõîäèìî èññëåäîâàòü íà
ýêñòðåìóì. Îñíîâíîé ïðèåì ñîñòîèò â àíàëèçå çíàêà îñòàòî÷íîãî ÷ëå-
íà r(h) â ôîðìóëå ïðèðàùåíèÿ ôóíêöèîíàëà, ïîëó÷åííîãî èç ôîðìó-
ëû (2.3),

J(x̃+ h)− J(x̃) = J ′(x̃)[h] + r(h)

äëÿ h(t) ñ óñëîâèåì h(t0) = h(t1) = 0. Ýòî îáóñëîâëåíî òåì, ÷òî óðàâ-
íåíèå Ýéëåðà (3.2) ñîîòâåòñòâóåò îáðàùåíèþ â íóëü äèôôåðåíöèàëà
Ôðåøå J ′(x̃)[h]. Íåî÷åâèäíûå ïî çíàêó r(h) ñëó÷àè äîïîëíèòåëüíîãî
èññëåäîâàíèÿ ïðîâîäÿòñÿ ñ ïðèâëå÷åíèåì óñëîâèé âòîðîãî (èëè áîëåå
âûñîêîãî) ïîðÿäêà è áóäóò âûäåëåíû â îòäåëüíûé ïàðàãðàô.

3.1.2. Ïðèìåðû çàäà÷ ñ çàêðåïëåííûìè êîíöàìè

Ïðèìåð 35.Èññëåäîâàòü íà ýêñòðåìóì ôóíêöèîíàë J(x) =
∫ 1

0
ẋ2 dt

ñ çàêðåïëåííûìè êîíöàìè x(0) = 1, x(1) = 0.
Ðåøåíèå. Èíòåãðàíò äàííîãî ôóíêöèîíàëà L = ẋ2.
Åãî ÷àñòíûå ïðîèçâîäíûå Lx = 0, Lẋ = 2ẋ.
Óðàâíåíèå Ýéëåðà d

dtLẋ − Lx = 0 äëÿ äàííîãî èíòåãðàíòà ïðèìåò
âèä
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2ẍ = 0.

Ðåøèì óðàâíåíèå ẍ = 0 ïîñëåäîâàòåëüíûì èíòåãðèðîâàíèåì

ẋ = C1, x = C1t+ C2.

Ïîäñòàâèì â ýòî îáùåå ðåøåíèå ãðàíè÷íûå óñëîâèÿ x(0) = 1, x(1) = 0

è ïîëó÷èì ñèñòåìó óðàâíåíèé

C2 = 1, C1 + C2 = 0.

Ïîëó÷èëè C1 = −1, C2 = 1, òî åñòü äîïóñòèìóþ ýêñòðåìàëü

x̃ = 1− t.

Âòîðîé ýòàï ðåøåíèÿ ñîñòîèò â ïðîâåðêå äîïóñòèìîé ýêñòðåìàëè
íà ýêñòðåìóì. Âû÷èñëèì ïðèðàùåíèå ôóíêöèîíàëà

J(x+ h)− J(x) =

∫ 1

0

(ẋ+ ḣ)2 dt−
∫ 1

0

ẋ2 dt = 2

∫ 1

0

ẋḣ dt+

∫ 1

0

ḣ2 dt.

Ïîêàæåì, ÷òî ïåðâîå ñëàãàåìîå (äèôôåðåíöèàë Ôðåøå) íà äîïó-
ñòèìîé ýêñòðåìàëè îáðàùàåòñÿ â íóëü.

Äåéñòâèòåëüíî, èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì∫ 1

0

ẋḣ dt =

∫ 1

0

ẋ d(h(t)) = ẋ(t)h(t)|10 −
∫ 1

0

ẍh dt.

Ïåðâîå ñëàãàåìîå ðàâíî íóëþ çà ñ÷åò óñëîâèÿ h(0) = h(1) = 0, îáåñ-
ïå÷èâàþùåãî òðåáîâàíèå çàêðåïëåíèÿ êîíöîâ, à âòîðîå ðàâíî íóëþ çà
ñ÷åò óðàâíåíèÿ Ýéëåðà 2ẍ = 0 íà äîïóñòèìîé ýêñòðåìàëè.

Ïîëó÷èëè äëÿ ïðèðàùåíèÿ (íà äîïóñòèìîé ýêñòðåìàëè)

J(x̃+ h)− J(x̃) =

∫ 1

0

ḣ2 dt ≥ 0

äëÿ âñåõ äîïóñòèìûõ h(t) (à íå òîëüêî ìàëûõ ïî íîðìå). Çíà÷èò, ýêñ-
òðåìàëü x̃ = 1− t äîñòàâëÿåò ãëîáàëüíûé (àáñîëþòíûé) ìèíèìóì.

Âû÷èñëèì Jmin = J(x̃) =
∫ 1

0
(−1)2 dt = 1.

Ñâåðõó îãðàíè÷åíèé äëÿ ôóíêöèîíàëà J(x) íåò.
Îòâåò. 1− t ∈ absmin, Jmin = 1, Jmax = +∞.
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Ïðèìåð 36. Ðåøèòü J(x) =
∫ 1

0
(ẋ2−x) dt→ extr ñ çàêðåïëåííûìè

êîíöàìè x(0) = x(1) = 0.
Ðåøåíèå. Ïåðâûé ýòàï. Äëÿ èíòåãðàíòà L = ẋ2 − x óðàâíåíèå Ýé-

ëåðà 2ẍ+ 1 = 0.

Ðåøèì óðàâíåíèå ẍ = − 1
2 ïîñëåäîâàòåëüíûì èíòåãðèðîâàíèåì

ẋ = − t

2
+ C1, x = − t

2

4
+ C1t+ C2.

Ïîäñòàâèì â ýòî îáùåå ðåøåíèå ãðàíè÷íûå óñëîâèÿ x(0) = 0, x(1) = 0:
C2 = 0, − 1

4+C1+C2 = 0. Ïîëó÷èì C1 = 1
4 , C2 = 0, òî åñòü äîïóñòèìóþ

ýêñòðåìàëü

x̃ =
t− t2

4
.

Âòîðîé ýòàï ðåøåíèÿ. Ïðèðàùåíèå ôóíêöèîíàëà J(x+h)−J(x) =

=

∫ 1

0

((ẋ+ ḣ)2− (x+h)) dt−
∫ 1

0

(ẋ2−x) dt =
∫ 1

0

(2ẋḣ−h) dt+
∫ 1

0

ḣ2 dt.

Ïåðâîå ñëàãàåìîå åñòü äèôôåðåíöèàë Ôðåøå, à âòîðîå ñëàãàåìîå
ñîñòàâëÿåò îñòàòîê r(h). Åñëè äîêàæåì, ÷òî äèôôåðåíöèàë Ôðåøå íà
äîïóñòèìîé ýêñòðåìàëè îáðàùàåòñÿ â íóëü (à ýòî âñåãäà òàê), òî, êàê
è â ïðåäûäóùåì ïðèìåðå, x̃ = t−t2

4 ∈ absmin.

Äèôôåðåíöèàë Ôðåøå ñîñòîèò èç äâóõ ñëàãàåìûõ 2
∫ 1

0
ẋḣ dt−

∫ 1

0
h dt,

ïåðâîå èç êîòîðûõ èíòåãðèðóåì ïî ÷àñòÿì

2

∫ 1

0

ẋḣ dt = 2

∫ 1

0

ẋ dh = 2ẋ(t)h(t)|10 − 2

∫ 1

0

ẍh dt = 0− 2

∫ 1

0

ẍh dt.

Èòàê, äèôôåðåíöèàë Ôðåøå ïðåâðàòèëñÿ â èíòåãðàë

−
∫ 1

0

(2ẍ+ 1)h dt,

êîòîðûé ðàâåí íóëþ äëÿ äîïóñòèìîé ýêñòðåìàëè ñîãëàñíî óðàâíåíèþ
Ýéëåðà.

Äàëåå Jmin = J(x̃) =
∫ 1

0
(( 1−2t

4 )2 − t−t2

4 ) dt =
∫ 1

0
1−8t+8t2

16 dt = − 1
48 .

Îòâåò. t−t2

4 ∈ absmin, Jmin = − 1
48 , Jmax = +∞.
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Ïðèìåð 37. Ðåøèòü J(x) =
∫ e

1
(x−tẋ2) dt→ extr ñ çàêðåïëåííûìè

êîíöàìè x(1) = 1, x(e) = 2.
Ðåøåíèå. Ïåðâûé ýòàï. Äëÿ èíòåãðàíòà L = x− tẋ2 èìååì Lx = 1,

Lẋ = −2tẋ è óðàâíåíèå Ýéëåðà 2tẍ+ 2ẋ+ 1 = 0.
Äëÿ åãî ðåøåíèÿ ñäåëàåì çàìåíó y = ẋ, ïîíèæàþùóþ ïîðÿäîê,

2tẏ + 2y = −1, èëè ẏ +
1

t
y = − 1

2t
.

Ýòî ëèíåéíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, êîòîðîå ðåøàåòñÿ ïîäñòà-
íîâêîé y = uv:

u̇v + (uv̇ +
uv

t
) = − 1

2t
.

Îáúåäèíèëè äâà ñëàãàåìûõ äëÿ òîãî, ÷òîáû íàéòè âñïîìîãàòåëüíóþ
ôóíêöèþ v(t) èç àíàëîãè÷íîãî îäíîðîäíîãî óðàâíåíèÿ

v̇ +
v

t
= 0, èëè

dv

dt
= −v

t
,

dv

v
= −dt

t
,

∫
dv

v
= −

∫
dt

t
.

Ïîëó÷èì ln v = − ln t, ln v = ln t−1, v = 1
t . Ïîëó÷åííóþ âñïîìîãàòåëü-

íóþ ôóíêöèþ ïîäñòàâëÿåì â îñòàâøóþñÿ ÷àñòü óðàâíåíèÿ

u̇v = − 1

2t
,
u̇

t
= − 1

2t
, u̇ = −1

2
.

Èíòåãðèðóåì u = − t
2+C1. Èòàê, ïîëó÷èëè y = (C1− t

2 )
1
t , ÷òî ñîãëàñíî

çàìåíå ẋ = C1

t − 1
2 . Åùå ðàç èíòåãðèðóåì

x = C1 ln t−
t

2
+ C2.

Ïîäñòàâèì ñþäà ãðàíè÷íûå óñëîâèÿ

x(1) = 1 → −1

2
+ C2 = 1, x(e) = 2 → C1 −

e

2
+ C2 = 2.

Èòàê, C2 = 3
2 , C1 = e

2 + 1
2 . Ïîëó÷èëè äîïóñòèìóþ ýêñòðåìàëü

x̃ =
e+ 1

2
ln t+

3− t

2
.

Âòîðîé ýòàï ðåøåíèÿ. Ïðèðàùåíèå ôóíêöèîíàëà J(x+h)−J(x) =
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=

∫ e

1

(x+h−t(ẋ+ ḣ)2) dt−
∫ e

1

(x−tẋ2) dt =
∫ e

1

(h−2tẋḣ) dt−
∫ e

1

tḣ2 dt.

Ïåðâîå ñëàãàåìîå åñòü äèôôåðåíöèàë Ôðåøå, à âòîðîå ñëàãàåìîå
ñîñòàâëÿåò îñòàòîê r(h). Äèôôåðåíöèàë Ôðåøå òîæå ñîñòîèò èç äâóõ
ñëàãàåìûõ. Âûïèøåì âòîðîå èç íèõ

−2

∫ e

1

tẋḣ dt = −2

∫ e

1

tẋ dh = −2(tẋh|e1 −
∫ e

1

h
d

dt
(tẋ)dt) =

= −2(eẋ(e)h(e)− ẋ(1)h(1)−
∫ e

1

h(ẋ+ tẍ)dt) = 2

∫ e

1

(tẍ+ ẋ)hdt.

Âåñü äèôôåðåíöèàë Ôðåøå ðàâåí
∫ e

1
(2tẍ+ 2ẋ+ 1)hdt.

Îí, ñîãëàñíî óðàâíåíèþ Ýéëåðà, îáðàùàåòñÿ â íóëü. Èòàê, ïðèðà-
ùåíèå ôóíêöèîíàëà íà äîïóñòèìîé ýêñòðåìàëè ðàâíî îñòàòêó

J(x+ h)− J(x) = −
∫ e

1

tḣ2 dt ≤ 0

äëÿ âñåõ h(t), òàê êàê t > 0 ïðè t ∈ [1, e] è ḣ2(t) ≥ 0. Çíà÷èò,

x̃ =
e+ 1

2
ln t+

3− t

2
∈ absmax.

Âû÷èñëèì J(x̃) =
∫ e

1
( e+1

2 ln t+ 3−t
2 − t( e+1

2t − 1
2 )

2)dt = − 1
8 (e

2−12e+11).

Îòâåò. e+1
2 ln t+ 3−t

2 ∈ absmax, Jmin = −∞, Jmax = − e2−12e+11
8 .

3.1.3. Ïðîñòåéøèå çàäà÷è ÊÂÈ

1.1. J(x) =
∫ 1

0
ẋ2 dt; x(0) = 0, x(1) = 1.

1.2. J(x) =
∫ 1

0
(ẋ2 − x) dt; x(0) = 0, x(1) = 0.

1.3. J(x) =
∫ 2

0
(x− ẋ2) dt; x(0) = 0, x(2) = 1.

1.4. J(x) =
∫ 1

0
(ẋ2 + tx) dt; x(0) = 0, x(1) = 0.

1.5. J(x) =
∫ 1

0
(ẋ2 − t2x) dt; x(0) = 0, x(1) = 0.

1.6. J(x) =
∫ e

1
tẋ2 dt; x(1) = 0, x(e) = 1.

1.7. J(x) =
∫ e

1
(tẋ2 + 2x) dt; x(1) = 0, x(e) = 0.

1.8. J(x) =
∫ 1

0
(t2ẋ2 + 12x2) dt; x(0) = 0, x(1) = 1.

1.9. J(x) =
∫ 1

0
x2ẋ2 dt; x(0) = 1, x(1) =

√
2.

1.10.J(x) =
∫ 1

0
exẋ2 dt; x(0) = 0, x(1) = ln 4.
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3.2. Çàäà÷à Áîëüöà

Ïîñòàíîâêà çàäà÷è

B(x(·)) =
∫ t1

t0

L(t, x(t), ẋ(t) ) dt+ l(x(t0), x(t1)) → extr,

ãäå ãðàíè÷íûå çíà÷åíèÿ âêëþ÷åíû â ôóíêöèîíàë â âèäå ñëàãàåìîãî
òåðìèíàíòà l(u, v) îò äâóõ ïåðåìåííûõ: u = x(t0), v = x(t1). Ðåøåíèå
çàäà÷è èùåòñÿ â êëàññå C1([t0, t1]).

Äîïóñòèìàÿ ýêñòðåìàëü óäîâëåòâîðÿåò:
à) óñëîâèþ ñòàöèîíàðíîñòè � óðàâíåíèþ Ýéëåðà äëÿ èíòåãðàíòà L

− d

dt
Lẋ + Lx = 0;

á) óñëîâèþ òðàíñâåðñàëüíîñòè � ÷àñòíàÿ ïðîèçâîäíàÿ èíòåãðàíòà L
ïî ïîñëåäíåìó àðãóìåíòó ẋ, âû÷èñëåííàÿ â êîíöàõ èíòåãðèðîâàíèÿ,
ïðèðàâíèâàåòñÿ ê ñîîòâåòñòâóþùåé ÷àñòíîé ïðîèçâîäíîé òåðìèíàíòà
(ñî çíàêîì �ìèíóñ� äëÿ âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ)

Lẋ(t0) = lx(t0), Lẋ(t1) = −lx(t1).

Èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ýéëåðà íàõîäèì îáùåå ðåøåíèå
äëÿ ýêñòðåìàëåé, à óñëîâèå òðàíñâåðñàëüíîñòè èñïîëüçóåì ïðè âû÷èñ-
ëåíèè êîíñòàíò äëÿ ÷àñòíîãî ðåøåíèÿ � äîïóñòèìîé ýêñòðåìàëè.

3.2.1. Ïðèìåðû çàäà÷è Áîëüöà

Ïðèìåð 38.

B(x(·)) =
∫ 1

0

(ẋ2 + 2x)dt+ x2(0) → extr.

Ðåøåíèå. I. Èíòåãðàíò L = ẋ2 + 2x, à òåðìèíàíò l = x2(0). Âû÷èñ-
ëèì îò íèõ ÷àñòíûå ïðîèçâîäíûå

Lx = 2, Lẋ = 2ẋ, lx(0) = 2x(0), lx(1) = 0.

Ñîñòàâèì óðàâíåíèå Ýéëåðà

d

dt
Lẋ − Lx = 0 ⇒ 2ẍ− 2 = 0.

Åãî îáùåå ðåøåíèå ïîëó÷èì èíòåãðèðîâàíèåì
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ẋ(t) = t+ C1, x(t) =
t2

2
+ C1t+ C2.

Ñîñòàâèì óñëîâèå òðàíñâåðñàëüíîñòè

2ẋ(0) = 2x(0), 2ẋ(1) = 0.

Ïîäñòàâèì â ýòó ñèñòåìó óðàâíåíèé íàéäåííîå îáùåå ðåøåíèå (ñîêðà-
òèâ íà äâà)

C1 = C2, 1 + C1 = 0.

Îòñþäà C1 = −1, C2 = −1. Íàøëè äîïóñòèìóþ ýêñòðåìàëü

x̃(t) =
t2

2
− t− 1.

II. Äëÿ ýòîé äîïóñòèìîé ýêñòðåìàëè íàéäåì ïðèðàùåíèå ôóíêöè-
îíàëà Áîëüöà

B(x+ h)−B(x) =

∫ 1

0

((ẋ+ ḣ)2 + 2(x+ h))dt+ (x(0) + h(0))2−

−
∫ 1

0

(ẋ2+2x)dt−x2(0) =
∫ 1

0

(2ẋḣ+2h)dt+2x(0)h(0)+(

∫ 1

0

ḣ2dt+h2(0)).

Ïåðâûå äâà ñëàãàåìûõ ñîñòàâëÿþò äèôôåðåíöèàë Ôðåøå, à ïðàâàÿ
ñêîáêà ñîäåðæèò îñòàòîê, ñîñòîÿùèé èç äâóõ íåîòðèöàòåëüíûõ ñëàãà-
åìûõ. Êàê è ðàíåå, íàøà çàäà÷à ñîñòîèò â òîì, ÷òîáû ïîêàçàòü, ÷òî
äèôôåðåíöèàë Ôðåøå îáðàùàåòñÿ â íóëü íà äîïóñòèìîé ýêñòðåìàëè.

Âûïèøåì îòäåëüíî ïåðâîå ñëàãàåìîå ïîä çíàêîì èíòåãðàëà èç äèô-
ôåðåíöèàëà Ôðåøå è ïðîèíòåãðèðóåì åãî ïî ÷àñòÿì∫ 1

0

2ẋḣ dt = 2ẋh|10 −
∫ 1

0

2ẍhdt = 2ẋ(1)h(1)− 2ẋ(0)h(0)−
∫ 1

0

2ẍhdt.

Ïîäñòàâèì èç óñëîâèÿ òðàíñâåðñàëüíîñòè ẋ(1) = 0 è äîáàâèì îñòàëü-
íûå ñëàãàåìûå äèôôåðåíöèàëà Ôðåøå

−2ẋ(0)h(0)−
∫ 1

0

2ẍhdt+

∫ 1

0

2hdt+ 2x(0)h(0) =
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= −
∫ 1

0

(2ẍ− 2)hdt+ (−2ẋ(0) + 2x(0))h(0).

Èíòåãðàëüíîå ñëàãàåìîå îáðàùàåòñÿ â íóëü ñîãëàñíî óðàâíåíèþ Ýé-
ëåðà, à òåðìèíàëüíîå � ñîãëàñíî ïåðâîìó óñëîâèþ òðàíñâåðñàëüíîñòè.
Äîêàçàëè, ÷òî äîïóñòèìàÿ ýêñòðåìàëü äîñòàâëÿåò ãëîáàëüíûé ìèíè-
ìóì. Íàéäåì ýòîò ìèíèìóì ïîäñòàíîâêîé x̃(t) â èñõîäíûé ôóíêöèîíàë

B(x̃) =

∫ 1

0

[(t− 1)2 + t2 − 2t− 2] dt+ (−1)2 = −4

3
.

Ãëîáàëüíûé ìàêñèìóì íàõîäèì ïîäáîðîì êîíêðåòíîãî ïðèìåðà ðàñ-
òóùèõ ïîñòîÿííûõ ôóíêöèé xn(t) = n, íà êîòîðûõ

B(xn) =

∫ 1

0

(0 = 2n) dt+ n2 = n2 + 2n→ +∞.

Îòâåò. t2

2 − t− 1 ∈ absmin, Bmin = − 4
3 , Bmax = +∞.

Ïðèìåð 39.

B(x(·)) =
∫ π

2

0

(ẋ2 − x2)dt+ x2(0)− x2(
π

2
) + 4x(

π

2
) → extr.

Ðåøåíèå. I. Èíòåãðàíò L = ẋ2−x2, à òåðìèíàíò ôóíêöèîíàëà Áîëü-
öà l = x2(0)− x2(π2 ) + 4x(π2 ). Âû÷èñëèì îò íèõ ÷àñòíûå ïðîèçâîäíûå

Lx = −2x, Lẋ = 2ẋ, lx(0) = 2x(0), lx(π
2 ) = −2x(

π

2
) + 4.

Ñîñòàâèì óðàâíåíèå Ýéëåðà

d

dt
Lẋ − Lx = 0 ⇒ 2ẍ+ 2x = 0

è óñëîâèå òðàíñâåðñàëüíîñòè

2ẋ(0) = 2x(0), 2ẋ(
π

2
) = 2x(

π

2
)− 4.

Îáùåå ðåøåíèå óðàâíåíèÿ Ýéëåðà ẍ+x = 0 êàê óðàâíåíèÿ ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè íàéäåì ÷åðåç õàðàêòåðèñòè÷åñêîå óðàâíåíèå
k2 + 1 = 0 ñ êîðíÿìè k = ±i
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x(t) = C1 cos t+ C2 sin t.

Îòñþäà
ẋ(t) = −C1 sin t+ C2 cos t.

Ïîäñòàâèì â ýòó ñèñòåìó óðàâíåíèé óñëîâèå òðàíñâåðñàëüíîñòè
(ñîêðàòèâ íà äâà)

0 + C2 = C1 + 0, −C1 + 0 = C2 − 2.

Îòñþäà C1 = 1, C2 = 1. Íàøëè äîïóñòèìóþ ýêñòðåìàëü

x̃(t) = sin t+ cos t.

II. Äëÿ ýòîé äîïóñòèìîé ýêñòðåìàëè íàéäåì ïðèðàùåíèå ôóíêöè-
îíàëà Áîëüöà B(x+ h)−B(x) =

=

∫ π
2

0

((ẋ+ḣ)2−(x+h)2)dt+(x(0)+h(0))2−(x(
π

2
)+h(

π

2
))2+4(x(

π

2
)+h(

π

2
))−

−
∫ π

2

0

(ẋ2 − x2)dt− x2(0) + x2(
π

2
)− 4x(

π

2
) =

=

∫ π
2

0

(2ẋḣ− 2xh)dt+ 2x(0)h(0)− 2x(
π

2
)h(

π

2
) + 4h(

π

2
)+

+

∫ π
2

0

(ḣ2 − h2)dt+ h2(0))− h2(
π

2
).

Ïîêàæåì, ÷òî äèôôåðåíöèàë Ôðåøå

B′(x)[h] =

∫ π
2

0

(2ẋḣ− 2xh)dt+ 2x(0)h(0)− 2x(
π

2
)h(

π

2
) + 4h(

π

2
)

ðàâåí íóëþ. Ïðîèíòåãðèðóåì ïî ÷àñòÿì ïåðâîå ñëàãàåìîå∫ π
2

0

2ẋḣ dt = 2ẋh|
π
2
0 −2

∫ π
2

0

ẍh dt = 2ẋ(
π

2
)h(

π

2
)−2ẋ(0)h(0)−2

∫ π
2

0

ẍh dt.

Ïîëó÷èì ïî óðàâíåíèþ Ýéëåðà è óñëîâèþ òðàíñâåðñàëüíîñòèB′(x)[h] =

=−
∫ π

2

0

(2ẍ+2x)h dt+2(x(0)− ẋ(0))h(0) + 2(ẋ(
π

2
)− x(

π

2
) + 2)h(

π

2
) = 0.

III. Áóäåì àíàëèçèðîâàòü îñòàòîê, îáðàùàÿ âíèìàíèå íà òî, ÷òî â
íåãî âõîäÿò ñëàãàåìûå ðàçíûõ çíàêîâ,
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r(h) =

∫ π
2

0

(ḣ2 − h2)dt+ h2(0)− h2(
π

2
).

Ïîýòîìó ïîäáåðåì ïðèìåðû, äàþùèå ðàçíûå çíàêè âñåãî îñòàòêà r(h).
Åñëè âîçüìåì h(t) = sin t, òî r(h) =

∫ π
2

0
cos 2t dt+0−1 = 0−1 = −1.

Åñëè h(t) = cos t, òî ḣ(t) = − sin t, r(h) =
∫ π

2

0
(sin2 t−cos2 t)dt+1−0 = 1.

×òîáû äîáàâêà áûëà ìàëîé ïî íîðìå, äîìíîæèì êàæäóþ èç ïðîá-
íûõ äîáàâîê h(t) íà ìàëîå ïîëîæèòåëüíîå δ:

äëÿ h(t) = δ cos t îñòàòîê r(h) = δ2 > 0;
äëÿ h(t) = δ sin t îñòàòîê r(h) = −δ2 < 0.
Çíà÷èò, äîïóñòèìàÿ ýêñòðåìàëü x̃(t) = sin t + cos t íå äîñòàâëÿåò

ëîêàëüíûé ýêñòðåìóì.
IV. Èññëåäóåì íà ãëîáàëüíûé ýêñòðåìóì.
Âîçüìåì â êà÷åñòâå ïðîáíûõ ôóíêöèé ïîñòîÿíûå ðàñòóùåãî óðîâíÿ

hn(t) = n. Òîãäà ḣn = 0 è r(hn) = −n2 π
2 + n2 − n2 = −n2 π

2 → −∞.

Òåïåðü âîçüìåì â êà÷åñòâå ïðîáíûõ ôóíêöèé hn(t) = sinnt. Ïðè-
÷åì ïóñòü n ÷åòíîå. Òîãäà ḣn(t) = n cosnt è r(hn) = n2−1

2
π
2 → +∞.

Îòâåò. sin t+ cos t /∈ locextr, Bmin = −∞, Bmax = +∞.

Ïîñêîëüêó âàðèàíòîâ ïîäáîðà ïðîáíûõ ôóíêöèé äëÿ ãëîáàëüíîãî
ýêñòðåìóìà î÷åíü ìíîãî, òî ïðåäëîæåííûå âàðèàíòû ìîæíî âíåñòè â
îòâåò.

3.2.2. Çàäà÷è Áîëüöà

2.1. B(x(·)) =
∫ 1

0
(ẋ2 − x)dt+ x2(1) → extr.

2.2. B(x(·)) =
∫ 1

0
ẋ2 dt+ 4x2(0)− 5x2(1) → extr.

2.3. B(x(·)) =
∫ 1

0
ẋ2 dt+ x2(0)− 2x(1) → extr.

2.4. B(x(·)) =
∫ 2

0
(2x− ẋ2) dt− x2(0) + x(2) → extr.

2.5. B(x(·)) =
∫ 1

0
(ẋ2 − x)dt− x2(1)

2 → extr.

2.6. B(x(·)) =
∫ 1

0
(ẋ2 + x2)dt− 2x(1) sh 1 → extr.

2.7. B(x(·)) =
∫ π

0
(ẋ2+x2−4x sin t)dt+2x2(0)+2x(π)−x2(π) → extr.

2.8. B(x(·)) =
∫ π

2

0
(ẋ2 − x2 − 2x)dt− 2x2(0)− x2(π2 ) → extr.

2.9. B(x(·)) =
∫ e−1

0
(t+ 1)ẋ2 dt+ 2x(0)(x(e− 1) + 1) → extr.

2.10. B(x(·)) =
∫ 2

1
t2ẋ2 dt− 2x(1) + x2(2) → extr.
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3.3. Çàäà÷à ñ ïîäâèæíûìè êîíöàìè

Ïîñòàíîâêà çàäà÷è, îòíîñÿùåéñÿ ê óñëîâíîé îïòèìèçàöèè,

J(ξ) =

∫ t1

t0

f(t, x(t), ẋ(t) ) dt+ l0(t0, x(t0), t1, x(t1)) → extr

ïðè óñëîâèÿõ ñâÿçè li(t0, x(t0), t1, x(t1)) = 0, ãäå i = 1, 2, . . . ,m.
Çäåñü èñêîìûé ýëåìåíò ξ = (x(t), t0, t1); ïðè÷åì (t0, t1) ∈ ∆, ãäå

∆ � íåêîòîðûé çàäàííûé êîíå÷íûé îòðåçîê.
Çàìå÷àíèå. ×àñòíûì ñëó÷àåì ýòîé çàäà÷è ñëóæèò çàäà÷à, â êîòî-

ðîé çàêðåïëåí îäèí êîíåö, à âòîðîé ïîäâèæåí ëèøü ïî âåðòèêàëè (òî-
ãäà ξ = x(t)). Äðóãîé òèï ðàññìàòðèâàåìûõ íèæå çàäà÷ � ñ íåçàêðåï-
ëåííûì âåðõíèì ïðåäåëîì èíòåãðèðîâàíèÿ T , êîãäà èñêîìûé ýëåìåíò
ξ = (x(t), T ). Ðåøåíèå ýòèõ çàäà÷ èùåòñÿ äëÿ x ∈ C1([t0, t1]) ⊂ C1(∆).

3.3.1. Äâà îñíîâíûõ ñëó÷àÿ

Ïîýòîìó îáùåå ïðàâèëî ðåøåíèÿ [4] ðàñïèøåì äëÿ ýòèõ äâóõ ÷àñò-
íûõ ñëó÷àåâ.

Ïåðâûé ñëó÷àé. Ñîñòàâëÿåòñÿ ôóíêöèÿ Ëàãðàíæà

Λ(x;λ) =

∫ t1

t0

λ0f(t, x(t), ẋ(t)) dt+
m∑
i=1

λili(t0, x(t0), t1, x(t1)),

äëÿ êîòîðîé L = λ0f(t, x(t), ẋ(t)) è l =
∑m

i=0 λili(t0, x(t0), t1, x(t1)) �
èíòåãðàíò è òåðìèíàíò ñîîòâåòñòâåííî.

Äîïóñòèìàÿ ýêñòðåìàëü x̃(t) óäîâëåòâîðÿåò:
à) óñëîâèþ ñòàöèîíàðíîñòè ïî x, òî åñòü óðàâíåíèþ Ýéëåðà äëÿ

èíòåãðàíòà L

− d

dt
Lẋ + Lx = 0,

á) óñëîâèþ òðàíñâåðñàëüíîñòè (ñâÿçûâàþùåìó èíòåãðàíò L ñ òåð-
ìèíàíòîì l) äëÿ íàõîæäåíèÿ êîíñòàíò

Lẋ(t0) = lx(t0), Lẋ(t1) = −lx(t1),

â) óñëîâèÿì ñâÿçè li(t0, x(t0), t1, x(t1)) = 0, ãäå i = 1, 2, . . . ,m.
Âòîðîé ñëó÷àé ïîäâèæíîãî âåðõíåãî ïðåäåëà T è çàäà÷è
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J(ξ) =

∫ T

t0

f(t, x(t), ẋ(t) ) dt→ extr ïðè l1(t0, x(t0)) = 0, l2(T, x(T )) = 0.

Ñîñòàâëÿåòñÿ ôóíêöèÿ Ëàãðàíæà

Λ(ξ;λ) =

∫ T

t0

λ0f(t, x(t), ẋ(t) ) dt+
2∑

i=1

λili(t0, x(t0), T, x(T )),

ãäå L = λ0f(t, x(t), ẋ(t) ) � èíòåãðàíò, l = λ1l1(t0, x(t0))+λ2l2(T, x(T )) �
òåðìèíàíò (îäíî èç ñëàãàåìûõ ìîæåò îòñóòñòâîâàòü).

Äîïóñòèìàÿ ýêñòðåìàëü x̃(t) óäîâëåòâîðÿåò
à) óñëîâèþ ñòàöèîíàðíîñòè ïî x

− d

dt
Lẋ + Lx = 0.

Âåñü äîïóñòèìûé ýëåìåíò ξ̃ = (x̃, T ) óäîâëåòâîðÿåò:
á) óñëîâèþ òðàíñâåðñàëüíîñòè

Lẋ(t0) = lx(t0), Lẋ(T ) = −lx(T ),

â) óñëîâèþ ñòàöèîíàðíîñòè ïî ïîäâèæíîìó êîíöó T

ΛT = 0 ∼ λ0f(T ) + lT + lx(T )ẋ(T ) = 0,

ã) óñëîâèÿì ñâÿçè l1(t0, x(t0)) = 0, l2(T, x(T )) = 0.

3.3.2. Ôèêñèðîâàííûå ïðåäåëû èíòåãðèðîâàíèÿ

Çàäà÷ó ñ îäíèì çàêðåïëåííûì êîíöîì ðåøàåì ìåòîäîì Ëàãðàíæà.
Ïðèìåð 40.

J(x(·)) =
∫ 1

0

ẋ2 dt→ extr,

óäîâëåòâîðÿþùåå óñëîâèþ x(1) = 1.
Ðåøåíèå. Ôóíêöèÿ Ëàãðàíæà Λ(x;λ) =

∫ 1

0
λ0ẋ

2(t) dt+λ1(x(1)− 1).
I. Èíòåãðàíò L = λ0ẋ

2, à òåðìèíàíò l = λ1(x(1)− 1).
Âû÷èñëèì îò íèõ ÷àñòíûå ïðîèçâîäíûå

Lx = 0, Lẋ = 2λ0ẋ, lx(0) = 0, lx(1) = λ1,

à) ñîñòàâèì óðàâíåíèå Ýéëåðà

67



d

dt
Lẋ − Lx = 0 ⇒ 2λ0ẍ = 0,

á) ñîñòàâèì óñëîâèå òðàíñâåðñàëüíîñòè

2λ0ẋ(0) = 0, 2λ0ẋ(1) = −λ1,

â) ïîâòîðèì óñëîâèå ñâÿçè x(1) = 1.
II. Îñîáûé ñëó÷àé λ0 = 0 èç óñëîâèÿ á ïðèâîäèò ê λ1 = 0, ÷òî

íåâîçìîæíî (íå ìîãóò âñå ìíîæèòåëè Ëàãðàíæà ðàâíÿòüñÿ íóëþ).
Îñíîâíîé ñëó÷àé λ0 = 1 ïðèâîäèò ê íàáîðó óðàâíåíèé
à) ẍ = 0, á) ẋ(0) = 0, ẋ(1) = −λ1

2 , â) x(1) = 1.
Ðåøèì à

ẋ = C1, x = C1t+ C2.

Èç óñëîâèÿ á èìååì C1 = 0, à èç óñëîâèÿ â èìååì C2 = 1. Çàìåòèì,
÷òî λ1 = 0.

Èòàê, äîïóñòèìàÿ ýêñòðåìàëü x̃(t) = 1.
Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà äîïóñòèìîé ýêñòðåìàëè

J(x̃) =

∫ 1

0

0 dt = 0.

Ïîñêîëüêó âñåãäà J(x) ≥ 0, òî x̃ ∈ absmin (ãëîáàëüíûé ìèíèìóì).
III. Äëÿ èññëåäîâàíèÿ íà ãëîáàëüíûé ìàêñèìóì ïîäáåðåì ïðèìåð

äîïóñòèìûõ ôóíêöèé

xn(t) = nt− n+ 1,

óäîâëåòâîðÿþùèõ óñëîâèþ ñâÿè x(1) = 1. Äëÿ íèõ

J(xn) =

∫ 1

0

n2 dt = n2 → +∞.

Îòâåò. 1 ∈ absmin, Jmin = 0, Jmax = +∞.

Ïðèìåð 41.

J(x(·)) =
∫ 1

0

ẋ2 dt− 2x2(1) → extr, x(0) = 0.

Ðåøåíèå. Ñîñòàâèì Λ(x;λ) =
∫ 1

0
λ0ẋ

2(t) dt− 2λ0x
2(1) + λ1x(0).

I. Èíòåãðàíò L = λ0ẋ
2, à òåðìèíàíò l = −2λ0x

2(1) + λ1x(0).
Âû÷èñëèì îò íèõ ÷àñòíûå ïðîèçâîäíûå
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Lx = 0, Lẋ = 2λ0ẋ, lx(0) = λ1, lx(1) = −4λ0x(1),

à) ñîñòàâèì óðàâíåíèå Ýéëåðà

d

dt
Lẋ − Lx = 0 ⇒ 2λ0ẍ = 0,

á) ñîñòàâèì óñëîâèå òðàíñâåðñàëüíîñòè

2λ0ẋ(0) = λ1, 2λ0ẋ(1) = 4λ0x(1),

â) ïîâòîðèì óñëîâèå ñâÿçè x(0) = 0.
II. Îñîáûé ñëó÷àé λ0 = 0 èç óñëîâèÿ á ïðèâîäèò ê λ1 = 0, ÷òî

íåâîçìîæíî (íå ìîãóò âñå ìíîæèòåëè Ëàãðàíæà ðàâíÿòüñÿ íóëþ).
Îñíîâíîé ñëó÷àé λ0 = 1

2 ïðèâîäèò ê íàáîðó óðàâíåíèé
à) ẍ = 0, á) ẋ(0) = λ1, ẋ(1) = 2x(1), â) x(0) = 0.
Äëÿ îáùåãî ðåøåíèÿ x = C1t+C2 ïî óñëîâèþ â íàéäåì C2 = 0. Ïî

óñëîâèþ á ïîëó÷èì C1 = λ1, C1 = 2C1. Îòñþäà C1 = λ1 = 0.
Èòàê, äîïóñòèìàÿ ýêñòðåìàëü x̃(t) = 0 è çíà÷åíèå ôóíêöèîíàëà íà

íåé J(x̃) = 0.
III. Åñëè âîçüìåì h(t) â âèäå ëîìàíîé ñ óñëîâèåì h(0) = h(1) = 0

è h( 12 ) > 0, òî J(h) > 0.
Åñëè h(t) = δt, òî J(h) = −δ2 < 0. Çíà÷èò, 0 /∈ locextr.
Ïðè èññëåäîâàíèè íà ãëîáàëüíûé ýêñòðåìóì âîçüìåì xn(

1
2 ) = n

äëÿ òîé æå ëîìàíîé è xn(t) = nt � äëÿ ãëîáàëüíîãî ìèíèìóìà.
Îòâåò. 0 /∈ locextr; Jmin = −∞, Jmax = +∞.

3.3.3. Ïîäâèæíûé âåðõíèé ïðåäåë

Ïðèìåð 42.

J(x(·)) =
∫ T

0

ẋ2 dt→ extr,

óäîâëåòâîðÿþùåå óñëîâèÿì x(0) = 0, (T − 1)x2(T ) + 2 = 0.
Ðåøåíèå. Ôóíêöèÿ Ëàãðàíæà

Λ(ξ;λ) =

∫ T

0

λ0ẋ
2(t) dt+ λ1x(0) + λ2((T − 1)x2(T ) + 2).

I. Èíòåãðàíò L = λ0ẋ
2, à òåðìèíàíò l = λ1x(0)+λ2((T−1)x2(T )+2).

Âû÷èñëèì îò íèõ ÷àñòíûå ïðîèçâîäíûå
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Lx = 0, Lẋ = 2λ0ẋ, lx(0) = λ1, lx(T ) = 2λ2(T − 1)x(T ), lT = λ2x
2(T ),

ñîñòàâèì: à) óðàâíåíèå Ýéëåðà

d

dt
Lẋ − Lx = 0 ⇒ 2λ0ẍ = 0,

á) óñëîâèå òðàíñâåðñàëüíîñòè

2λ0ẋ(0) = λ1, 2λ0ẋ(T ) = −2λ2(T − 1)x(T ),

â) óñëîâèå ñòàöèîíàðíîñòè ïî ïîäâèæíîìó âåðõíåìó êîíöó T

λ0ẋ
2(T ) + λ2x

2(T ) + 2λ2(T − 1)x(T )ẋ(T ) = 0.

II. Îñîáûé ñëó÷àé λ0 = 0 èç óñëîâèÿ á ïðèâîäèò ê λ1 = 0 è óðàâ-
íåíèþ λ2(T − 1)x(T ) = 0. Ïîñêîëüêó â ýòîì ñëó÷àå íå ìîæåò áûòü
λ2 = 0 (íå ìîãóò âñå ìíîæèòåëè Ëàãðàíæà ðàâíÿòüñÿ íóëþ), òî T = 1

èëè x(T ) = 0. Âàðèàíò T = 1 (èç óñëîâèÿ â) âëå÷åò x(T ) = 0. Ñ÷è-
òàåì äîêàçàííûì x(T ) = 0. Íî ýòî óñëîâèå ïðîòèâîðå÷èò ãðàíè÷íîìó
óñëîâèþ (T − 1)x2(T ) + 2 = 0.

Îñíîâíîé ñëó÷àé λ0 = 1 ïðèâîäèò ê íàáîðó óðàâíåíèé:

à) ẍ = 0, á) 2ẋ(0) = λ1, ẋ(T ) = −λ2(T − 1)x(T ),

â) ẋ2(T ) + λ2x
2(T ) + 2λ2(T − 1)x(T )ẋ(T ) = 0,

ã) x(0) = 0, (T − 1)x2(T ) + 2 = 0.

Èç óðàâíåíèÿ Ýéëåðà ẍ = 0 èìååì ẋ(t) = C1, x(t) = C1t + C2. Èç
óñëîâèÿ x(0) = 0 ñðàçó ïîëó÷èì C2 = 0. Çíà÷èò, x(t) = Ct. Îñòàëüíûå
òðè óñëîâèÿ ïðèäóò ê âèäó (ãäå C ̸= 0): 2C = λ1, C = −λ2(T − 1)CT ,

(T − 1)C2T 2 + 2 = 0, C2 + λ2C
2T 2 + 2λ2(T − 1)CTC = 0.

Ñîêðàòèì íà C (âòîðîå) è íà C2 (ïîñëåäíåå)

1 = −λ2(T − 1)T, 1 + λ2T
2 + 2λ2(T − 1)T = 0.

Èç ýòèõ äâóõ óðàâíåíèé, ïîäñòàâèâ ïåðâîå èç íèõ â ïîñëåäíåå ñëàãà-
åìîå âòîðîãî èç íèõ, ïîëó÷èì 1 + λ2T

2 − 2 = 0, èëè λ2T 2 = 1. Ïîëó-
÷åííîå ñîîòíîøåíèå ïîäñòàâèì â ïåðâîå èç ýòèõ äâóõ λ2T = 2, îòêóäà
âûòåêàåò T = 1

2 è λ2 = 4.
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Ïîäñòàâèì T = 1
2 â òðåòüå ñîîòíîøåíèå è ïîëó÷èì, ÷òî C2 = 16,

èëè C = ±4.
Èòàê, äîïóñòèìàÿ ýêñòðåìàëü x̃(t) = ±4t, à âåñü äîïóñòèìûé ýëå-

ìåíò
ξ̃ = (x̃(t) = ±4t; T̃ =

1

2
).

Âû÷èñëèì çíà÷åíèå ôóíêöèîíàëà íà íåì J(ξ̃) =
∫ 1

2

0
16 dt = 8 è

ñïðàâåäëèâîñòü çàäàííîãî ãðàíè÷íîãî óñëîâèÿ äëÿ íåãî

(T − 1)x2(T ) + 2 = (−1/2)(±2)2 + 2 = 0.

III. Èññëåäóåì ñíà÷àëà íà ëîêàëüíûé ýêñòðåìóì äîïóñòèìûé ýëå-
ìåíò.

Òðàäèöèîííûé ïóòü âû÷èñëåíèÿ ïðèðàùåíèÿ è åãî àíàëèç

J(x̃+ h, T )− J(x̃,
1

2
) =

∫ T

1
2

ẋ2 dt+ 2

∫ T

0

ẋḣ dt+

∫ T

0

ḣ2 dt =

= 16(T − 1

2
) + 2ẋh|T0 −

∫ T

0

2ẍh dt+ r(h)

â äàííîé çàäà÷å ñëîæåí. Õîòÿ íåîòðèöàòåëüíîñòü r(h) î÷åâèäíà.
Ïðåäëîæèì äðóãîé ïóòü. Ñîãëàñíî óðàâíåíèþ Ýéëåðà ẍ = 0 ñ

ãðàíè÷íûì óñëîâèåì x(0) = 0 àíàëèç ïðîâåäåì â êëàññå äîïóñòè-
ìûõ ôóíêöèé âèäà x(t) = Ct. Çíà÷åíèå ôóíêöèîíàëà íà ýëåìåíòàõ
ξ = (Ct, T ) ðàâíî J(ξ) =

∫ T

0
C2 dt = C2T . Âòîðîå îãðàíè÷åíèå íà ýòèõ

ýëåìåíòàõ âûãëÿäèò
(T − 1)C2T 2 + 2 = 0.

Èç íåãî âûòåêàåò T < 1 (îãðàíè÷åíèå T > 0 ïî îïðåäåëåíèþ çàäà÷è).
Ïåðåïèøåì åãî â âèäå C2T = 2

T−T 2 è íàéäåì ìèíèìóì ýòîé ôóíêöèè
íà èíòåðâàëå (0, 1) ÷åðåç ïðîèçâîäíóþ, ðàâíóþ(

2

T − T 2

)′

=
2(2T − 1)

(T − T 2)2
.

Ìèíèìóì äîñòèãàåòñÿ ïðè T = 1
2 è ðàâåí 8. Åñòåñòâåííî, ÷òî ýòî è

ãëîáàëüíûé ìèíèìóì íà äàííîì êëàññå ëèíåéíûõ ôóíêöèé.
IV. Äëÿ îïðåäåëåíèÿ ãëîáàëüíîãî ìàêñèìóìà âîçüìåì ïîñëåäîâà-

òåëüíîñòü ëîìàíûõ xn(t), ïðîõîäÿùèõ ÷åðåç òî÷êè (0, 0), ( 14 , n), (
1
2 , 2).

Òîãäà J(xn, 12 ) >
n2

4 → +∞.

Îòâåò. (x̃(t) = ±4t; T̃ = 1
2 ) ∈ absmin, Jmin = 8, Jmax = +∞.
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3.3.4. Çàäà÷è ñ ïîäâèæíûìè êîíöàìè

3.1. J(x(·)) =
∫ 1

0
(ẋ2 + x) dt→ extr, x(1) = 0.

3.2. J(x(·)) =
∫ 2

0
(ẋ2 − x) dt→ extr, x(0) = 0.

3.3. J(x(·)) =
∫ e

1
(tẋ2 + 2x) dt→ extr, x(1) = 0.

3.4. J(x(·)) =
∫ 1

0
(ẋ2 + x2) dt− x2(1) → extr, x(0) = 1.

3.5. J(x(·)) =
∫ 1

0

√
1+ẋ2

x dt→ extr, x(0) = 1.

3.6. J(x(·)) =
∫ 1

0
(ẋ2 − x2 + 4x cos t) dt→ extr, x(0) = 0.

3.7. J(x(·)) =
∫ 1

0
ẋ2 dt→ extr, x(0) = x(1).

3.8. J(ξ) =
∫ T

0
ẋ2 dt→ extr, x(0) = 0, T + x(T ) + 1 = 0.

3.9. J(x(·), T ) =
∫ T

0
(ẋ2 − x+ 1) dt→ extr, x(0) = 0.

3.10. J(ξ) =
∫ T

0
ẋ3 dt→ extr, x(0) = 0, T + x(T ) = 1.

3.11. J(x(·), T ) =
∫ T

0
(ẋ2 + x) dt→ extr, x(0) = 1.

3.12. J(x(·), T ) =
∫ T

0
(ẋ2 + x) dt→ extr, x(T ) = T .

3.13. J(x(·), T ) =
∫ T

0
(ẋ2 − x2) dt→ extr, x(0) = 0.

Óêàçàíèå. Ðàçíûå îòâåòû ïðè T < π
2 , ïðè T = π

2 , à òàêæå ïðè
T > π

2 .
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3.4. Èçîïåðèìåòðè÷åñêàÿ çàäà÷à

Íàçâàíèå, âèäèìî, îáóñëîâëåíî êëàññè÷åñêîé çàäà÷åé öàðèöû Äè-
äîíû î ïðîâåäåíèè ëèíèè ôèêñèðîâàííîé äëèíû, îòñåêàþùåé ìàêñè-
ìàëüíóþ ïëîùàäü (ñì. èñòîðèþ îñíîâàíèÿ ãîðîäà Êàðôàãåíà).

Ïîñòàíîâêà çàäà÷è

J0(x(·)) =
∫ t1

t0

f0(t, x(t), ẋ(t))dt→ extr

ïðè èíòåãðàëüíûõ îãðàíè÷åíèÿõ

Ji(x(·)) =
∫ t1

t0

fi(t, x(t), ẋ(t))dt = αi, i = 1, . . . ,m,

è ãðàíè÷íûõ óñëîâèÿõ x(t0) = x0, x(t1) = x1.
Çäåñü αk � çàäàííûå ÷èñëà. Óêàçàííûå îãðàíè÷åíèÿ íàçûâàþòñÿ

èçîïåðèìåòðè÷åñêèìè. Èùåòñÿ ñëàáûé ýêñòðåìóì, òî åñòü äîïóñòèìîé
ñ÷èòàåòñÿ x(t) èç êëàññà C1[t0, t1] ñ çàêðåïëåííûìè êîíöàìè.

Ñõåìà ðåøåíèÿ çàäà÷è. Ñîñòàâëÿåì ôóíêöèþ Ëàãðàíæà (ëàãðàí-
æèàí), îáðàçóþùóþ íîâûé èíòåãðàíò,

L(t, x, ẋ;λ) =
m∑
i=0

λifi(t, x, ẋ).

Èùåì äîïóñòèìóþ ýêñòðåìàëü òàê æå, êàê â ïðîñòåéøåé çàäà÷å
âàðèàöèîííîãî èñ÷èñëåíèÿ, íî äëÿ ôóíêöèè Ëàãðàíæà â êà÷åñòâå èí-
òåãðàíòà.

Ïðè ýòîì îòäåëüíî ðàññìàòðèâàåì îñîáûé ñëó÷àé λ0 = 0, êîòîðûé
îáû÷íî ïðèâîäèò ê íåâîçìîæíîé ñèòóàöèè: íàïðèìåð, âñå ìíîæèòåëè
Ëàãðàíæà ðàâíû íóëþ. Â êà÷åñòâå îñíîâíîãî ñëó÷àÿ îáû÷íî áåðåì
λ0 = 1.

Ïðèìåð 43.

J(x(·)) =
∫ 1

0

ẋ2dt→ extr

ïðè óñëîâèÿõ ∫ 1

0

xdt = 0, x(0) = 0, x(1) = 1.

Ðåøåíèå. Ñîñòàâèì ëàãðàíæèàí
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L = λ0ẋ
2 + λ1x.

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

Lx = λ1, Lẋ = 2λ0ẋ

è ñîñòàâèì óðàâíåíèå Ýéëåðà äëÿ ëàãðàíæèàíà − d
dxLẋ + Lx = 0

−2λ0ẍ+ λ1 = 0.

Ðåøèì óðàâíåíèå Ýéëåðà, ðàññìàòðèâàÿ ðàçíûå ñëó÷àè.
Îñîáûé ñëó÷àé λ0 = 0 ïðèâîäèò ê λ1 = 0, ÷òî íåâîçìîæíî.
Ïîëîæèì λ0 = 1

2 . Òîãäà ẍ = λ1. Äâàæäû èíòåãðèðóåì

ẋ = λ1t+ C2, x =
λ1t

2

2
+ C2t+ C3,

ãäå îáîçíà÷èì C1 = λ1

2 .
Ïîäñòàâèì âñå òðè óñëîâèÿ (ñíà÷àëà äâà ãðàíè÷íûõ, ïîòîì èíòå-

ãðàëüíîå)

x(0) = 0 ⇒ C3 = 0, x(1) = 1 ⇒ C1 + C2 = 1,∫ 1

0

xdt = 0 ⇒ C1

3
+
C2

2
= 0.

Ðåøàÿ ñèñòåìó, íàéäåì C1 = 3, C2 = −2. Ïðè ýòîì λ1 = 6. Èòàê,
íàøëè äîïóñòèìóþ ýêñòðåìàëü

x̂ = 3t2 − 2t.

Ïåðåéäåì êî âòîðîé ÷àñòè ðåøåíèÿ: íåïîñðåäñòâåííîé ïðîâåðêå
äëÿ íàéäåííîé äîïóñòèìîé ýêñòðåìàëè òîãî ôàêòà, ÷òî îíà äîñòàâ-
ëÿåò ëîêàëüíûé (ãëîáàëüíûé) ìèíèìóì ôóíêöèîíàëà â íàøåé çàäà÷å.

Ïðîèçâîëüíóþ äîïóñòèìóþ ôóíêöèþ ïðåäñòàâèì â âèäå âàðèàöèè
äîïóñòèìîé ýêñòðåìàëè x(t) = x̂(t) + h(t), ãäå h ∈ C1

0 [0, 1] (íèæíèé
èíäåêñ 0 îçíà÷àåò, ÷òî h(0) = h(1) = 0) è

∫ 1

0
h(t)dt = 0.

Ïðåäñòàâèì ïðèðàùåíèå ôóíêöèîíàëà â âèäå ñóììû äèôôåðåíöè-
àëà Ôðåøå è îñòàòêà
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J(x+ h)− J(x) =

∫ 1

0

(ẋ+ ḣ)2dt−
∫ 1

0

ẋ2dt =

∫ 1

0

2ẋḣdt+

∫ 1

0

ḣ2dt.

Åñëè äèôôåðåíöèàë Ôðåøå (ïåðâîå ñëàãàåìîå) ïðîèíòåãðèðóåì ïî ÷à-
ñòÿì, òî ïîëó÷èì ïî òðåáîâàíèÿì äëÿ h(t) íà äîïóñòèìîé ýêñòðåìàëè∫ 1

0

2ẋḣdt = 2ẋh|10 − 2

∫ 1

0

ẍhdt = −12

∫ 1

0

h(t)dt = 0.

Ïîñêîëüêó îñòàòîê åñòü èíòåãðàë îò êâàäðàòà íåêîé âåëè÷èíû,
òî íàéäåííàÿ äîïóñòèìàÿ ýêñòðåìàëü åñòü ãëîáàëüíûé (è ëîêàëüíûé,
åñòåñòâåííî) ìèíèìóì. Íåïîñðåäñòâåííîé ïîäñòàíîâêîé íàéäåííîé äî-
ïóñòèìîé ýêñòðåìàëè â çàäàííûé ôóíêöèîíàë íàéäåì

Jmin = J(x̂ = 3t2 − 2t) =

∫ 1

0

(6t2 − 2)2dt = 4.

Ïðè èññëåäîâàíèè íà ãëîáàëüíûé ìàêñèìóì ïðåäëîæèì ïîñëåäî-
âàòåëüíîñòü xn(t) = x̂(t) + n sin 2πt, íà êîòîðîé J(xn) → +∞.

Îòâåò. 3t2 − 2t ∈ absmin, Jmin = 4, Jmax = +∞.

3.4.1. Èçîïåðèìåòðè÷åñêèå çàäà÷è

4.1. J(x(·)) =
∫ 1

0
ẋ2dt→ extr;

∫ 1

0
xdt = 1, x(0) = 0, x(1) = 0.

4.2. J(x(·)) =
∫ 1

0
ẋ2dt→ extr;

∫ 1

0
xdt = 0, x(0) = 1, x(1) = 0.

4.3. J(x(·)) =
∫ 1

0
ẋ2dt→ extr;

∫ 1

0
xdt = 3, x(0) = 1, x(1) = 6.

4.4. J(x(·)) =
∫ 1

0
ẋ2dt→ extr;

∫ 1

0
txdt = 1, x(0) = 0, x(1) = 0.

4.5.J(x(·))=
∫ 1

0
ẋ2dt→ extr;

∫ 1

0
txdt =

∫ 1

0
xdt = 0, x(0) = 0, x(1) = 1.

4.6. J(x(·)) =
∫ 1

0
ẋ2dt→ extr;

∫ 1

0
txdt = 0,

∫ 1

0
xdt = 1,

x(0) = 0, x(1) = 0.

4.7.J(x(·)) =
∫ π

0
ẋ2dt→ extr;

∫ π

0
x cos tdt = π

2 , x(0) = 1, x(π) = −1.

4.8. J(x(·)) =
∫ π

0
x sin t dt→ extr;

∫ π

0
ẋ2dt = 3π

2 , x(0) = 0, x(π) = π.

4.9. J(x(·)) =
∫ 1

0
ẋ2 dt→ extr;

∫ 1

0
xe−tdt = e, x(0) = 2e+1, x(1) = 2.

4.10. J(x(·)) =
∫ 1

0
(ẋ2 + x2) dt→ extr;

∫ 1

0
xetdt = 1

4 (e
2 + 1),

x(0) = 0, x(1) = e.

4.11. J(x(·)) =
∫ 1

0
ẋ2dt→ extr;

∫ 1

0
x2dt = 1, x(0) = x(1) = 0.

4.12.J(x(·)) =
∫ π

0
(ẋ2 − x2)dt→ extr;

∫ π

0
x cos tdt = 1, x(0)=x(π)=0.

75



3.5. Óñëîâèÿ âòîðîãî ïîðÿäêà â çàäà÷àõ ÊÂÈ

Ïåðâûé ýòàï ðåøåíèÿ çàäà÷è êëàññè÷åñêîãî âàðèàöèîííîãî èñ÷èñ-
ëåíèÿ (ÊÂÈ) ñòàíäàðòíûé è ïðîâîäèòñÿ â âèäå ðåøåíèÿ (äèôôåðåí-
öèàëüíîãî) óðàâíåíèÿ Ýéëåðà. Â çàñèñèìîñòè îò òèïà çàäà÷è íåìíîãî
îòëè÷àåòñÿ ïðèíöèï íàõîæäåíèÿ êîíñòàíò îáùåãî ðåøåíèÿ, ïðèâîäÿ-
ùèõ ê äîïóñòèìîé ýêñòðåìàëè. Âòîðîé ýòàï èññëåäîâàíèÿ, ñîñòîÿùèé
â ïðîâåðêå äîïóñòèìîé ýêñòðåìàëè íà ýêñòðåìóì, èìååò îáùóþ ñõåìó
ðåøåíèÿ ëèøü äëÿ îãðàíè÷åííîãî êðóãà çàäà÷, â êîòîðûõ çíàê îñòàò-
êà r(h) ïîñòîÿíåí. Ôîðìàëèçàöèþ âòîðîãî ýòàïà ðåøåíèÿ ïîçâîëÿåò
ïðîâåñòè ïðèìåíåíèå óñëîâèé Ëåæàíäðà è ßêîáè. Åñòü åùå óñëîâèå
(âòîðîãî ïîðÿäêà) Âåéåðøòðàññà, êîòîðîå çàòðàãèâàòü íå áóäåì.

Ðàññìîòðèì ïðîñòåéøóþ çàäà÷ó ÊÂÈ (3.1), ãäå èíòåãðàíò äâàæäû
íåïðåðûâíî äèôôåðåíöèðîâàí â íåêîòîðîé îêðåñòíîñòè ðàñøèðåííîãî
ãðàôèêà (â ïëîñêîñòè ïåðåìåííûõ x è ẋ). Ïðèìåíèòåëüíî ê ðåøåíèþ
çàäà÷ ýòî îçíà÷àåò ñóùåñòâîâàíèå (è íåïðåðûâíîñòü) ÷àñòíûõ ïðîèç-
âîäíûõ âòîðîãî ïîðÿäêà îò èíòåãðàíòà

Lẋẋ =
∂2L

∂ẋ2
, Lxẋ =

∂2L

∂x∂ẋ
, Lxx =

∂2L

∂x2
.

Äîãîâîðèìñÿ ïðîñòåéøóþ çàäà÷ó ÊÂÈ (3.1) ðàññìàòðèâàòü áîëåå óç-
êî � íà ìèíèìóì. Èññëåäîâàíèå íà ìàêñèìóì ñâîäèòñÿ ê ðåøåíèþ çà-
äà÷è −J(x(·)) → min ñ ïîâòîðîì (ñ ñîîòâåòñòâóþùèìè îãîâîðêàìè)
ïðèâîäèìîãî íèæå èññëåäîâàíèÿ âòîðîãî ïîðÿäêà. Êàê è ðàíåå ñèì-
âîëàìè ñ êðûøêîé L̂ẋẋ(t), L̂xẋ(t), L̂xx(t) îáîçíà÷àåì ôóíêöèè îäíîé
ïåðåìåííîé t, ïîëó÷åííûå ïîäñòàíîâêîé â ôóíêöèè òðåõ ïåðåìåííûõ
Lẋẋ, Lxẋ, Lxx äàííîé äîïóñòèìîé ýêñòðåìàëè x̂(t) (è åå ïðîèçâîäíîé).

Âàðèàöèþ ôóíêöèîíàëà âûðàçèì â âèäå ôóíêöèè îäíîé ïåðåìåí-
íîé

ϕ(λ) = J(x̂(·) + λh(·)) =
∫ t1

t0

L(t, x̂(t) + λh(t), ˙̂x(t) + λḣ(t)) dt,

äëÿ êîòîðîé íåîáõîäèìîå óñëîâèå ìèíèìóìà ïåðâîãî ïîðÿäêà (òåîðåìà
Ôåðìà ϕ′(0) = 0) èìååò âèä∫ t1

t0

(L̂ẋ(t)ḣ(t) + L̂x(t)h(t)) dt = 0 äëÿ âñåõ h ∈ C1
0 [t0, t1].
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Ýòî óñëîâèå ðàâíîñèëüíî óðàâíåíèþ Ýéëåðà (3.2), ñîñòàâëÿþùåãî íåîá-
õîäèìîå óñëîâèå ñëàáîãî ìèíèìóìà.

Äëÿ ôóíêöèè îäíîé ïåðåìåííîé ϕ äëÿ ñòàöèîíàðíîé òî÷êè 0 (ïî
òåîðåìå Ôåðìà) íåîáõîäèìîå óñëîâèå âòîðîãî ïîðÿäêà äëÿ ìèíèìóìà
ϕ′′(0) ≥ 0, à äîñòàòî÷íîå ϕ′′(0) > 0.

Â íàøåì ñëó÷àå äëÿ ôóíêöèè ϕ óñëîâèå ϕ′′(0) ≥ 0 âûãëÿäèò êàê
ñëåäóþùåå íåðàâåíñòâî äëÿ âñåõ h ∈ C1

0 [t0, t1]:∫ t1

t0

(L̂ẋẋ(t)ḣ
2(t) + 2L̂xẋ(t)ḣ(t)h(t) + L̂xx(t)h

2(t)) dt ≥ 0. (3.3)

3.5.1. Óñëîâèå Ëåæàíäðà

Ñðåäè ñëàãàåìûõ (â âèäå ÷àñòíûõ ïðîèçâîäíûõ) âòîðîãî äèôôå-
ðåíöèàëà â âûðàæåíèè (3.3) ãëàâíûì ÿâëÿåòñÿ ïåðâîå ñëàãàåìîå. Äî-
êàçûâàåòñÿ, ÷òî óñëîâèå Ëåæàíäðà:

L̂ẋẋ(t) ≥ 0 äëÿ âñåõ t ∈ [t0, t1]

ñëóæèò íåîáõîäèìûì óñëîâèåì ñëàáîãî ìèíèìóìà äëÿ x̂(t).
Ñëåäóþùèé åãî âèä íàçûâàåòñÿ óñèëåííûì óñëîâèåì Ëåæàíäðà:

L̂ẋẋ(t) > 0 äëÿ âñåõ t ∈ [t0, t1].

Îíî ñîñòàâëÿåò ÷àñòü äîñòàòî÷íîãî óñëîâèÿ ñëàáîãî ìèíèìóìà äëÿ
x̂(t). Åñëè óñëîâèå Ëåæàíäðà íå âûïîëíÿåòñÿ, òî x̂ /∈ locmin.

Çàìå÷àíèå. Ïðè ðåøåíèè çàäà÷è (3.1) íà ìàêñèìóì ïåðåõîäèì ê
àíàëèçó ôóíêöèîíàëà −J(x) íà ìèíèìóì, ãäå óñëîâèå Ëåæàíäðà âèäà
−L̂ẋẋ ≥ 0 ïðåîáðàçóåòñÿ â L̂ẋẋ ≤ 0 (à óñèëåííîå óñëîâèå � â L̂ẋẋ < 0).

Ïîýòîìó óñëîâèå çíàêîïåðåìåííîé íà [t0, t1] ïîâòîðíîé ïðîèçâîä-
íîé L̂ẋẋ(t) âëå÷åò x̂ /∈ locextr.

3.5.2. Óñëîâèå ßêîáè

Äëÿ ôîðìóëèðîâêè äîñòàòî÷íîãî óñëîâèÿ âòîðîãî ïîðÿäêà àíàëè-
çèðóåì âåñü âòîðîé äèôôåðåíöèàë (3.3). Ïóñòü L̂ẋẋ, L̂xẋ, L̂xx ∈ C1[t0, t1]

è âûïîëíåíî óñèëåííîå óñëîâèå Ëåæàíäðà L̂ẋẋ > 0.
Ïîäûíòåãðàëüíîå âûðàæåíèå â (3.3) íàçûâàåì íîâûì èíòåãðàíòîì

(èëè èíòåãðàíòîì äëÿ h) è îáîçíà÷àåì L̃ = L̃(t, h, ḣ). Óðàâíåíèå Ýé-
ëåðà ïî h äëÿ íîâîãî èíòåãðàíòà L̃ íàçûâàåòñÿ óðàâíåíèåì ßêîáè äëÿ
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èñõîäíîé çàäà÷è íà ýêñòðåìàëè x̂(t). Âèä óðàâíåíèÿ ßêîáè (ïðè ñî-
êðàùåíèè íà äâà)

− d

dt
(L̂ẋẋ(t)ḣ(t) + L̂xẋ(t)h(t)) + L̂xẋ(t)ḣ(t) + L̂xx(t)h(t) = 0.

Äëÿ èñõîäíîé çàäà÷è ñ çàêðåïëåííûìè êîíöàìè âûáèðàåì ïðèðà-
ùåíèå h ∈ C1

0 [t0, t1], òî åñòü h(t0) = 0, è òî÷êà t0 åñòü ïåðâûé íóëü
ôóíêöèè h(t) íà îòðåçêå èíòåãðèðîâàíèÿ [t0, t1].

Òî÷êà τ íàçûâàåòñÿ ñîïðÿæåííîé ê òî÷êå t0, åñëè äëÿ óðàâíåíèÿ
ßêîáè ñ íà÷àëüíûìè äàííûìè h(t0) = 0, ḣ(t0) = 1 åãî ðåøåíèå h(t) â
òî÷êå τ îáðàùàåòñÿ â íóëü: h(τ) = 0. Ãîâîðÿò, ÷òî íà x̂(t) âûïîëíåíî
óñëîâèå ßêîáè, åñëè â èíòåðâàëå èíòåãðèðîâàíèÿ (t0, t1) íåò ñîïðÿ-
æåííûõ ñ t0 òî÷åê. Ãîâîðÿò, ÷òî íà x̂(t) âûïîëíåíî óñèëåííîå óñëîâèå
ßêîáè, åñëè â ïîëóèíòåðâàëå èíòåãðèðîâàíèÿ (t0, t1] íåò ñîïðÿæåííûõ
ñ t0 òî÷åê.

Òåîðåìà 13. Åñëè èíòåãðàíò L çàäà÷è (3.1) òðèæäû íåïðåðûâíî
äèôôåðåíöèðóåì, à äîïóñòèìàÿ ýêñòðåìàëü x̂(t) äâàæäû íåïðåðûâ-
íî äèôôåðåíöèðóåìà, òî âûïîëíåíèå óñèëåííûõ óñëîâèé Ëåæàíäðà è
ßêîáè íà x̂ ñëóæèò äîñòàòî÷íûì óñëîâèåì ñëàáîãî ëîêàëüíîãî ìè-
íèìóìà äëÿ x̂.

Èòàê, ñõåìà ïðîâåðêè íà ëîêàëüíûé ýêñòðåìóì íàéäåííîé äîïó-
ñòèìîé ýêñòðåìàëè x̂(t).

1. Ïðîâåðÿåì íà óñèëåííîå óñëîâèå Ëåæàíäðà âèäà L̂ẋẋ(t) > 0 èëè
L̂ẋẋ(t) < 0 äëÿ âñåõ t ∈ [t0, t1]. Åñëè îíî íå âûïîëíÿåòñÿ, òî ïåðâîé
àëüòåðíàòèâîé ñëóæèò óñëîâèå Ëåæàíäðà L̂ẋẋ(t) ≥ 0 èëè L̂ẋẋ(t) ≤ 0,
ïðè êîòîðîé ïðîâåðêó íà ìèíèìóì (â ïåðâîì ñëó÷àå) èëè ìàêñèìóì
(âî âòîðîì) ïðîâîäÿò äðóãèìè ìåòîäàìè. Åñëè æå óñëîâèå Ëåæàíäðà
íå âûïîëíÿåòñÿ, òî x̂ /∈ locextr.

2. Åñëè âûïîëíåíî óñèëåííîå óñëîâèå Ëåæàíäðà, òî ïðîâåðÿþò
óñëîâèå ßêîáè. Åñëè ñîïðÿæåííûõ òî÷åê íåò èëè ïåðâàÿ ñîïðÿæåííàÿ
òî÷êà ñïðàâà îò îòðåçêà èíòåãðèðîâàíèÿ, òî x̂ ∈ wlocextr (ñ èçâåñòíûì
ïî óñëîâèþ Ëåæàíäðà íàïðàâëåíèåì max èëè min). Åñëè æå ïåðâàÿ ñî-
ïðÿæåííàÿ ñ t0 òî÷êà ñîâïàäàåò ñ âåðõíèì ïðåäåëîì èíòåãðèðîâàíèÿ,
òî ìíîæåñòâî x̂ + Ch ∈ wlocextr äëÿ âñåõ C ∈ R, ãäå h(t) � ðåøåíèå
óðàâíåíèÿ ßêîáè ñ íà÷àëüíûì óñëîâèåì h(t0) = 0, ḣ(t0) = 1. Åñëè
æå ïåðâàÿ ñîïðÿæåííàÿ òî÷êà âíóòðè èíòåðâàëà èíòåãðèðîâàíèÿ, òî
x̂ /∈ locextr, òàê êàê íå âûïîëíåíî íåîáõîäèìîå óñëîâèå ßêîáè.
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Çàìå÷àíèå. Åñëè èñõîäíûé èíòåãðàíò L(t, x(t), ẋ(t)) åñòü êâàäðà-
òè÷íàÿ ôîðìà îòíîñèòåëüíî ïîñëåäíèõ äâóõ ïåðåìåííûõ

L = a(t)ẋ2(t) + 2b(t)ẋ(t)x(t) + c(t)x2(t),

òî íîâûé èíòåãðàíò L̃ åãî ïîâòîðÿåò, íî îò íîâûõ ïåðåìåííûõ,

L̃(t, h(t), ḣ(t)) = a(t)ḣ2(t) + 2b(t)ḣ(t)h(t) + c(t)h2(t).

Òîãäà óðàâíåíèå ßêîáè ïîâòîðÿåò (ñ çàìåíîé x íà h) óðàâíåíèå
Ýéëåðà.

3.5.3. Ïðèìåð ãàðìîíè÷åñêîãî îñöèëëÿòîðà

Ðàññìîòðèì ïðèìåíåíèå óñëîâèé Ëåæàíäðà è ßêîáè â çàäà÷àõ ÊÂÈ
íà ïðèìåðå çàäà÷è ãàðìîíè÷åñêîãî îñöèëëÿòîðà. Òðèæäû ðàññìîòðèì
îäíó è òó æå çàäà÷ó ñ ðàçíûì âåðõíèì ïðåäåëîì èíòåãðèðîâàíèÿ.

Ïðèìåð 44.

J(x(·)) =
∫ π

2

0

(ẋ2 − x2)dt→ extr

ïðè óñëîâèÿõ
x(0) = x(

π

2
) = 0.

Ðåøåíèå. I. Èíòåãðàíò L = ẋ2 − x2.
Âû÷èñëèì îò íåãî ÷àñòíûå ïðîèçâîäíûå

Lx = −2x, Lẋ = 2ẋ

è ñîñòàâèì óðàâíåíèå Ýéëåðà

− d

dt
Lẋ + Lx = 0 ⇒ 2ẍ+ 2x = 0.

Åãî îáùåå ðåøåíèå x(t) = C1 cos t+C2 sin t. Èç ãðàíè÷íûõ óñëîâèé

x(0) = 0 ⇒ C1 = 0, x(
π

2
) = 0 ⇒ C2 = 0.

Äîïóñòèìàÿ ýêñòðåìàëü x̂(t) = 0. Íà ýòîì ýëåìåíòå J(x̂) = 0.
II. Äëÿ ýòîé äîïóñòèìîé ýêñòðåìàëè ôîðìà ïðèðàùåíèÿ ôóíêöè-

îíàëà ïðèâîäèò ê òîé æå çàäà÷å, íî îòíîñèòåëüíî h(t) âìåñòî x(t).
Ïîýòîìó ñòàíäàðòíûé ìåòîä äàëüíåéøåãî èññëåäîâàíèÿ íå ïîäõîäèò.

Èññëåäóåì ñ ïîìîùüþ âòîðûõ ïðîèçâîäíûõ.
Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà
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Lẋẋ = 2, Lẋx = 0, Lxx = −2.

Ïîñêîëüêó Lẋẋ > 0, òî âûïîëíåíî óñèëåííîå óñëîâèå Ëåæàíäðà.
Ïðîâåðèì óñëîâèå ßêîáè.
Ñîñòàâèì íîâûé èíòåãðàíò (âòîðîé äèôôåðåíöèàë)

L̃ = L̃(t, h, ḣ) = L̂ẋẋḣ
2(t) + 2L̂xẋḣ(t)h(t) + L̂xxh

2(t) = 2ḣ2 − 2h2

è çàïèøåì äëÿ íåãî óðàâíåíèå Ýéëåðà ïî h

− d

dt
Lḣ + Lh = 0 ⇒ ḧ+ h = 0.

Ðåøèì ýòî óðàâíåíèå (êîòîðîå íàçûâàåòñÿ óðàâíåíèåì ßêîáè äëÿ èñ-
õîäíîé çàäà÷è) ñ íà÷àëüíûìè (à íå ãðàíè÷íûìè) óñëîâèÿìè

h(0) = 0, ḣ(0) = 1.

Åãî îáùåå ðåøåíèå

h(t) = C1 cos t+ C2 sin t

ïðèâîäèò ê ÷àñòíîìó ðåøåíèþ h(t) = sin t.
Ïåðâûé ïîëîæèòåëüíûé êîðåíü ýòîé ôóíêöèè τ = π ñëóæèò ñîïðÿ-

æåííîé ê òî÷êå t0 = 0 òî÷êîé. Ïîñêîëüêó τ = π /∈ [0, π2 ], òî âûïîëíåíî
óñèëåííîå óñëîâèå ßêîáè.

Èç ñïðàâåäëèâîñòè äâóõ óñëîâèé � óñèëåííîå óñëîâèå Ëåæàíäðà âè-
äà Lẋẋ > 0 ïëþñ óñèëåííîå óñëîâèå ßêîáè � âûòåêàåò, ÷òî äîïóñòèìàÿ
ýêñòðåìàëü x̂(t) = 0 åñòü òî÷êà ëîêàëüíîãî ìèíèìóìà â ïðîñòðàíñòâå
C1[t0, t1]. Ýòîò ëîêàëüíûé ìèíèìóì ÿâëÿåòñÿ è ãëîáàëüíûì.

Äëÿ x = C sin 2t èìååì J(x) = C2
∫ π

2

0
(4 cos2 2t − sin2 2t) dt → +∞

ïðè C → ∞.
Îòâåò. 0 ∈ absmin, Jmin = 0, Jmax = +∞.
Ïðèìåð 45.

J(x(·)) =
∫ π

0

(ẋ2 − x2)dt→ extr

ïðè óñëîâèÿõ
x(0) = x(π) = 0.

Ðåøåíèå. I. Èíòåãðàíò L = ẍ2 − x2. Âû÷èñëèì îò íåãî ÷àñòíûå
ïðîèçâîäíûå ïåðâîãî è âòîðîãî ïîðÿäêîâ
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Lx = −2x, Lẋ = 2ẋ; Lxx = −2, Lxẋ = 0, Lẋẋ = 2.

Ñîñòàâèì óðàâíåíèå Ýéëåðà

− d

dt
Lẋ + Lx = 0 ⇒ 2ẍ+ 2x = 0.

Åãî îáùåå ðåøåíèå

x(t) = C1 cos t+ C2 sin t.

Èç ãðàíè÷íûõ óñëîâèé

x(0) = 0 ⇒ C1 = 0, x(π) = 0 ⇒ C1 = 0.

Çíà÷èò, â êà÷åñòâå äîïóñòèìîé ýêñòðåìàëè ìîæíî áðàòü

x̂(t) = C sin t

ñ ëþáîé êîíñòàíòîé C.
Äåéñòâèòåëüíî,

J(x̂) =

∫ π

0

C2(cos2 t− sin2 t)dt = C2

∫ π

0

cos 2t dt = 0.

II. Ïîâòîðÿÿ òðåòèé ïóíêò ïðèìåðà 44, ñäåëàåì âûâîä: â äàííîé
çàäà÷å âûïîëíåíû óñèëåííîå óñëîâèå Ëåæàíäðà è óñëîâèå ßêîáè (íî
íå óñèëåííîå). Ýòî íåîáõîäèìîå, íî íå äîñòàòî÷íîå óñëîâèå ñëàáîãî
ëîêàëüíîãî ìèíèìóìà. Äîïîëíèòåëüíûì èññëåäîâàíèåì ìîæíî ïîêà-
çàòü, ÷òî

Jmin = 0.

Îòâåò. C sin t ∈ absmin, ãäå ëþáîå C ∈ R; Jmin = 0, Jmax = +∞.

Ïðèìåð 46.

J(x(·)) =
∫ 3π

2

0

(ẋ2 − x2)dt→ extr

ïðè óñëîâèÿõ

x(0) = x(
3π

2
) = 0.

Ðåøåíèå. I. Èíòåãðàíò L = ẍ2 − x2.
Äëÿ íåãî ÷àñòíûå ïðîèçâîäíûå Lx = −2x, Lẋ = 2ẋ è óðàâíåíèå

Ýéëåðà ẍ+ x = 0.
Åãî îáùåå ðåøåíèå
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x(t) = C1 cos t+ C2 sin t.

Èç ãðàíè÷íûõ óñëîâèé

x(0) = 0 ⇒ C1 = 0, x(
3π

2
) = 0 ⇒ C2 = 0.

Äîïóñòèìàÿ ýêñòðåìàëü x̂(t) = 0. Íà ýòîì ýëåìåíòå J(x̂) = 0.
II. Âû÷èñëèì Lxx = −2, Lxẋ = 0, Lẋẋ = 2 > 0 è ñîñòàâèì âòîðîé

äèôôåðåíöèàë
L̃(t, h, ḣ) = 2ḣ2 − 2h2

è óðàâíåíèå Ýéëåðà äëÿ íåãî, òî åñòü óðàâíåíèå ßêîáè ḧ + h = 0.
Ðåøèì óðàâíåíèå ßêîáè ïðè íà÷àëüíûõ óñëîâèÿõ h(0) = 0, ḣ(0) = 1

è ïîëó÷èì h(t) = sin t. Ïåðâàÿ ñîïðÿæåííàÿ ê òî÷êå t0 = 0 òî÷êà
τ = π ∈ [0, 3π2 ]. Çíà÷èò, íå âûïîëíåíî óñëîâèå ßêîáè è íàéäåííàÿ äîïó-
ñòèìàÿ ýêñòðåìàëü íå äîñòàâëÿåò ëîêàëüíûé (è òåì áîëåå ãëîáàëüíûé)
ìèíèìóì.

Äåéñòâèòåëüíî, âû÷èñëåíèÿ â êà÷åñòâå êîíòðïðèìåðà äëÿ äîïóñòè-
ìîé (òî åñòü ãëàäêîé è óäîâëåòâîðÿþùåé ãðàíè÷íûì óñëîâèÿì) ôóíê-
öèè x = K sin 2t

3 ïîêàçûâàþò, ÷òî

Jmin = K2

∫ 3π
2

0

(
4

9
cos2

2t

3
− sin2

2t

3
)dt→ −∞

ïðè k → ∞.
Îòâåò. 0 /∈ wlocmin, Jmin = −∞, Jmax = +∞.

3.5.4. Çàäà÷è ÊÂÈ íà óñëîâèÿ âòîðîãî ïîðÿäêà

Çàäà÷è äëÿ èññëåäîâàíèÿ íà ñëàáûé ýêñòðåìóì ñ ïîìîùüþ óñëîâèé
Ëåæàíäðà è ßêîáè âòîðîãî ïîðÿäêà.

5.1.

J(x(·)) =
∫ 1

0

ẋ3dt→ extr

ïðè óñëîâèÿõ
x(0) = 0, x(1) = 1.

82



5.2.

J(x(·)) =
∫ π/4

0

(4x2 − ẋ2)dt→ extr

ïðè óñëîâèÿõ
x(0) = 1, x(

π

4
) = 0.

5.3.

J(x(·)) =
∫ π/4

0

(ẋ2 − 4x2)dt→ extr

ïðè óñëîâèÿõ
x(0) = 0, x(

π

4
) = 1.

5.4.

J(x(·)) =
∫ 3π/4

0

(ẋ2 − 4x2)dt→ extr

ïðè óñëîâèÿõ

x(0) = 0, x(
3π

4
) = −1.

5.5.

J(x(·)) =
∫ π/2

0

(2x+ x2 − ẋ2)dt→ extr

ïðè óñëîâèÿõ
x(0) = 0, x(

π

2
) = 0.

5.6.

J(x(·)) =
∫ 3π/2

0

(ẋ2 − x2 − 2x)dt→ extr

ïðè óñëîâèÿõ

x(0) = 0, x(
3π

2
) = 0.

5.7.

J(x(·)) =
∫ π/2

0

(ẋ2 − x2 − tx)dt→ extr

ïðè óñëîâèÿõ
x(0) = 0, x(

π

2
) = 0.

5.8.

J(x(·)) =
∫ 3π/2

0

(ẋ2 − x2 − 4x sin t)dt→ extr

ïðè óñëîâèÿõ

x(0) = 0, x(
3π

2
) = 0.
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3.6. Ñëàáûé è ñèëüíûé ëîêàëüíûé ýêñòðåìóì

Íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ x̃(t) äîñòàâëÿåò ñëàáûé
ëîêàëüíûé ìèíèìóì â çàäà÷å

J(x) =

∫ t1

t0

L(t, x(t), ẋ(t)) dt→ inf, x(t0) = x0, x(t1) = x1,

÷òî îáîçíà÷àåì x̃ ∈ wlocmin (èëè x̃ ∈ locmin), åñëè ñóùåñòâóåò δ > o

òàêîå, ÷òî J(x) ≥ J(x̃) äëÿ ëþáîé x ∈ C1[t0, t1] ñ óñëîâèåì íà êîíöàõ
x(t0) = x0, x(t1) = x1 è óäîâëåòâîðÿþùåé óñëîâèþ áëèçîñòè ïî íîðìå

∥x− x̃∥C1[t0,t1] < δ.

Êóñî÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ x̃(t) äîñòàâëÿåò ñèëüíûé ëî-
êàëüíûé ìèíèìóì â òîé æå çàäà÷å, ÷òî îáîçíà÷àåì x̃ ∈ strlocmin,
åñëè ñóùåñòâóåò δ > o òàêîå, ÷òî J(x) ≥ J(x̃) äëÿ ëþáîé êóñî÷íî
äèôôåðåíöèðóåìîé ôóíêöèè ñ òåì æå çàêðåïëåíèåì íà êîíöàõ, óäî-
âëåòâîðÿþùåé óñëîâèþ áëèçîñòè ïî äðóãîé íîðìå

∥x− x̃∥C[t0,t1] < δ.

Ïîñêîëüêó C1[t0, t1] ⊂ C[t0, t1], òî èç óñëîâèÿ x̃ ∈ strlocmin â ïðåä-
ïîëîæåíèè x̃ ∈ C1[t0, t1] âûòåêàåò x̃ ∈ wlocmin. Çíà÷èò, íåîáõîäèìîå
óñëîâèå ñëàáîãî ýêñòðåìóìà ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ñèëüíî-
ãî ýêñòðåìóìà, à äîñòàòî÷íîå óñëîâèå ñèëüíîãî ýêñòðåìóìà ñëóæèò
äîñòàòî÷íûì óñëîâèåì ñëàáîãî ýêñòðåìóìà.

Ïðèìåð 47 (ñëàáîãî, íî íå ñèëüíîãî ýêñòðåìóìà).

Èññëåäîâàòü íà ñëàáûé è ñèëüíûé ýêñòðåìóì ôóíêöèîíàë

J(x) =

∫ 1

0

ẋ3 dt ñ óñëîâèåì x(0) = 0, x(1) = 1.

Ðåøåíèå. I. Èíòåãðàíò äàííîãî ôóíêöèîíàëà L = ẋ3.

Åãî ÷àñòíûå ïðîèçâîäíûå Lx = 0, Lẋ = 3ẋ2.

Íåîáõîäèìûì óñëîâèåì êàê ñëàáîãî, òàê è ñèëüíîãî ýêñòðåìóìà
ÿâëÿåòñÿ óðàâíåíèå Ýéëåðà d

dtLẋ −Lx = 0, êîòîðîå äëÿ äàííîãî èíòå-
ãðàíòà ïðèìåò âèä
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d

dt
ẋ2 = 0.

Ðåøèì óðàâíåíèå ẋ2 = const , ẋ = C1, x = C1t + C2. Ïîäñòàâèì â
ýòî îáùåå ðåøåíèå ãðàíè÷íûå óñëîâèÿ x(0) = 0, x(1) = 1 è ïîëó÷èì

C2 = 0, C1 + C2 = 1.

Ïîëó÷èëè äîïóñòèìóþ ýêñòðåìàëü x̃ = t.
II. Ïîêàæåì, ÷òî íàéäåííàÿ äîïóñòèìàÿ ýêñòðåìàëü äîñòàâëÿåò

ñëàáûé ëîêàëüíûé ýêñòðåìóì. Âû÷èñëèì ïðèðàùåíèå ôóíêöèîíàëà

J(x+h)−J(x) =
∫ 1

0

(ẋ+ḣ)3 dt−
∫ 1

0

ẋ3 dt = 3

∫ 1

0

ẋ2ḣ dt+

∫ 1

0

(3ẋ+ḣ)ḣ2 dt.

Íà äîïóñòèìîé ýêñòðåìàëè (ẋ = 1, h(0) = h(1) = 0)

J(x̃+ h)− J(x̃) = 3

∫ 1

0

ḣ dt+

∫ 1

0

(3 + ḣ)ḣ2 dt =

∫ 1

0

(3 + ḣ)ḣ2 dt.

Äëÿ ìàëîé ïî íîðìå äîáàâêè ∥h∥C1[0,1] < δ < 3 ïîëó÷èì 3 + ḣ > 0 è
r(h) > 0. Çíà÷èò, t ∈ wlocmin.

III. Ïîêàæåì, ÷òî íàéäåííàÿ äîïóñòèìàÿ ýêñòðåìàëü íå äîñòàâëÿåò
ñèëüíûé ëîêàëüíûé ýêñòðåìóì.

Ââåäåì ïîñëåäîâàòåëüíîñòü ëîìàíûõ

hn(t) =


−
√
nt , åñëè t ∈ [0, 1/n),

− 1√
n
, åñëè t ∈ (1/n , 1/2),

2t√
n
− 2√

n
, åñëè t ∈ [1/2 , 1].

Çàìåòèì, ÷òî ∥hn∥C[0,1] =
1√
n

→ 0 è xn(t) = x̃(t) + hn(t) → x̃(t) ïðè
n→ ∞ â ìåòðèêå ïðîñòðàíñòâà C[0, 1]. Îäíàêî

J(xn)−J(x̃) =
∫ 1

0

ḣ2n(3+ḣn) dt =

∫ 1
n

0

n(3−
√
n) dt+

∫ 1

1
2

4

n
(3+

2√
n
) dt =

= 3−
√
n+

6

n
+

4

n
√
n
→ −∞.

Çíà÷èò, t /∈ strlocmin è Jmin = −∞.
IV. Âûÿñíèì ãëîáàëüíûé ýêñòðåìóì.
Äëÿ àíàëèçà íà ãëîáàëüíûé ìèíèìóì â êëàññå êóñî÷íî äèôôåðåí-

öèðóåìûõ ôóíêöèé ïîäîéäåò ïðåäûäóùèé êîíòðïðèìåð. Äëÿ àíàëèçà
íà ãëîáàëüíûé ìàêñèìóì â êëàññå êóñî÷íî äèôôåðåíöèðóåìûõ ôóíê-
öèé âîçüìåì ïîñëåäîâàòåëüíîñòü ôóíêöèé
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xn(t) = nt ïðè t ∈ [0,
1

n
] è xn(t) = 1 ïðè t ∈ [

1

n
, 1].

Òîãäà

J(xn) =

∫ 1/n

0

n3 dt = n2 → +∞.

Îäèí èç ïðèåìîâ ïîëó÷åíèÿ àíàëîãè÷íûõ êîíòðïðèìåðîâ êëàñ-
ñà C1[t0, t1] ñîñòîèò â ñãëàæèâàíèè óãëîâ â ïðåäëîæåííûõ ïðèìåðàõ.
Ïðåäëîæèì ÿâíóþ ôîðìóëó êîíòðïðèìåðîâ. Åñëè âûáåðåì äîïóñòè-
ìûå ôóíêöèè ñ óñëîâèÿìè xn(0) = 0, xn(1) = 1 è ãëàäêèå, à èìåííî

xn(t) = −nt3 + nt2 + t,

òî ẋn(t) = n(2t− 3t2) + 1 è çíà÷åíèÿ ôóíêöèîíàëà íà íèõ

J(xn) =

∫ 1

0

(n(2t− 3t2) + 1)3 dt = n3
∫ 1

0

(2t− 3t2)3dt+An2 +Bn+ C.

J(xn) = n3
∫ 1

0

(8t3 − 36t4 + 54t5 − 27t6)dt+ o(n3) =

= n3(2− 36

5
+ 9− 27

7
) + o(n3) = − 2

35
n3 + 0(n2) → −∞ ïðè n→ ∞.

Ïðèìåð äîïóñòèìûõ ôóíêöèé xn(t) = nt3 − nt2 + t àíàëîãè÷íî
ïðèâîäèò ê

J(xn) =
2

35
n3 + 0(n2) → +∞ ïðè n→ ∞.

Îòâåò. t ∈ wlocmin, t /∈ strlocmin, Jmin = −∞, Jmax = +∞.

Çàìå÷àíèå. Âòîðîé ïóíêò èññëåäîâàíèÿ ïðèìåðà 47 (çàäà÷à 5.1)
ìîæíî ïðîâåñòè ñ ïîìîùüþ óñëîâèé âòîðîãî ïîðÿäêà.

Ïîâòîðíàÿ ïðîèçâîäíàÿ îò èíòåãðàíòà

Lẋ ẋ = 6ẋ.

Íà äîïóñòèìîé ýêñòðåìàëè x̃ = t îíà ïðèìåò âèä L̃ẋ ẋ = 6 > 0. Åå
ïîëîæèòåëüíîñòü îçíà÷àåò âûïîëíåíèå óñèëåííîãî óñëîâèÿ Ëåæàíä-
ðà. Ïðîâåðèì óñëîâèå ßêîáè. Äëÿ ýòîãî âû÷èñëèì îñòàëüíûå ÷àñòíûå
ïðîèçâîäíûå âòîðîãî ïîðÿäêà
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Lx ẋ = 0, Lx x = 0

è ñîñòàâèì äèôôåðåíöèàë âòîðîãî ïîðÿäêà (îí æå èíòåãðàíò ïî h)

L = L̃ẋ ẋh
2(t) + 2L̃x ẋḣ(t)h(t) + L̃x xh

2(t) ⇒ L = 6ḣ2.

Ñîñòàâèì äëÿ íîâîãî èíòåãðàíòà óðàâíåíèå Ýéëåðà (óðàâíåíèå ßêîáè)

Lh = 0, Lḣ = 12ḣ ⇒ 12ḧ = 0

è ðåøèì åãî ñ íà÷àëüíûìè óñëîâèÿìè h(0) = 0, ḣ(0) = 1. Ïîëó÷èì
îáùåå ðåøåíèå h(t) = C1t+ C2 è ÷àñòíîå ðåøåíèå h(t) = t.

Ïîñêîëüêó äðóãèõ íóëåé ó ýòîãî ðåøåíèÿ íåò, òî ó íåãî íåò ñîïðÿ-
æåííûõ ñ t0 = 0 òî÷åê. Çíà÷èò, âûïîëíåíî óñèëåííîå óñëîâèå ßêîáè.

Âûïîëíåíèå óñèëåííûõ óñëîâèé Ëåæàíäðà è ßêîáè åñòü äîñòàòî÷-
íîå óñëîâèå ñëàáîãî ëîêàëüíîãî ýêñòðåìóìà.

3.6.1. Çàäà÷è íà ñèëüíûé ýêñòðåìóì

Èññëåäîâàòü íà ñëàáûé è ñèëüíûé ëîêàëüíûé è ãëîáàëüíûé ýêñ-
òðåìóì.

6.1. J(x) =
∫ 1

0
ẋ3 dt ñ óñëîâèåì x(0) = 0, x(1) = −1.

6.2. J(x) =
∫ 1

0
ẋ3 dt ñ óñëîâèåì x(0) = 0, x(1) = 0.

6.3. J(x) =
∫ 1

0
(ẋ3 − ẋ2) dt ñ óñëîâèåì x(0) = 0, x(1) = 1.

6.4. J(x) =
∫ 4

0
(ẋ3 − ẋ2) dt ñ óñëîâèåì x(0) = 0, x(4) = 1.

6.5. J(x) =
∫ 3

0
(ẋ3 − ẋ2) dt ñ óñëîâèåì x(0) = 0, x(3) = 1.

6.6. J(x) =
∫ 1

0
(ẋ3 + ẋ2) dt ñ óñëîâèåì x(0) = 0, x(1) = −1.

6.7. J(x) =
∫ 4

0
(ẋ3 + ẋ2) dt ñ óñëîâèåì x(0) = 0, x(4) = −1.

6.8. J(x) =
∫ 3

0
(ẋ3 + ẋ2) dt ñ óñëîâèåì x(0) = 0, x(3) = −1.

6.9. J(x) =
∫ 1

0
(ẋ3 + 4ẋ2) dt ñ óñëîâèåì x(0) = 0, x(1) = −1.

6.10. J(x) =
∫ π/6

0
(9x2 − ẋ2) dt ñ óñëîâèåì x(0) = 0, x(π6 ) = 1.
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3.7. Çàäà÷à Ëàãðàíæà

Çàäà÷à Ëàãðàíæà îáúåäèíÿåò ðàíåå ðàçîáðàííûå çàäà÷è: ïðîñòåé-
øóþ çàäà÷ó ÊÂÈ, çàäà÷ó Áîëüöà, çàäà÷ó ñ ïîäâèæíûìè êîíöàìè è
èçîïåðèìåòðè÷åñêóþ çàäà÷ó.

Ïîñòàíîâêà çàäà÷è

B0(ξ) =

∫ t1

t0

f0(t, x(t), ẋ(t) ) dt+ l(x(t0), x(t1)) → min

ïðè óñëîâèÿõ

Bi(ξ) =

∫ t1

t0

fi(t, x(t), ẋ(t) ) dt+ l(x(t0), x(t1)) ≤ 0, i = 1, 2, . . . ,m′,

Bi(ξ) =

∫ t1

t0

fi(t, x(t), ẋ(t) ) dt+ l(x(t0), x(t1)) = 0, i = m′ + 1, . . . ,m,

ẋα(t)− ϕ(t, x(t)) = 0 äëÿ âñåõ t ∈ ∆,

ãäå ξ = (x(·), t0, t1), x ∈ C1(∆), [t0, t1] ⊂ ∆ � çàäàííûé îòðåçîê.
Çàìå÷àíèå 1. Ïîñëåäíåå óñëîâèå, íàçûâàåìîå äèôôåðåíöèàëüíîé

ñâÿçüþ, ìîæåò áûòü îáîçíà÷åíî F (ξ) = ẋα(t)− ϕ(t, x(t)). Â òåõ ñëó÷à-
ÿõ, êîãäà x � âåêòîð-ôóíêöèÿ, äèôôåðåíöèàëüíàÿ ñâÿçü ìîæåò áûòü
íàëîæåíà íå íà âñå êîîðäèíàòû (÷òî è çàêîäèðîâàíî èíäåêñîì α).

Ñõåìà ðåøåíèÿ çàäà÷è ïðè óñëîâèè, ÷òî äèôôåðåíöèàëüíàÿ
ñâÿçü îòñóòñòâóåò.

Ñîñòàâèì ôóíêöèþ Ëàãðàíæà

Λ(ξ) =

m∑
i=0

λiBi(ξ) =

∫ t1

t0

L(x, x, ẋ)dt+ l(t0, x(t0), t1, x(t1)),

â êîòîðîé âûäåëÿåì èíòåãðàëüíîå ñëàãàåìîå ñ èíòåãðàíòîì

L(t, x, ẋ) =

m∑
i=0

λifi(t, x, ẋ)

è òåðìèíàíò

l(t0, x(t0), t1, x(t1)) =
m∑
i=0

λili(t0, x(t0), t1, x(t1)).

Äëÿ âû÷èñëåíèÿ äîïóñòèìîé ýêñòðåìàëè óñëîâèÿ ñâÿçè äîïîëíÿåì
ñëåäóþùèìè óñëîâèÿìè. Ñîñòàâëÿåì óñëîâèÿ:
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a) ñòàöèîíàðíîñòè äëÿ èíòåãðàíòà � óðàâíåíèå Ýéëåðà

− d

dt
Lẋ + Lx = 0;

á) òðàíñâåðñàëüíîñòè ïî x{
Lẋ(t0) = lx(t0),

Lẋ(t1) = −lx(t1);

â) ñòàöèîíàðíîñòè ïî ïîäâèæíûì êîíöàì (âûïèñûâàåì òîëüêî äëÿ
ïîäâèæíûõ êîíöîâ èíòåðâàëà èíòåãðèðîâàíèÿ)

Λt0 = 0 ⇒ −L(t0, x(t0), ẋ(t0)) + lt0 + lx(t0)ẋ(t0) = 0,

Λt1 = 0 ⇒ L(t1, x(t1), ẋ(t1)) + lt1 + lx(t1)ẋ(t1) = 0;

ã) äîïîëíÿþùåé íåæåñòêîñòè (äëÿ íåðàâåíñòâ â îãðàíè÷åíèÿõ)

λiBi(ξ) = 0 i = 1, . . . ,m′;

ä) íåîòðèöàòåëüíîñòè (äëÿ òåõ æå ìíîæèòåëåé Ëàãðàíæà)

λi ≥ 0 i = 1, . . . ,m′.

Çàìå÷àíèå 2. Â ñëó÷àå íàëè÷èÿ óñëîâèÿ äèôôåðåíöèàëüíîé ñâÿçè
ẋα(t) − ϕ(t, x(t)) = 0 äëÿ ïåðåìåííûõ, âûäåëåííûõ âûáîðêîé α, âû-
áîðêîé β îáîçíà÷àåì îñòàëüíûå ïåðåìåííûå. Èíòåãðàíò èçìåíèòñÿ íà
ñëåäóþùèé:

L(t, x, ẋ) =
m∑
i=0

λifi(t, x, ẋβ) + p(t) · (ẋα(t)− ϕ(t, x(t))).

Ïîýòîìó ïîìåíÿåòñÿ ðàñøèôðîâêà óñëîâèé à è á.
Ïðè ïîèñêå äîïóñòèìîé ýêñòðåìàëè ðàññìàòðèâàåì îñîáûé ñëó÷àé

λ0 = 0 (êîòîðûé â áîëüøèíñòâå ñëó÷àåâ íå äàåò ðåøåíèÿ, íî ïîäõî-
äèò êàê äëÿ ìèíèìóìà, òàê è äëÿ ìàêñèìóìà), à òàêæå äâà îñíîâíûõ
ñëó÷àÿ: λ0 ïîëîæèòåëüíî (äëÿ èññëåäîâàíèÿ íà ìèíèìóì) è λ0 îòðè-
öàòåëüíî (äëÿ èññëåäîâàíèÿ íà ìàêñèìóì). Åñëè ñðåäè îãðàíè÷åíèé
íåò íåðàâåíñòâ, òî ìîæíî îãðàíè÷èòüñÿ îäíèì îñíîâíûì ñëó÷àåì.
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Ïðèìåð 48.

J(x(·)) =
∫ 1

0

ẋ2dt→ extr

ïðè óñëîâèÿõ ∫ 1

0

xdt = 0, x(1) = 1.

Ðåøåíèå. Äàííàÿ çàäà÷à íå îòíîñèòñÿ ê èçîïåðèìåòðè÷åñêèì, òàê
êàê ãðàíè÷íîå óñëîâèå çàäàíî òîëüêî äëÿ îäíîé ãðàíèöû. Ïîýòîìó
ýòî çàäà÷à Ëàãðàíæà ñ äâóìÿ îãðàíè÷åíèÿìè â âèäå ðàâåíñòâ, îäíî èç
êîòîðûõ ÷èñòî èíòåãðàëüíîå, à äðóãîå � ÷èñòî òåðìèíàëüíîå.

I. Ñîñòàâèì ôóíêöèþ Ëàãðàíæà

Λ = λ0

∫ 1

0

ẋ2dt+ λ1

∫ 1

0

xdt+ λ2(x(1)− 1),

ãäå èíòåãðàíò
L = λ0ẋ

2 + λ1x,

à òåðìèíàíò
l = λ2(x(1)− 1).

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

Lx = λ1, Lẋ = 2λ0ẋ, lx(0) = 0, lx(1) = λ2;

à) ñîñòàâèì óðàâíåíèå Ýéëåðà − d
dtLẋ + Lx = 0:

−2λ0ẍ+ λ1 = 0;

á) çàïèøåì óñëîâèå òðàíñâåðñàëüíîñòè{
2λ0ẋ(0) = 0,

2λ0ẋ(1) = −λ2;

e) ïåðåïèøåì óñëîâèÿ çàäà÷è∫ 1

0

xdt = 0, x(1) = 1.

Óñëîâèÿ â, ã, ä îòñóòñòâóþò.
II. Îñîáûé ñëó÷àé λ0 = 0. Èç à ïîëó÷èì λ1 = 0, èç á ïîëó÷èì

λ2 = 0. À ýòî íåâîçìîæíî (âñå ìíîæèòåëè Ëàãðàíæà ðàâíû íóëþ).
Îñíîâíîé ñëó÷àé λ0 = 1

2 . Èç à ïîëó÷èì ẍ = λ1. Èíòåãðèðóåì äâà
ðàçà
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ẋ = λ1t+ C2, x =
λ1t

2

2
+ C2t+ C3,

ãäå îáîçíà÷èì C1 = λ1

2 .
Èç óñëîâèÿ á èìååì C2 = 0, 2C1+C2 = −λ2. Èòàê, x = C1t

2+C3.
Èç óñëîâèÿ å èìååì C1

3 + C3 = 0, C1 + C3 = 1.
Çíà÷èò, C1 = 3

2 , C3 = − 1
2 , λ1 = 3, λ2 = −3 .

Íàøëè äîïóñòèìóþ ýêñòðåìàëü

x̂ =
3t2

2
− 1

2
.

Çàìå÷àíèå. Ñëó÷àé λ0 = − 1
2 íå ðàññìàòðèâàåì, òàê êàê âñå ëÿìáäà

ïîìåíÿþò çíàê, à ðåøåíèå îñòàíåòñÿ ïðåæíèì.
III. Íåïîñðåäñòâåííûì àíàëèçîì ïðèðàùåíèÿ ôóíêöèîíàëà ïðîâå-

ðÿåì íà ýêñòðåìóì

J(x̂+ h)− J(x̂) =

∫ 1

0

(ẋ+ ḣ)2dt−
∫ 1

0

ẋ2dt =

∫ 1

0

2ẋḣdt+

∫ 1

0

ḣ2dt.

Äèôôåðåíöèàë Ôðåøå ïðîèíòåãðèðóåì ïî ÷àñòÿì∫ 1

0

2ẋḣdt = 2ẋh|10 − 2

∫ 1

0

ẍhdt = 2ẋ(1)h(1)− 2ẋ(0)h(0)− 6

∫ 1

0

h(t)dt = 0

íà äîïóñòèìîé ýêñòðåìàëè x̂ ñ äîïóñòèìûìè âàðèàöèÿìè h: h(1) = 0,
˙̂x(0) = 0,

∫ 1

0
h(t)dt = 0.

Ïîñêîëüêó r(h) ≥ 0, òî x̂ = 3t2−1
2 ∈ absmin è Jmin =

∫ 1

0
9t2dt = 3.

Â êà÷åñòâå ïðèìåðà äëÿ íàõîæäåíèÿ ãëîáàëüíîãî ìàêñèìóìà ìîæ-
íî ïðåäëîæèòü ïîñëåäîâàòåëüíîñòü xn(t) = x̂(t)+n sin 2πt, íà êîòîðîé
J(xn) → +∞.

Îòâåò. 3t2 − 1
2 ∈ absmin, Jmin = 3, Jmax = +∞.

Ïðèìåð 49.

J(x(·)) =
∫ 1

0

ẋ2dt→ extr

ïðè óñëîâèÿõ ∫ 1

0

xdt ≥ 0, x(0) = 0.

Ðåøåíèå. I. Ôóíêöèÿ Ëàãðàíæà (ïîìåíÿëè çíàê íåðàâåíñòâà)
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Λ = λ0

∫ 1

0

ẋ2dt− λ1

∫ 1

0

xdt+ λ2x(0),

ãäå èíòåãðàíò L = λ0ẋ
2 − λ1x, à òåðìèíàíò l = λ2x(0).

Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå

Lx = −λ1, Lẋ = 2λ0ẋ, lx(0) = λ2, lx(1) = 0;

à) ñîñòàâèì óðàâíåíèå Ýéëåðà d
dtLẋ − Lx = 0:

2λ0ẍ+ λ1 = 0;

á) çàïèøåì óñëîâèå òðàíñâåðñàëüíîñòè{
2λ0ẋ(0) = λ2,

2λ0ẋ(1) = 0;

ã) óñëîâèå äîïîëíÿþùåé íåæåñòêîñòè

λ1

∫ 1

0

xdt = 0;

ä) óñëîâèå íåîòðèöàòåëüíîñòè λ1 ≥ 0;
e) ïåðåïèøåì óñëîâèÿ çàäà÷è∫ 1

0

xdt ≥ 0, x(0) = 0.

Óñëîâèå â îòñóòñòâóåò, ïîñêîëüêó íåò ïîäâèæíûõ êîíöîâ.
II. Îñîáûé ñëó÷àé λ0 = 0. Èç à ïîëó÷èì λ1 = 0, èç á ïîëó÷èì

λ2 = 0. À ýòî íåâîçìîæíî (âñå ìíîæèòåëè Ëàãðàíæà ðàâíû íóëþ).
Âàðèàíò èññëåäîâàíèÿ íà ìèíèìóì îñíîâíîãî ñëó÷àÿ: λ0 = 1

2 .
Èç à ïîëó÷èì ẍ = −λ1. Ïðîèíòåãðèðóåì äâà ðàçà

ẋ = −λ1t+ C2, x = −λ1t
2

2
+ C2t+ C3.

Èç óñëîâèÿ á èìååì C2 = λ2, −λ1 +C2 = 0, à èç óñëîâèÿ å èìååì
C3 = 0. Òàêèì îáðàçîì, x(t) = −λ1t

2

2 + C2t.
Óñëîâèå ã ðàñêðûâàòü áóäåì äâàæäû. Ñíà÷àëà λ1 = 0. Òîãäà C2 = 0

è x̂(t) = 0 � äîïóñòèìàÿ ýêñòðåìàëü.
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Åñëè æå λ1 > 0, òî
∫ 1

0
xdt = 0 âëå÷åò −λ1

6 + C2

2 = 0. Èç ïîñëåäíåãî
óðàâíåíèÿ −λ1 + C2 = 0 ïðèäåì ê λ1 = C2 = 0 è òîé æå äîïóñòèìîé
ýêñòðåìàëè x̂(t) = 0.

Ïðè÷åì J(x̂) =
∫ 1

0
0dt = 0, à J(x) =

∫ 1

0
ẋ2dt ≥ 0 âñåãäà. Ïîýòîìó

x̂ = 0 ∈ absmin, Jmin = 0.
Âàðèàíò èññëåäîâàíèÿ íà ìàêñèìóì ñëó÷àÿ λ0 = − 1

2 ïðèâîäèò ê

à) ẍ = λ1, á) −ẋ(0) = λ2, −ẋ(1) = 0, ã) λ1
∫ 1

0
xdt = 0, ä) λ1 ≥ 0,

å)
∫ 1

0
xdt ≥ 0, x(0) = 0.

Ðàñêðîåì óñëîâèå ã â â âèäå λ1 = 0.
Òîãäà ẍ = 0 ⇒ ẋ = C2, x = C2t+ C3. Èç óñëîâèÿ x(0) = 0 âûòåêàåò

C3 = 0, à èç −ẋ(1) = 0 âûòåêàåò C2 = 0. Ñíîâà ïðèøëè ê òîé æå
äîïóñòèìîé ýêñòðåìàëè, êîòîðàÿ óæå èññëåäîâàíà äî êîíöà.

Òåïåðü ðàñêðîåì óñëîâèå ã â â âèäå λ1 > 0 è
∫ 1

0
xdt = 0. Ðåøåíèå

óðàâíåíèÿ Ýéëåðà x(t) = λ1t
2

2 + C2t + C3, ãäå C3 = 0 ïî óñëîâèþ
x(0) = 0. Óñëîâèÿ á è å ïðèâîäÿò ê ñèñòåìå λ1 + C2 = 0, λ1

6 + C2

2 = 0,
ðåøåíèå êîòîðîé λ1 = C2 = 0. Îïÿòü òà æå äîïóñòèìàÿ ýêñòðåìàëü.

III. Â êà÷åñòâå ïðèìåðà äëÿ íàõîæäåíèÿ ãëîáàëüíîãî ìàêñèìóìà
ïðåäëîæèì ïîñëåäîâàòåëüíîñòü xn(t) = nt, íà êîòîðîé J(xn) → +∞.

Îòâåò. 0 ∈ absmin, Jmin = 0, Jmax = +∞.

3.7.1. Çàäà÷è Ëàãðàíæà

7.1. J(x(·)) =
∫ 1

0
ẋ2dt→ extr ïðè óñëîâèè

∫ 1

0
xdt = 1.

7.2. J(x(·)) =
∫ 1

0
ẋ2dt→ extr ïðè óñëîâèÿõ

∫ 1

0
xdt = 1, x(0) = 0.

7.3. J(x(·)) =
∫ 1

0
ẋ2dt→ extr ïðè óñëîâèÿõ

∫ 1

0
tx dt = 1, x(0) = 0.

7.4. J(x(·)) =
∫ 1

0
ẋ2dt→ extr ïðè óñëîâèÿõ

∫ 1

0
tx dt = 0, x(0) = 1.

7.5. J(x(·)) =
∫ 1

0
ẋ2dt→ extr; ãäå

∫ 1

0
tx dt = 0,

∫ 1

0
x dt = 0, x(0) = 1.

7.6. J(x(·)) =
∫ 1

0
ẋ2dt→ extr ïðè óñëîâèÿõ

∫ 1

0
x dt ≥ 0, x(0) = 0.

7.7. J(x(·)) =
∫ 1

0
ẋ2dt→ extr ïðè óñëîâèÿõ

∫ 1

0
x dt ≥ 2, x(0) = 0.

7.8. J(x(·)) =
∫ 1

0
ẋ2dt→ extr ïðè óñëîâèÿõ

∫ 1

0
x dt ≤ 2, x(1) = 0.

7.9. J(x(·)) =
∫ 1

0
ẋ2dt→ extr ïðè óñëîâèè

∫ 1

0
x2 dt ≤ 1.

7.10. J(ξ) =
∫ T

0
ẋ2dt→ extr ïðè óñëîâèÿõ

∫ T

0
x dt = 1, x(0) = 3.

7.11. J(ξ) =
∫ T

0
ẋ2dt→ extr ïðè óñëîâèÿõ

∫ T

0
x dt ≤ 2, x(0) = 3.
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3.8. Çàäà÷è ñî ñòàðøèìè ïðîèçâîäíûìè

Çàäà÷è êëàññè÷åñêîãî âàðèàöèîííîãî èñ÷èñëåíèÿ äîïóñêàþò îáîá-
ùåíèå äëÿ ñëó÷àÿ, êîãäà èíòåãðàíò áåðåòñÿ íå îò òðåõ ïåðåìåííûõ, à
çàâèñèò îò ïðîèçâîäíûõ áîëåå âûñîêîãî ïîðÿäêà. Â ýòîì ñëó÷àå óðàâ-
íåíèå Ýéëåðà ïðåîáðàçóåòñÿ â óðàâíåíèå Ýéëåðà � Ïóàññîíà.

Åñëè óâåëè÷èì íà îäèí ïîðÿäîê L(t, x(t), ẋ(t), ẍ(t)), òî ïîëó÷èì
óðàâíåíèå Ýéëåðà � Ïóàññîíà

d2

dt2
Lẍ − d

dt
Lẋ + Lx = 0.

Åñëè L(t, x(t), ẋ(t), ẍ(t), x(3)(t)), òî óðàâíåíèå Ýéëåðà � Ïóàññîíà

− d3

dt3
Lx(3) +

d2

dt2
Lẍ − d

dt
Lẋ + Lx = 0

è òàê äàëåå. Ïðè ïîñòàíîâêå îáîáùåíèÿ ïðîñòåéøåé çàäà÷è ÊÂÈ ôîð-
ìóëèðóþòñÿ ãðàíè÷íûå óñëîâèÿ íà âñå ïðîèçâîäíûå, êðîìå ñàìîé ñòàð-
øåé. Ýòî ïîçâîëÿåò âû÷èñëèòü êîíñòàíòû â îáùåì ðåøåíèè óðàâíåíèÿ
Ýéëåðà � Ïóàññîíà, òî åñòü íàéòè äîïóñòèìóþ ýêñòðåìàëü. Ñõåìà ïðî-
âåðêè íà ýêñòðåìóì ñõîæàÿ.

Ïðèìåð 50.

J(x(·)) =
∫ 1

0

(ẍ2 − 48x)dt→ extr

ïðè óñëîâèÿõ

x(0) = x(1) = ẋ(0) = ẋ(1) = 0.

Ðåøåíèå. I. Èíòåãðàíò L = ẍ2 − 48x.
Âû÷èñëèì îò íåãî ÷àñòíûå ïðîèçâîäíûå

Lx = −48, Lẋ = 0, Lẍ = 2ẍ.

Ñîñòàâèì óðàâíåíèå Ýéëåðà � Ïóàññîíà

d2

dt2
Lẍ − d

dt
Lẋ + Lx = 0 ⇒ 2x(4) − 48 = 0.

Âû÷èñëèì èíòåãðèðîâàíèåì ïðåäûäóùèå ïðîèçâîäíûå è ôóíêöèþ
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x(3) = 24t+6C1, ẍ = 12t2+6C1t+2C2, ẋ = 4t3+3C1t
2+2C2t+C3,

x = t4 + C1t
3 + C2t

2 + C3t+ C4.

Ïîäñòàâèì ãðàíè÷íûå äàííûå

x(0) = 0 ⇒ C4 = 0, x(1) = 0 ⇒ 1 + C1 + C2 + C3 + C4 = 0,

ẋ(0) = 0 ⇒ C3 = 0, ẋ(1) = 0 ⇒ 4 + 3C1 + 2C2 + C3 = 0.

Ðåøèì ñèñòåìó

C1 + C2 = −1, 3C1 + 2C2 = −4 ⇒ C1 = −2, C2 = 1.

Ïîëó÷èëè äîïóñòèìóþ ýêñòðåìàëü

x̂(t) = t4 − 2t3 + t2.

II. Íåïîñðåäñòâåííàÿ ïðîâåðêà íà ýêñòðåìóì.
Âû÷èñëèì ïðèðàùåíèå ôóíêöèîíàëà

J(x+ h)− J(x) =

∫ 1

0

((ẍ+ ḧ)2 − 48(x̂+ h))dt−
∫ 1

0

(ẍ2 − 48x̂)dt =

=

∫ 1

0

2ẍḧdt− 48

∫ 1

0

h(t)dt+

∫ 1

0

ḧ2dt.

Ïîëó÷èëè äèôôåðåíöèàë Ôðåøå L′(x)[h] =
∫ 1

0
2ẍḧdt−48

∫ 1

0
h(t)dt

è îñòàòîê r(h) =
∫ 1

0
ḧ2dt. Åñëè ïåðâîå ñëàãàåìîå äèôôåðåíöèàëà Ôðå-

øå ïðîèíòåãðèðóåì îäèí ðàç ïî ÷àñòÿì, òî ïîëó÷èì (ḣ(0) = ḣ(1) = 0)∫ 1

0

2ẍḧdt = 2ẍḣ|10 − 2

∫ 1

0

ḣd(ẍ) = 0− 2

∫ 1

0

x(3)ḣ(t)dt =

= −2(x(3)h|10 −
∫ 1

0

h(t)d(x(3))) = 2

∫ 1

0

x(4)h(t)dt,

ãäå ïðîäîëæèëè èíòåãðèðîâàòü ïî ÷àñòÿì (h(0) = h(1) = 0).
Íà äîïóñòèìîé ýêñòðåìàëè (x̂(4) = 24) èùåì ïðèðàùåíèå ôóíêöè-

îíàëà

J(x̂+h)−J(x̂) = L′(x̂)[h]+r(h) = 2

∫ 1

0

x̂(4)h(t)dt−48

∫ 1

0

h(t)dt+r(h) = r(h).
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Èòàê,

J(x̂+ h)− J(x̂) =

∫ 1

0

ḧ2dt ≥ 0.

Çíà÷èò,
x̂(t) = t4 − 2t3 + t2 ∈ absmin.

Äàëåå âû÷èñëèì

Jmin = J(x̂) =

∫ 1

0

((12t2 − 12t+ 2)2 − 48(t4 − 2t3 + t2) ) dt =

=

∫ 1

0

(96t4 − 192t3 + 144t2 − 48t+ 4) dt =
96

5
− 48 + 48− 24 + 4 = −4

5
.

Î÷åâèäíî, ÷òî Jmax = +∞.
Îòâåò. t4 − 2t3 + t2 ∈ absmin, Jmin = − 4

5 , Jmax = +∞.

3.8.1. Çàäà÷è ñî ñòàðøèìè ïðîèçâîäíûìè

8.1. J(x(·)) =
∫ 1

0
ẍ2 dt→ extr

ïðè óñëîâèÿõ x(0) = ẋ(0) = ẋ(1) = 0, x(1) = 1.
8.2. J(x(·)) =

∫ 1

0
ẍ2 dt→ extr

ïðè óñëîâèÿõ x(0) = x(1) = ẋ(0) = 0, ẋ(1) = 1.
8.3. J(x(·)) =

∫ 1

0
ẍ2 dt→ extr

ïðè óñëîâèÿõ x(0) = x(1) = 0, ẋ(0) = −1, ẋ(1) = 1.
8.4. J(x(·)) =

∫ 1

0
(ẍ2 − 48x) dt→ extr

ïðè óñëîâèÿõ x(0) = 1, ẋ(0) = −4, x(1) = ẋ(1) = 0.
8.5. J(x(·)) =

∫ 1

0
(48x− ẍ2) dt→ extr

ïðè óñëîâèÿõ x(0) = ẋ(0) = 0, x(1) = 1, ẋ(1) = 4.
8.6. J(x(·)) =

∫ 1

0
(240tx− ẍ2) dt→ extr

ïðè óñëîâèÿõ x(0) = x(1) = ẋ(0) = 0, ẋ(1) = 1.
8.7. J(x(·)) =

∫ π

0
(ẍ2 − x2) dt→ extr

ïðè óñëîâèÿõ x(0) = x(π) = 0, ẋ(0) = 1, ẋ(π) = −1.
8.8. J(x(·)) =

∫ π

0
(ẍ2 + 4x2) dt→ extr

ïðè óñëîâèÿõ x(0) = x(π) = 0, ẋ(0) = 1, ẋ(π) = − chπ.
8.9. J(x(·)) =

∫ π

0
(ẍ2 − ẋ2) dt→ extr

ïðè óñëîâèÿõ x(0) = ẋ(0) = ẋ(π) = 0, x(π) = 1.
8.10. J(x(·)) =

∫ π

0
(ẍ2 − 2ẋ2 + x2) dt→ extr

ïðè óñëîâèÿõ x(0) = 0, ẋ(0) = 1, x(π) = −π, ẋ(π) = −1.
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3.9. Îòâåòû ê ãëàâå �Âàðèàöèîííîå èñ÷èñëåíèå�

Çàäà÷è ñ çàêðåïëåííûìè êîíöàìè

1.1. t ∈ absmin; Jmin = 1, Jmax = +∞.

1.2. t − t2

4 ∈ absmin; Jmin = − 1
48 , Jmax = +∞.

1.3. t− t2

4 ∈ absmax; Jmin = −∞, Jmax = 2
3 .

1.4. t3−t
12 ∈ absmin; Jmin = − 1

180 , Jmax = +∞.

1.5. t − t4

24 ∈ absmin; Jmin = 65
4032 , Jmax = +∞.

1.6. ln t ∈ absmin; Jmin = 1, Jmax = +∞.

1.7. t− 1− (e− 1) ln t ∈ absmin; Jmin = 1, Jmax = +∞.

1.8. t3 ∈ absmin; Jmin = 3, Jmax = +∞.

1.9.
√
t+ 1 ∈ absmin; Jmin = 1

4 , Jmax = +∞.
1.10. 2 ln(t+ 1) ∈ absmin; Jmin = 4, Jmax = +∞.

Çàäà÷è Áîëüöà

2.1. 3 − t2

4 ∈ absmin; Bmin = − 1
3 , Bmax = +∞ (xn(t) = n).

2.2. 0 /∈ locextr; Bmin = −∞ (xn(t) = n), Bmax = +∞
(xn(t) = n(1− t)).

2.3. t+ 1 ∈ absmin; Bmin = −2, Bmax = +∞ (xn(t) = n).

2.4. 5 + 5t − t2

2 ∈ absmax; Bmin = −∞ (xn(t) = n), Bmax = 197
12 .

2.5. − t2 + 3
4 /∈ locextr; Bmin = −∞,Bmax = +∞ (xn(t) = n(1− t)).

2.6. ch t ∈ absmin; Bmin = − sh 2
2 , Bmax = +∞ (xn(t) = n).

2.7. et + sin t ∈ absmin; Bmin = −π − 1, Bmax = +∞ (xn(t) = n).

2.8. cos t− 1 /∈ locextr; Bmin = −∞, Bmax = +∞ (xn(t) = n sin 2t).

2.9. ln(t+ 1)− 1 ∈ absmin; Bmin = −1, Bmax = +∞.

2.10. 1
t +

1
2 ∈ absmin; Bmin = − 3

2 , Bmax = +∞.

Çàäà÷è ñ ïîäâèæíûìè êîíöàìè

3.1. t2 − 1
4 ∈ absmin; Jmin = − 1

12 , Jmax = +∞ (xn(t) = n(1− t)).

3.2. t− t2

4 ∈ absmin; Jmin = − 2
3 , Jmax = +∞ (xn(t) = nt).

3.3. t− 1− e ln t ∈ absmin; Jmin = 5 − 4e − e2

2 , Jmax = +∞.

3.4. et ∈ absmin; Jmin = −1, Jmax = +∞.

3.5.
√
1 + 2t− t2 ∈ absmin; Jmin = ln(

√
2 + 1), Jmax = +∞.
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3.6. 4t − π − 4
4 sin t ∈ absmin; Jmax = +∞,

Jmin = ((24 + π2) sin 2− 8π(1− cos 2)− 16)/32 .

3.7. C ∈ absmin; Jmin = 0, Jmax = +∞.

3.8. (x̂ = −2t; T̂ = 1) ∈ absmin; Jmin = 4, Jmax = +∞.

3.9. (x̂ = t− t2

4 , T̂ = 2) /∈ locextr (âàðüèðóåì òîëüêî T̂ ); Jmin = −∞
(ξn = (t, n)), Jmax = +∞ (ξn = (nt, 1)).

3.10. ξ̂ = (0; 1) /∈ locextr (ξn = (± t
n ,

n
n±1 )); Jmin = −∞, Jmax = +∞.

3.11. ( t
2

4 −t+1; 2) /∈ locextr (âàðüèðóåì T̂ ); Jmin = −∞, Jmax = +∞.

3.12. (x̂ = t2

4 − 8; T̂ = 8) /∈ locextr; Jmin = −∞, Jmax = +∞.

3.13. Åñëè T < π
2 , òî 0 ∈ absmin; åñëè T = π

2 , òî C sin t ∈ absmin,
Jmin = 0; åñëè T > π

2 , òî Jmin = −∞, Jmax = +∞.
Èçîïåðèìåòðè÷åñêèå çàäà÷è

4.1. 6t− 6t2 ∈ absmin, Jmin = 12, Jmax = +∞.

4.2. 3t2 − 4t+ 1 ∈ absmin, Jmin = 4, Jmax = +∞.

4.3. 3t2 + 2t+ 1 ∈ absmin, Jmax = +∞.

4.4. 15
2 (t− t3) ∈ absmin, Jmin = 45, Jmax = +∞.

4.5. 10t3 − 12t2 + 3t ∈ absmin, Jmin = 9, Jmax = +∞.

4.6. 60t3 − 96t2 + 36t ∈ absmin, Jmax = 192, Jmax = +∞.

4.7. cos t ∈ absmin, Jmin = π
2 , Jmax = +∞.

4.8. t+ sin t ∈ absmax, t− sin t ∈ absmin, Jmax = 3π
2 .

4.9. 2e1−t − t+ 1 ∈ absmin, Jmin = 2e2 + 2e− 3, Jmax = +∞.

4.10. tet ∈ absmin, Jmin = 1, Jmax = +∞.

4.11. Äîïóñòèìûå ýêñòðåìàëè xk(t) = ±
√
2 sin kπt, k ∈ N;

±
√
2 sinπt ∈ absmin, Jmin = π2, Jmax = +∞.

4.12. − 4
π t sin t+ C sin t ∈ absmin äëÿ ëþáîãî C, Jmax = +∞.

Èññëåäîâàíèå âòîðîãî ïîðÿäêà íà ýêñòðåìóì

5.1. t ∈ wlocmin, t /∈ absmin, Jmin = −∞, Jmax = +∞.

5.2. cos 2t ∈ absmax, Jmin = −∞, Jmax = 0.

5.3. sin 2t ∈ absmin, Jmin = 0, Jmax = +∞.

5.4. Äîïóñòèìàÿ ýêñòðåìàëü sin 2t /∈ locextr (òàê êàê ñîïðÿæåííàÿ
òî÷êà π

2 ∈ (0, 3π4 ), íå âûïîëí. óñëîâèå ßêîáè); Jmin = −∞, Jmax = +∞.
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5.5. sin t+ cos t− 1 ∈ absmax, Jmin = −∞, Jmax = 4 − π
2 .

5.6. Äîïóñòèìàÿ ýêñòðåìàëü cos t−sin t−1 /∈ locextr (ñîïðÿæåííàÿ
òî÷êà π ∈ (0, 3π2 ), íå âûïîëí. óñëîâèå ßêîáè); Jmin = −∞, Jmax = +∞.

5.7. π sin t − 2t
4 ∈ absmin, Jmin = π3 − 12π

96 , Jmax = +∞.

5.8. t cos t /∈ locextr, Jmin = −∞, Jmax = +∞.

Ñèëüíûé è ñëàáûé ýêñòðåìóì

6.1. −t ∈wlocmax, −t /∈ absmax∪strlocmax, Jmin=−∞, Jmax=+∞.

6.2. 0 /∈ wlocextr, Jmin = −∞, Jmax = +∞.

6.3. t ∈ wlocmin, t /∈ absmin ∪ strlocmin, Jmin = −∞, Jmax = +∞.

6.4. t
4 ∈wlocmax, t

4 /∈absmax ∪ strlocmax, Jmin=−∞, Jmax= +∞.

6.5. t
3 /∈ wlocextr (L̂ẋẋ = 0), Jmin = −∞,

Jmax = +∞, (hn = ± 1
n (t

2 − 3t)).

6.6. −t ∈ wlocmax, (L̂ẋẋ < 0 è óñèëåííîå óñë. ßêîáè), −t /∈ absmax,
Jmin = −∞, Jmax = +∞, −t /∈ strlocmax, (hn(t) =

√
n t ïðè t ∈ [0, 1

n ],

hn(t) =
1√
n
ïðè t ∈ [ 1n ,

1
2 ], hn(t) =

2(1−t)√
n

ïðè t ∈ [ 12 , 1]).

6.7. − t
4 ∈ wlocmin, (L̂ẋẋ > 0 è óñèë. óñë. ßêîáè), − t

4 /∈ absmin,
− t

4 /∈ strlocmin, Jmin = −∞, Jmax = +∞.

6.8. − t
3 /∈ wlocextr (L̂ẋẋ = 0), Jmin = −∞, Jmax = +∞.

6.9. −t ∈ wlocmin, −t /∈ absmin ∪ strlocmin, hn(t) èç ïðèìåðà 47,
Jmin = −∞, Jmax = +∞.

6.10. sin 3t ∈ absmax, Jmin = −∞, Jmax = 0.

Çàäà÷è Ëàãðàíæà

7.1. 1 ∈ absmin, Jmin = 0, Jmax = +∞.

7.2. 3t− 3t2

2 ∈ absmin, Jmin = 3, Jmax = +∞.

7.3. 15t − 5t3

4 ∈ absmin, Jmin = 15
2 , Jmax = +∞.

7.4. 5t3−15t+8
8 ∈ absmin, Jmin = 15

8 , Jmax = +∞.

7.5. − 20
3 t

3 + 14t2 − 8t+ 1 ∈ absmin, Jmin = 8, Jmax = +∞.

7.6. 0 ∈ absmin, Jmin = 0, Jmax = +∞.

7.7. 6t − 3t2 ∈ absmin, Jmin = 4, Jmax = +∞ (0 íå óäîâëåòâîðÿåò
óñëîâèÿì ñâÿçè).

7.8. 0 ∈ absmin, Jmin = 0, 3− 3t2 /∈ locmax, Jmax = +∞.
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7.9. C ∈ absmin, ãäå |C| ≤ 1, Jmin = 0;
√
2 cosπkt /∈ locmax, k ∈ N,

Jmax = +∞.

7.10. ξ̃ = (3; 1
3 ) ∈ absmin, Jmin = 0; ξ̃ = (3t2 − 6t + 3; 1) /∈ locextr,

Jmax = +∞.

7.11. ξ̃ = (3; T̃ ) ∈ absmin äëÿ ëþáîãî T̃ ∈ (0, 32 ], Jmin = 0; äîïóñòè-
ìàÿ ýêñòðåìàëü ξ̃ = ( 34 t

2 − 3t+ 3; T̃ = 2) /∈ locmin (óìåíüøàåì òîëüêî
T ), Jmax = +∞, êîíòðïðèìåð ξn = (xn(t) =

3
4 (t− 2)2 + sinπnt; T̂ = 2).

Çàäà÷è ñî ñòàðøèìè ïðîèçâîäíûìè

8.1. 3t2 − 2t3 ∈ absmin, Jmin = 12, Jmax = +∞.

8.2. t3 − t2 ∈ absmin, Jmin = 4, Jmax = +∞ (xn(t) = nt2(t− 1)2).

8.3. t2 − t ∈ absmin, Jmin = 4, Jmax = +∞.

8.4. (t− 1)4 ∈ absmin, Jmin = 96
5 , Jmax = +∞.

8.5. t4 ∈ absmax, Jmin = −∞, Jmax = − 96
5 .

8.6. t5 − 2t3 + t2 ∈ absmax, Jmin = ∞, Jmax = − 76
7 .

8.7. sin t ∈ absmin, Jmin = 0, Jmax = +∞.

8.8. ch t sin t ∈ absmin, Jmin = sh 2π, Jmax = +∞.

8.9. 1 − cos t
2 ∈ absmin, Jmin = 0, Jmax = +∞.

8.10. t cos t ∈ absmin, Jmin = 1− π, Jmax = +∞.
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Çàêëþ÷åíèå

Äèñöèïëèíà �Ìåòîäû îïòèìèçàöèè è âàðèàöèîííîå èñ÷èñëåíèå�
âêëþ÷åíà â ó÷åáíûé ïëàí îáó÷åíèÿ â ìàãèñòðàòóðå ïî íàïðàâëåíèþ
02.04.01 �Ìàòåìàòèêà è êîìïüþòåðíûå íàóêè�. Ïîä èíûìè íàçâàíèÿ-
ìè ýòà äèñöèïëèíà âñòðå÷àåòñÿ â ó÷åáíûõ ïëàíàõ äðóãèõ íàïðàâëåíèé
ïîäãîòîâêè áàêàëàâðîâ è ìàãèñòðîâ ñ óãëóáëåííûì èçó÷åíèåì ìàòå-
ìàòèêè. Ðàññìîòðåííûå â ïðàêòèêóìå ðàçäåëû ñîñòàâëÿþò ìàòåìàòè-
÷åñêóþ îñíîâó òåîðèè óïðàâëåíèÿ.

Ñïåöèôèêà îáó÷åíèÿ â ìàãèñòðàòóðå ñîñòîèò â óãëóáëåíèè ðàíåå
ïîëó÷åííûõ çíàíèé. Äàííûé êóðñ ïîëíîñòüþ ïîäõîäèò ïîä ýòî òðåáî-
âàíèå.

Ðàçäåë �Ýêñòðåìàëüíûå çàäà÷è� ñëóæèò åñòåñòâåííûì ïðîäîëæå-
íèåì ìåòîäîâ èññëåäîâàíèÿ ôóíêöèé èç êóðñà ìàòåìàòè÷åñêîãî àíà-
ëèçà. Íî ïîñêîëüêó çäåñü ðàññìàòðèâàþòñÿ áîëåå ñëîæíûå çàäà÷è, òî
íóæíû íîâûå ïîäõîäû â âèäå ìåòîäà Ëàãðàíæà ñ ïðèâëå÷åíèåì äîïîë-
íèòåëüíûõ ðàçäåëîâ ëèíåéíîé àëãåáðû â âèäå êðèòåðèÿ Ñèëüâåñòðà.

Â íàçâàíèè ðàçäåëà �Ýëåìåíòû ôóíêöèîíàëüíîãî àíàëèçà� ÿâíî
óêàçàíà äðóãàÿ ìàòåìàòè÷åñêàÿ äèñöèïëèíà, âàæíûå ýëåìåíòû êîòî-
ðîé ìû èçó÷àåì óãëóáëåííî, ïîñêîëüêó îíè íåïîñðåäñòâåííî ñâÿçàíû
ñî ñëåäóþùèì ðàçäåëîì êóðñà.

Ðàçäåë �Âàðèàöèîííîå èñ÷èñëåíèå� � îñíîâíîé â äàííîì êóðñå. Ïà-
ðàãðàôû â ýòîì ðàçäåëå ðàñïîëîæåíû â ïîðÿäêå ïðîõîæäåíèÿ ìàòå-
ðèàëà â ïðîöåññå èçó÷åíèÿ äèñöèïëèíû. Ïðè ñîñòàâëåíèè ïðàêòèêóìà
àâòîð îïèðàëñÿ íà ó÷åáíîå ïîñîáèå [4], êîòîðîå ðàñïîëîæåíèåì ìàòå-
ðèàëà âûãîäíî îòëè÷àåòñÿ îò ó÷åáíèêà [1].

Îáû÷íî êóðñ âàðèàöèîííîãî èñ÷èñëåíèÿ çàâåðøàåòñÿ ìåòîäîì ìàê-
ñèìóìà Ïîíòðÿãèíà. Â ïðàêòèêóì ýòà òåìà íå âêëþ÷åíà, ïîñêîëüêó
ìåòîä èìååò áîëüøîå òåîðåòè÷åñêîå çíà÷åíèå, à çàäà÷è íà íåãî ïåðå-
ãðóæåíû ãðîìîçäêèìè ðàññóæäåíèÿìè. Îñíîâíàÿ ÷àñòü ýòèõ ðàññóæ-
äåíèé âñòðå÷àåòñÿ â çàäà÷å Ëàãðàíæà, ðàññìîòðåííîé â ïðàêòèêóìå.

Â ðåçóëüòàòå èçó÷åíèÿ äàííîé äèñöèïëèíû ó ñòóäåíòà äîëæåí ñôîð-
ìèðîâàòüñÿ íàâûê ðåøåíèÿ ðàçíîîáðàçíûõ íåñòàíäàðòíûõ çàäà÷.
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